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Review

In the beginning of this section, we remind the reader with definition of limits and list some rules of the limits. Let f be a
defined function on an open interval / and ¢ € | where f may not be defined at c. Then,

lim f(x)=L, LER
X—C

means for every € > 0, there is § > 0 such that if 0 < |x — ¢| < §, then |f(x) — L| < e.

M Some Rules of the Limits: If lim f(x) and lim g(x) both exist, then
xX——cC x——c

Sum Rule: XETm (f(x) —+ g(x)) = XETm f(x) + Xﬂﬂcg(x).

Difference Rule: lim _ (f(x) — g(x) = Jim f(x) — Xﬂﬂcg(x).

xﬂﬂc ) x xhgcg(x)'

Constant Multiple Rule: _lim (k f(x)) =k Jim ().

Product Rule: lim (f(x).&(x)) =

© 06000

f(x lim _f(x)
Quotient Rule: |im (—) - X——=e
X—C

g lim g(x)’

e Power Rule: lim _ (F(x))m/" (Xﬂﬂc f(x))m/n-

B Notes.
o % = 0 where a # 0
(] T%5 = 0 where a is a number.
o iaoo = $00 where a is a positive number.
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Find each limit if it exists.

. o lim sin x cos x
o lim x X—
x—1

X
: lim ——
Q jim vx 0 m
lim (x2 — 2x + 1 ; 1
e XE';'O(X x+1) lim

x—=3+ (x — 3)
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Find each limit if it exists.

. o lim sin x cos x
o lim x X—
x—1

X
: lim ——
Q jim vx 0 m
lim (x2 — 2x + 1 ; 1
e XE';'O(X x+1) lim

x—=3+ (x — 3)

Solution:

Q imx-1
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Find each limit if it exists.

. o lim sin x cos x
o lim x X—
x—1

Q iim vx Q im

x—8 x—1 (x2 +1)
@ !im(®—2x+1) fim 1
x=0 x—=3+ (x — 3)
Solution:
o lim x =1
x—1
Q 'im Vx=v8=2v2
x—8
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Find each limit if it exists.

0 jmx
Q iim x

x—8

Q@ iim(x®2—2x+1)
x—0

o lim sin x cos x
X—> T

Q@ 'im

X
x—1 (x2 +1)

1
lim
x—=3+ (x — 3)

Solution:

o lim x =1

x—1

Q 'im Vx=v8=2v2
x—8

@ lim(x*—2x+1) = lim x® —2 lim x+ lim 1=1.
x—0 x—0 x—0 x—0
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Find each limit if it exists.

. o lim sin x cos x
o lim x X—
x—1

X

: lim ————

Q jim vx 0 m
lim (x2 — 2x + 1 ; 1

e xT:O(X chgl) lim ——

x—=3+ (x — 3)

Solution:

o lim x =1

x—1

Q 'im Vx=v8=2v2
x—8

@ lim(x*—2x+1) = lim x® —2 lim x+ lim 1=1.
x—0 x—0 x—0 x—0

e lim sin x cos x = lim sin x lim cos x =0
X— T X—> T X— T
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Find each limit if it exists.

. o lim sin x cos x
o lim x X—
x—1

X

: lim ————

Q jim vx 0 m
lim (x2 — 2x + 1 ; 1

e xT:O(X chgl) lim ——

x—=3+ (x — 3)

Solution:

o lim x =1
x—1
Q 'im Vx=v8=2v2
x—8
lim (x2 —2x+1) = lim x> —2 lim x+ lim 1=1.
x—0 x—0 x—0 x—0
lim sin x cos x = lim sin x lim cos x =0
X— T X—> T X— T

X limy_51 x 1

lim = —
x=1(x2+1)  limy,1(x2+1) 2

© 060
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Find each limit if it exists.

