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Chapter 12:

THE CHI-SQUARE DISTRIBUTION AND THE ANALYSIS 
OF FREQUENCIES
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THE MATHEMATICAL PROPERTIES OF THE CHI-SQUARE DISTRIBUTION

The chi-square distribution may be derived from normal distributions.

Suppose that from a normally distributed random variable Y with mean

𝜇 and variance 𝜎2 we randomly and independently select samples of

size 𝑛 = 1. Each value selected may be transformed to the standard

normal variable 𝑧 by the familiar formula
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Chi-Square Tests

• The Chi-Square Test evaluates the relationship between 

two variables.

• It is a nonparametric test that is performed on categorical 

(nominal or ordinal) data. 
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Types of Chi-Square Tests

As already noted, we make use of the chi-square distribution in

this chapter in testing hypotheses where the data available for

analysis are in the form of frequencies. These hypothesis testing

procedures are discussed under the topics of tests of goodness-of-

fit, tests of independence, and tests of homogeneity.
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Observed Versus Expected Frequencies

The chi-square statistic is most appropriate for use with categorical

variables, such as marital status, whose values are the categories married,

single, widowed, and divorced. The quantitative data used in the

computation of the test statistic are the frequencies associated with each

category of the one or more variables under study. There are two sets of

frequencies with which we are concerned, observed frequencies and

expected frequencies. The observed frequencies are the number of subjects

or objects in our sample that fall into the various categories of the variable

of interest.
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For example, if we have a sample of 100 hospital patients, we may

observe that 50 are married, 30 are single, 15 are widowed, and 5 are

divorced. Expected frequencies are the number of subjects or objects in

our sample that we would expect to observe if some null hypothesis

about the variable is true. For example, our null hypothesis might be

that the four categories of marital status are equally represented in the

population from which we drew our sample. In that case we would

expect our sample to contain 25 married, 25 single, 25 widowed, and

25 divorced patients.
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The Chi-Square Test Statistic

The test statistic for the chi-square tests we discuss in this chapter is

𝜒2 =෍
𝑂𝑖 − 𝐸𝑖

2

𝐸𝑖

In this Equation, 𝑂𝑖 is the observed frequency for the 𝑖𝑡ℎ category of 

the variable of interest, and 𝐸𝑖 is the expected frequency (given that 

𝐻0 is true) for the 𝑖𝑡ℎ category.
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The Decision Rule
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TESTS OF GOODNESS-OF-FIT

Say you wish to test that babies are born more or less

often on certain days of the week. Being born on a

Saturday has no measurement associated with it, but it is

distinct from being born on a Tuesday.
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Example: Are babies born with different proportions on

certain days? Test at 5% level of significance where the

observed data are presented below:

Days Mon Tues Wed Thur Fri Sat Sun Total

Births 110 124 104 94 112 72 84 700
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𝐻0: 𝐴𝑙𝑙 𝑝𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙 𝑃1 = 𝑃2 = ⋯ = 𝑃7 =
1

7

𝐻1: 𝐴𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑝𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑠

𝐷𝐹 = 𝑘 − 1 = 7 − 1 = 6

𝜒0.05,6
2 = 12.592

Now, calculate the test statistic:

𝜒2 =
σ 𝑂𝑖 − 𝐸𝑖

2

𝐸𝑖
, 𝐸𝑖 =

𝑓𝑐 × 𝑓𝑟
𝑛
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Observed

Days Mon Tues Wed Thu Fri Sat Sun Total

Births 110 124 104 94 112 72 84 700

Expected

Days Mon Tues Wed Thu Fri Sat Sun Total

Births 100 100 100 100 100 100 100 700

For example: How many births are expected on Monday

𝐸𝑀𝑜𝑛 =
1

7
× 700 = 100
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𝜒2 =
σ 𝑂𝑖 − 𝐸𝑖

2

𝐸𝑖
=

110 − 100 2

100
+

124 − 100 2

100
+⋯+

84 − 100 2

100
= 19.12

Results:

As   𝜒2 > 12.592 ⟶ 𝑟𝑒𝑗𝑒𝑐𝑡 𝐻0

Interpretation:

There is sufficient evidence at 5% level of significance to suggest 

the proportion of births on each day differs from 
1

7
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TESTS OF INDEPENDENCE

We have already tested for relationships between

quantitative variables such as (height VS weight). Linear

correlation and regression assess relationships between

quantitative variables, but what if we want to test for a

relationship between gender and favorite color. Let us

see the following example.
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Example: 

500 elementary school boys and girls are asked which is their 

favorite color: blue, green, or pink? Results are shown below 

Blue Green Pink Total

Boys 100 150 20 300

Girls 20 30 180 200

Total 120 180 200 500

Using 𝛼 = 0.05, would you conclude that there is a relationship 

between gender and favorite color?
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𝐻0: 𝐹𝑜𝑟 𝑡ℎ𝑒 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝑠𝑐ℎ𝑜𝑜𝑙 𝑠𝑡𝑢𝑑𝑒𝑛𝑡𝑠, 𝑔𝑒𝑛𝑑𝑒𝑟 𝑎𝑛𝑑 𝑓𝑎𝑣𝑜𝑟𝑖𝑡𝑒
𝑐𝑜𝑙𝑜𝑟 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑟𝑒𝑙𝑎𝑡𝑒𝑑

