Chapter 4 —
Kinematics of Rigid Bodies

1. Translation
2. Rotation about a fixed axis
3. General plane motion

Prepared by: Ahmed M. El-Sherbeeny, PhD — Fall 2025
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Parallel-link swinging plate
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rotation
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plane motion

Connecting rod in a
reciprocating engine
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1. Translation
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2. Rotation about a fixed axis
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Type of Rigid-Body Plane Motion

(a)
Rectilinear
translation

(b
Curvilinear
translation

Parallel-link swinging plate

(c)
Fixed-axis
rotation

o
6 .

Compound pendulum

(d)
General
plane motion

Connecting rod in a
reciprocating engine
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Sample Problem 5/1

A flywheel rotating freely at 1800 revimin clockwise is subjected to a vari-
able counterclockwise torque which is first applied at time ¢ = 0. The torque pro-
duces a counterclockwise angular acceleration @ = 4¢ rad/s”, where ¢ is the time
in seconds during which the torque is applied. Determine («) the time required
for the flywheel to reduce its clockwise angular speed to 900 rev/min, (b) the time
required for the flywheel to reverse its direction of rotation, and (¢) the total
number of revolutions, clockwise plus counterclockwise, turned by the fiywheel
during the first 14 seconds of torque application.

Solufion. The counterclockwise direction will be taken arbitrarily as positive.

fa) Since « is a known function of the time, we may integrate it to obtain angular
velocity. With the initial angular velocity of —1800(27)/60 = —607 rad/s, we have

w i{
(i f 2 f Bdt o= —G0m 422
~ 807 0

Substituting the clockwise angular speed of 900 rev/min or @ = —900(2m7)/60 =
—307 rad/s gives

— 307 = —60T + 2% 2= 157n t=686% Ans.

(b) The flywheel changes direction when its angular velocity is momentarily
zero. Thus,

20




—307 = —60m + 2t2 2 =157 t=6.86s Ans.

(b) The flywheel changes direction when its angular velocity is momentarily
zero. Thus,

0= —607 + 2t2 t2 = 307 t=9171s Ans.

(¢) The total number of revolutions through which the flywheel turns during 14
seconds is the number of clockwise turns N, during the first 9.71 seconds, plus
the number of counterclockwise turns N, during the remainder of the interval.
Integrating the expression for @ in terms of ¢ gives us the angular displacement
in radians. Thus, for the first interval

0,

9.71
[d = w dt] df = f (—60m + 2t2) dt
0 0

0, = [-60mt + 53707 = —1220 rad

or N, = 1220/27 = 194.2 revolutions clockwise.
For the second interval

0, 14
do = f (=607 + 2t2) dt
0 971

14

e 410 rad

0, = [—60mt + 2£%]

or Ny = 410/27 = 65.3 revolutions counterclockwise. Thus, the total number of
revolutions turned during the 14 seconds is

N =N; + N, = 1942 + 65.3 = 259 rev Ans.
We have plotted w versus ¢ and we see that #, is represented by the negative

area and 6, by the positive area. If we had integrated over the entire interval in
one step, we would have obtained |0, — |6,].
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64.87
Angular
velocity
®, rad/s
CCW
6.86 9.71 ,
1 | %
0 I l | 11 |
0 2 4 6;8 10 12 14
Time , s

-301

-601

(2) Again note that the minus sign sig-
nifies clockwise in this problem.

(@) We could have converted the origi-
nal expression for a into the units
of rev/s®, in which case our inte-
grals would have come out directly
in revolutions.

21



Sample Problem 5/2

The pinion A of the hoist motor drives gear B, which is attached to the
hoisting drum. The load L is lifted from its rest position and acquires an upward
velocity of 3 ft/sec in a vertical rise of 4 ft with constant acceleration. As the load
passes this position, compute (a) the acceleration of point C on the cable in con-
tact with the drum and (b) the angular velocity and angular acceleration of the
pinion A.

Solution. (a) If the cable does not slip on the drum, the vertical velocity and
acceleration of the load L are, of necessity, the same as the tangential velocity v
and tangential acceleration a, of point C. For the rectilinear motion of L with
constant acceleration, the n- and ¢-components of the acceleration of C become

[v? = 2as] a = a, = v32s = 3%/[2(4)] = 1.125 ft/sec?
3%/(24/12) = 4.5 ft/sec?

la, = v¥r] a,

la = Ja,? + a2 ac = J(4.5)% + (1.125)% = 4.64 ft/sec? Ans.

(B) The angular motion of gear A is determined from the angular motion of gear
B by the velocity v; and tangential acceleration a; of their common point of con-
tact. First, the angular motion of gear B is determined from the motion of point
C on the attached drum. Thus,

[v = rol wg = vfr = 3/(24/12) = 1.5 rad/sec
la, = ral ag = a,/r = 1.125/(24/12) = 0.562 rad/sec?

Then from v, = rywy = rgwg and a; = rya, = rpag, we have

s 18/12

wy = ;;wB =612 1.5 = 4.5 rad/sec CW Ans.
r :
ay = iaB = }(-;8/1% 0.562 = 1.688 rad/sec’* CW Ans.
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Helpful Hint

(1) Recognize that a point on the cable
changes the direction of its velocity
after it contacts the drum and acquires
a normal component of acceleration.

a;=1.1251 ft/sec?