0 jmx
Q iim x

o lim sin x cos x
X—> T

X
Q@ im ——
x—8 x=1 (x2 4+ 1)
@ !im(®—2x+1) fim 1
x=0 x—=3+ (x — 3)
Solution:

o lim x =1

x—1

Q 'im Vx=v8=2v2
x—8

@ lim(x*—2x+1) = lim x® —2 lim x+ lim 1=1.
x—0 x—0 x—0 x—0

\
e lim sin x cos x = lim sin x lim cos x =0
X— T X—> T X— T

limy_51 x 1

X
lim = —
o x=1(x2+1)  limy,1(x2+1) 2
1
lim — =
x—3t (x —3)
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Indeterminate Forms & L'Hépital’'s Rule

M Indeterminate Forms.

o it g0 X — 9 lim x2 Inx = 0.c0
x—0 x 0 x—01
e oo . 1 1
i - - lim (—— — —) =00 — o0
exh}moo Y = ox_,1+(x—1 Inx)
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Indeterminate Forms & L'Hépital’'s Rule

M Indeterminate Forms.

o it g0 X — 9 lim x2 Inx = 0.c0
x—0 x 0 x—01
X 1 1
Q im £ _x Q m (— - —)=c0-—00
x—00 x oo x=1T "x =1 Inx

In the following table, we categorize the indeterminate forms:

List of the indeterminate forms.

Case Indeterminate Form
; 0 =)
Quotient 09 o
Product 0.00 or 0.(—o0)
Sum & Difference (—o0) + 0o or co — oo
Exponent 0%, 1%, 17°° or o
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Indeterminate Forms & L'Hépital’'s Rule

B L’Hopital’s Rule

0 [eS)
The following theorem examines the indeterminate forms — and —.
0 oo

f(x
Suppose f and g are differentiable on an interval | and ¢ € | where f and g may not be differentiable at c. If Q has the
X

0 oo 0
form 5 or — atx = c and g’(x) # 0 for x # c, then
oo

) F )

lim —— = lim —;
xX—c g(X) X—>C g (X)

P N G
if lim — exists or equals to co.
X—C g (X)
y
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Indeterminate Forms & L'Hépital’'s Rule

B L’Hopital’s Rule

0 [eS)
The following theorem examines the indeterminate forms — and —.
0 oo

f(x)

Suppose f and g are differentiable on an interval | and ¢ € | where f and g may not be differentiable at c. If —— has the
X

0 oo 0
form 5 or — atx = c and g’(x) # 0 for x # c, then
oo

)
lim —— = lim —;
X—C g(X) X—cC g (X)

P N G
if lim — exists or equals to co.
X—C g (X)

B Notes.
o We can apply L'Hépital’s rule for ¢ = 00 and when x — ctorx —c.
e When applying L'Hépital’s rule, we should calculate the derivatives of f(x) and g(x) separately.

e Sometimes, we need to apply L'H&pital’s rule twice.
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Indeterminate Forms & L'Hépital’'s Rule

Use L’Hépital’s rule to find each limit if it exists.

In x ex

Vx—1-—-2 .
Q@ im Y — - Q im — Q im —
x—5 — 25 X—=00 \/x x—00 x

x2
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Indeterminate Forms & L'Hépital’'s Rule

Use L’Hépital’s rule to find each limit if it exists.

Vx—1-2 ~Inx e
Q@ im Y — - Q im — Q im —
x—5 — 25 Xx—00 \/x x—00 x

Solution:

0
o Since lim v/x —1—2=0and lim x> —2 = 0, we have the indeterminate form —. By applying L'Hépital’s rule, we
x—5 x—5 0
have 1
Vx—1-=2 = 1 1
lim = Jim 2271 jim = —.
x—=5 x2 - 25 x—5 2x x—5 4xy/x — 1 40
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Indeterminate Forms & L'Hépital’'s Rule

X

Use L’Hépital’s rule to find each limit if it exists.
e

Vx—1-—2 i In x
Q@ im Y — - Q im — Q im —
x—5 x2 — 25 x—00 | /x x—>00 x
Solution:

o Since lim v/x —1—2=0and lim x> —2 = 0, we have the indeterminate form —. By applying L'Hépital’s rule, we
x—5 x—5 0

have 1
Vx—1-2 =T 1 1
lim = lim 272 = im =—.
x—=5 x2 - 25 x—5 2x x—5 4xy/x — 1 40
1
2Vx—1 _ 1 Lo2x _ 1 w1 — 1
2x 2y/x—1 ° 1 2y/x—1 2x Ax~/x—1
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Indeterminate Forms & L'Hépital’'s Rule

Use L’Hépital’s rule to find each limit if it exists.
Vx—1-2 i In x X
Q@ im Y — - Q im — Q im —
x=5  x2 - 25 x—00 /x X=HoO