𝐻1: 𝐹𝑜𝑟 𝑡ℎ𝑒 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝑠𝑐ℎ𝑜𝑜𝑙 𝑠𝑡𝑢𝑑𝑒𝑛𝑡𝑠, 𝑔𝑒𝑛𝑑𝑒𝑟 𝑎𝑛𝑑 𝑓𝑎𝑣𝑜𝑟𝑖𝑡𝑒
𝑐𝑜𝑙𝑜𝑟 𝑎𝑟𝑒 𝑟𝑒𝑙𝑎𝑡𝑒𝑑

𝐷𝐹 = 𝑟𝑜𝑤𝑠 − 1 𝑐𝑜𝑙𝑢𝑚𝑛𝑠 − 1 = 2 − 1 3 − 1 = 2

𝜒0.05,2
2 = 5.99147

Now, calculate the test statistic:

𝜒2 =
σ 𝑂𝑖 − 𝐸𝑖

2

𝐸𝑖
, 𝐸𝑖 =

𝑓𝑐 × 𝑓𝑟
𝑛



575 STAT – Biostatistics – Dr. Mansour Shrahili

For example: How many boys are expected to have chosen blue as their favorite color

𝐵𝑜𝑦𝑠, 𝐵𝑙𝑢𝑒 =
120 × 300

500
= 72

Observed Blue Green Pink Total

Boys 100 150 20 300

Girls 20 30 180 200

Total 120 180 200 500

Expected Blue Green Pink Total

Boys 72 108 120 300

Girls 48 72 80 200

Total 120 180 200 500



575 STAT – Biostatistics – Dr. Mansour Shrahili

𝜒2 =
σ 𝑂𝑖 − 𝐸𝑖

2

𝐸𝑖
=

100 − 72 2

72
+

20 − 48 2

48
+⋯+

180 − 80 2

80
= 276.389

Results:

If 𝜒2 > 5.99 ⟶ 𝑟𝑒𝑗𝑒𝑐𝑡 𝐻0

Interpretation:

So, in the population, there is a relationship between gender and 

favorite color
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TESTS OF HOMOGENEITY

This test determines if two or more populations have the same

distribution of a single categorical variable. The test of

homogeneity expands the test for a difference in two population

proportions, which is the two-proportion Z-test we learned in

Inference for Two Proportions. We use the two-proportion Z-

test when the response variable has only two outcome

categories and we are comparing two populations. We use the

test of homogeneity if the response variable has two or more

categories and we wish to compare two or more populations.
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Narcolepsy is a disease involving disturbances of the sleep–wake cycle.

Members of the German Migraine and Headache Society studied the

relationship between migraine headaches in 96 subjects diagnosed with

narcolepsy and 96 healthy controls. The results are shown in the

following table. We wish to know if we may conclude, on the basis of

these data, that the narcolepsy population and healthy population

represented by the samples are not homogeneous with respect to

migraine frequency. Use 𝛼 = 0.05

Example:

Reported Migraine Headaches

Yes No Total

Narcoleptic subjects 21 75 96

Healthy controls 19 77 96

Total 40 152 192
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Hypotheses:

H0: The two populations are homogeneous with respect to migraine 

frequency.

HA: The two populations are not homogeneous with respect to 

migraine frequency.

Test statistic:

𝜒2 =
σ 𝑂𝑖 − 𝐸𝑖

2

𝐸𝑖
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Observed Reported Migraine Headaches

Yes No Total

Narcoleptic subjects 21 75 96

Healthy controls 19 77 96

Total 40 152 192

Expected Reported Migraine Headaches

Yes No Total

Narcoleptic subjects 20 76 96

Healthy controls 20 76 96

Total 40 152 192
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Test statistic:

𝜒2 =
σ 𝑂𝑖 − 𝐸𝑖

2

𝐸𝑖
=

21 − 20 2

20
+

19 − 20 2

20
+

75 − 76 2

76
+

77 − 76 2

76
= 0.126

Distribution of test statistic:

𝜒20.05, 2−1 . 2−1 = 𝜒20.05,1 = 3.841

Decision rule:

Reject 𝐻0 if the computed value of 𝜒2 is equal to or greater 

than 3.841.
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Statistical decision: 

Since .126 is less than the critical value of 3.841, we are unable to reject 

the null hypothesis.

Conclusion:

We conclude that the two populations may be homogeneous with 

respect to migraine frequency.

P- value: From the MINITAB output we see that 𝑝 = .722 which 

is greater than 𝛼 = 0.05, So we accept 𝐻0
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Application in Excel 2019