“BY / .5 ft/sec?
GB( Il/ I
|\ o
7 7 ‘,.f—\—\ /18" / ) | =1.125 ft/sec?
( +é = i
o\ b G e ’
a; t

v =3 ft/sec
22
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3. General plane motion
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Type of Rigid-Body Plane Motion

(a)
Rectilinear
translation

(b
Curvilinear
translation

Parallel-link swinging plate

(c)
Fixed-axis
rotation

o
6 .

Compound pendulum

(d)
General
plane motion

Connecting rod in a
reciprocating engine
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Plane motion

= Translation with A +

Rotation about A
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General Plane Motion

11/30/2025

B

Translation with
velocity of point A

+

Rotation about point A
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TABLE D/4 PROPERTIES OF HOMOGENEOUS SOLIDS

(m = mass of body shown)

MASS MASS MOMENTS
BODY CENTER OF INERTIA
B
’-"2 T =%mr2+%mig
r —  Circular
z— Cy]);’;li-‘]'llca] - Ly = émrz + %mﬂ,’Z
‘ ‘ ’ I,=mr?
%
B
L=y,
1 = ;ml"2 4 ilzmlz
w3
e _ Half Lo =Ly
£°F Cylindrical = = L2 4 Lyng2
Ny | ¥ Shell
| lx I, = mr?
*
2y 4
T =_im:2 + i%mlz
Circular Y s 9
Cylinder - I, = gmr? + gmi®
1
Izz = Emrz
Ly=1,
= imr2 2k fl‘imiz
1-1111 I.V)J'l
Semicylinder x= ;—:_ = }irm2 + %mlz
Ie= %mr‘2
= 1_ 16
L= (3-5%) e
I, = sml@® +P)
e 12
I, = {5m®? + 1)
~ Rectangular 1 4 ;
Parallelepiped - L= Em(a"‘ +0%

1

B T
3y = 12+ gml

— 2
Ly, = gmid? + %)
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TABLE D/4 PROPERTIES OF HOMOGENEOUS SOLIDS Continued
(m = mass of body shown)
MASS MASS MOMENTS
BODY CENTER OF INERTIA
Spherical . =2
Shell =g
I.=1,=1,=35mr
Hemispherical F=L
Shell 2 7 =T =5
a L, =L, = yymr
x
ol
Sphere — I, = 5mr2
2
' e o =T =T = T
Hemisphere =3

x 22 320
! L
517 1
S
Uniform r o=t
\\ G .\ Slender Rod - %ml"’
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x=y :
Quarter- 1, =L, = mr®
Circular Rod _2r
™ I& = mr2
I, = ima2 - 1~12-le
_ Io=3mp2 4 Ly
Elliptical . w4 12
Cylinder e i_m(az +b?)
2 1
L, = gmb* + gmi®
TS
I, = gmr® + gmh®
1 1 44
I = mr?+ -mh?
Conical zZ= % A 4
Shell I.= %m,.z
S T I
I, = ymr® + jgmh®
Ly=1L,
= imrz - -Zlmh2
- _ 4r o
i Los = Ly,
Half 1 g
Conical = gmr? + gmh*
Shell -
= 1
a=" 1, =gmr?
T | sl N
- (2 97:2)
I, = i%mr2 + gmh2
. w Bosiim 1
Right- _ 3 Ly, = gomr® + gmh?
Circular = i
Cone 1, = jomr*
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TABLE D/4 PROPERTIES OF HOMOGENEOUS SOLIDS Continued

(m = mass of body shown)

BODY

MASS
CENTER

MASS MOMENTS
OF INERTIA

=
]

W
.>|;._ C1h]

]
I

L,= L,
SO )
= gomr? + ;mh

=

I Yo'

X%y

= R ke 1S )
= 20mr2 + 1gmh

Iz=i%mr2

Z

= e 8
I”'(lo wz)’"'z

Semiellipsoid

w
]
»|¥

I

= p
o = gm(b‘ +¢2?)

L,

= %m(a2 +c?)
L, = ym(@®+b%

1 19 4
I,= gm(b2 + acl)

T =Ll 194
I”—Em(a + 64¢”)

— Elliptic

>\ Paraboloid

(]
[}

wl
e

I.= il—;mb2 + ~21~m02
=L 5 L

L, = gma* + jme?

I, = gm@®+ b2

I,= ém(bz + %cz)

I_x)' = %m(a2 + %cz)

Rectangular
Tetrahedron

2|
]

R
1l

)
]
B0 s [o IR

I, = 1om®? + )

L,= 11_0"’(“2 +¢?)

IL,= %,m(a.2 +b?)

IL.= E:”'—Jm(b2 +¢?)

L,= 8%m(a2 S)

I,= %m(az2 +b?)

Half Torus

az + 4_R2
27R

1

xx

3
L. = mR?+ jma®

=F =lapgab .3
-Iyy-sz + gma
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