Solution:

o Since lim v/x —1—2=0and lim x> —2 = 0, we have the indeterminate form —. By applying L'Hépital’s rule, we
x—5 x—5 0

have 1
Vx—1-2 = 1 1
lim = lim 271 _ jim =_.
x—=5 x2 - 25 x—5 2x x—5 4xy/x — 1 40
1
2V/x—1 _ 1 Lo2x 1 w1 1
2x T 2yx—1 © 1 T 2yx—1 2x T axy/x—1
oo
e The indeterminate form is — . Apply L'Hdpital’s rule to obtain
o0
In x L ) 2
X =0.

i}m = i)m T Il)m —
X oo X oo X oo
VX NS VX

b =

|

3

March 2024 7 /17
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Indeterminate Forms & L'Hépital’'s Rule

Use L’Hépital’s rule to find each limit if it exists.
In x ex

Vx—1-—-2 .
Q@ im Y — - Q im — Q im —
x—5 — 25 Xx—00 \/x x—00 x

Solution:

0
o Since lim v/x —1—2=0and lim x> —2 = 0, we have the indeterminate form —. By applying L'Hépital’s rule, we
x—5 x—5 0

have 1
Vx—1-2 AT 1 1
lim = lim 27" = lim =—.
x—=5 x2 - 25 x—5 2x x—5 4xy/x — 1 40
1
2vx—1 _ 1 Lo2x _ 1 w1 1
2x 2v/x—1 - 1 2/x—1 2x 4xy/x—1
oo

e The indeterminate form is — . Apply L'Hdpital’s rule to obtain
o0

2

lim —
X— 00 \/;

Inx L
X _
1

2/x

lim — = lim =0.
X—»00 \/; X—r00

X
%
1
x 1. 1 1. 2Vx _ 2Jx _ 2
2\1/; x 2/ x 1 VX /X VX
. . . 0 . SiA . & . &
e The indeterminate form is —. By applying L'Hopital's rule, we have lim €- = lim £ = oco.
00 x—o00 X X—00
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Indeterminate Forms & L'Hépital’'s Rule

M Techniques for other indeterminate forms.

M Indeterminate form 0.cc.

o Write f(x) g(x) as ) £(x)

f or .
el ~ 1/f(x)

0 [eS)
e Apply L'Hbpital’s rule to the resulting indeterminate form 6 or —.
[eS)
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Indeterminate Forms & L'Hépital’'s Rule

M Techniques for other indeterminate forms.

M Indeterminate form 0.c0.
. f(x) &(x)
o Write f(x) g(x) as ) or YO

0 [eS)
e Apply L'Hbpital’s rule to the resulting indeterminate form 6 or —.
[eS)

Find the limit if it exists lim x2 Inx
x—07F
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Indeterminate Forms & L'Hépital’'s Rule

M Techniques for other indeterminate forms.

M Indeterminate form 0.c0.
. f(x) &(x)
o Write f(x) g(x) as ) or YO

0 [eS)
e Apply L'Hbpital’s rule to the resulting indeterminate form 6 or —.
[eS)

Find the limit if it exists lim x2 Inx
x—07F

Solution: The indeterminate form is 0.(—oo), so we cannot apply L'Hépital’s rule. We need to rearrange the expression in a
way that enables us to apply L'Hopital’s rule. By using the previous techniques, we have

x

2 n
x“Inx =

xd__“

o
The indeterminate form of the new expression is — . Therefore, we can apply L'Hépital’s rule:
oo

. nx .
lim —— = lim
x—0t = x—07F

X!

Note: vy — L — x—2 N
ote: y 2 =X =y X =
Hence, lim x2lnx = 0.

x—0t
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Indeterminate Forms & L'Hépital’'s Rule

M Indeterminate form (—oo) + oo or 0o — co.
o Write the form as a quotient or product.

0 [eS)
e Apply L'Hopital’s rule to the resulting indeterminate form 6 or —.
oo

Prof. Mohamad Alghamdi MATH 106 March 15, 2024 9



Indeterminate Forms & L'Hépital’'s Rule

M Indeterminate form (—oo) 4 oo or co — oo.
o Write the form as a quotient or product.

0 [eS)
e Apply L'Hopital’s rule to the resulting indeterminate form 6 or —.
oo

Find the limit if it exists lim
x—1t "x —1 In x
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Indeterminate Forms & L'Hépital’'s Rule

M Indeterminate form (—oo) 4 oo or co — oo.

o Write the form as a quotient or product.

0 [eS)
e Apply L'Hopital’s rule to the resulting indeterminate form — or —

oo

Find the limit if it exists

) 1 1
lim - —)
x—1t "x —1

Solution: The indeterminate form is co — co.

1 1

Inx — x+1
x—1 Inx (x —1)Inx

0
We have the indeterminate form —. From L'Hdpital’s rule,

Inx —x+1

1—x
m
x—1Ft (x —1)Inx

1
= lim .
x—=1t x Inx+x —1

0
We have the indeterminate form 6 We apply L'Hépital’s rule
again to have

%
|
; 1-x i 1 —1 ¥
lim = lim = —. ~
x—1t x Inx+x—1 x—1t Inx + 2 2
Prof. Mohamad Alghamdi
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Indeterminate Forms & L'Hépital’'s Rule

1~ oo 0

M Indeterminate forms OO, 1°°, or oo .

Q Lety = F(x)E™
e Take the natural logarithm Iny = In £(x)8*X) = g(x) In f(x).

)
e Apply L'Hépital’s rule to the resulting indeterminate form 6 or —.
o0
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Indeterminate Forms & L'Hépital’'s Rule

1~ oo 0

M Indeterminate forms OO, 1°°, or oo .

Q Lety = F(x)E™
e Take the natural logarithm Iny = In £(x)8*X) = g(x) In f(x).

)
e Apply L'Hépital’s rule to the resulting indeterminate form 6 or —.
o0

1
Find the limit if it exists Iim+(1 +x)x.

x—0
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Indeterminate Forms & L'Hépital’'s Rule

1~ oo 0

M Indeterminate forms OO, 1°°, or oo .

Q Lety = F(x)E™
e Take the natural logarithm Iny = In £(x)8*X) = g(x) In f(x).

)
e Apply L'Hépital’s rule to the resulting indeterminate form 6 or —.
o0

1
Find the limit if it exists lim (1 + x)x .
x—0t

1
Solution: The indeterminate form is 1°°. To treat this form, let y = (1 + x)x
we have

. By taking the natural logarithm of both sides,
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Indeterminate Forms & L'Hépital’'s Rule

1~ oo 0

M Indeterminate forms OO, 1°°, or oo .

Q Lety = F(x)E™
e Take the natural logarithm Iny = In £(x)8*X) = g(x) In f(x).

)
e Apply L'Hépital’s rule to the resulting indeterminate form 6 or —.
o0

1
Find the limit if it exists lim (1 + x)x .
x—0t

1
Solution: The indeterminate form is 1°°. To treat this form, let y = (1 + x)x
we have

. By taking the natural logarithm of both sides,

1
Iny = — In(1+ x)
X
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Indeterminate Forms & L'Hépital’'s Rule

1~ oo 0

M Indeterminate forms OO, 1°°, or oo .

Q Lety = F(x)E™
e Take the natural logarithm Iny = In £(x)8*X) = g(x) In f(x).

)
e Apply L'Hépital’s rule to the resulting indeterminate form 6 or —.
o0

1
Find the limit if it exists lim (1 + x)x .
x—0t

1
Solution: The indeterminate form is 1°°. To treat this form, let y = (1 + x)x
we have

. By taking the natural logarithm of both sides,

1 1
Iny=—1In(l+x) = lim Iny = lim — In(1+ x)
x x—=0 x—=0 x
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Indeterminate Forms & L'Hépital’'s Rule

1~ oo 0

M Indeterminate forms OO, 1°°, or oo .

Q Lety = F(x)E™
e Take the natural logarithm Iny = In £(x)8*X) = g(x) In f(x).

)
e Apply L'Hépital’s rule to the resulting indeterminate form 6 or —.
o0

1
Find the limit if it exists lim (1 + x)x .
x—0t

1
Solution: The indeterminate form is 1°°. To treat this form, let y = (1 + x)x
we have

. By taking the natural logarithm of both sides,

1 i o1 ~ In(14x)
Iny=—-In(1+x) = lim Iny = lim —In(1+x) = lim ———
X x—=0 x—0 x x—0

0
The indeterminate form is o
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Indeterminate Forms & L'Hépital’'s Rule

1~ oo 0

M Indeterminate forms OO, 1°°, or oo .

Q Lety = F(x)E™
e Take the natural logarithm Iny = In £(x)8*X) = g(x) In f(x).

)
e Apply L'Hépital’s rule to the resulting indeterminate form 6 or —.
o0

1
Find the limit if it exists lim (1 + x)x .
x—0t

1
Solution: The indeterminate form is 1°°. To treat this form, let y = (1 + x)x
we have

. By taking the natural logarithm of both sides,

1 i o1 ~ In(14x)
Iny=—-In(1+x) = lim Iny = lim —In(1+x) = lim ———
X x—=0 x—0 x x—0

0
The indeterminate form is 6 By applying L'Hépital’s rule, we obtain

1
In(1 4+ x =
lim Iny = lim LICR LN -
x—0 x—0 x x—=0 1
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Indeterminate Forms & L'Hépital’'s Rule

1~ oo 0

M Indeterminate forms OO, 1°°, or oo .

Q Lety = F(x)E™
e Take the natural logarithm Iny = In £(x)8*X) = g(x) In f(x).

)
e Apply L'Hépital’s rule to the resulting indeterminate form 6 or —.
o0

1
Find the limit if it exists Iim+(1 +x)x.

x—0

1
Solution: The indeterminate form is 1°°. To treat this form, let y = (1 + x) x . By taking the natural logarithm of both sides,
we have
1 i o1 ~ In(14x)
Iny=—-In(1+x) = lim Iny = lim —In(1+x) = lim ———
X x—=0 x—0 x x—0
0
The indeterminate form is 6 By applying L'Hépital’s rule, we obtain
. (%) T
lim Iny = lim —— =i =1
x—0 x—0 x x—0 1
Hence,
lim Iny 1
Iim0 Iny =1= ex—0 =e (take the natural exponent of both sides)
x—
= lim ) — ¢
x—0
1
= limy=e= lim(1+x)x =e.
x—0 x—0
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Improper Integrals

Remember in Chapter 2.
For any function f bounded and defined on a closed bounded interval [a, b], the definite integral of f from a to b is

b
[0 dx = lim ST f(w)dn (1 P11 0)
a k

if the limit exists. The numbers a and b are called the limits of the integration.
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Improper Integrals

Remember in Chapter 2.
For any function f bounded and defined on a closed bounded interval [a, b], the definite integral of f from a to b is

b
700 de= tim 5 s, (17 1 0)
if the limit exists. The numbers a and b are called the limits of the integration.

The proper integral is the Riemann integral (the function f must be bounded and the interval must be closed and bounded). If
one of these conditions is not satisfied, we define a new sense of the integral called the improper integral.
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Improper Integrals

Remember in Chapter 2.
For any function f bounded and defined on a closed bounded interval [a, b], the definite integral of f from a to b is

b
[0 dx = lim ST f(w)dn (1 P11 0)
a k

if the limit exists. The numbers a and b are called the limits of the integration.

The proper integral is the Riemann integral (the function f must be bounded and the interval must be closed and bounded). If
one of these conditions is not satisfied, we define a new sense of the integral called the improper integral.

From this, there are two cases of the improper integrals:
B The first case: Infinite Intervals

For continuous function f, we study integrals of forms:

ILb f(x) dx,
| /700 f(x) dx
| /:’:O f(x) dx
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Improper Integrals

Remember in Chapter 2.
For any function f bounded and defined on a closed bounded interval [a, b], the definite integral of f from a to b is

b
[0 dx = lim ST f(w)dn (1 P11 0)
a k

if the limit exists. The numbers a and b are called the limits of the integration.

The proper integral is the Riemann integral (the function f must be bounded and the interval must be closed and bounded). If
one of these conditions is not satisfied, we define a new sense of the integral called the improper integral.

From this, there are two cases of the improper integrals:
B The first case: Infinite Intervals

For continuous function f, we study integrals of forms:

ILb f(x) dx,
| /700 f(x) dx
| /:’:O f(x) dx

b
B The second case: Discontinuous Integrands / f(x) dx
a

Over the interval [a, b]:

M If f is continuous on [a, b) and has an infinite discontinuity at bi.e.,, lim f(x) = £oo.
x—b™
M If f is continuous on (a, b] and has an infinite discontinuity at a i.e., “m+ f(x) = £oo,
X—ra
M If f is continuous on [a, b] except at ¢ € (a, b) such that lim  f(x) = £oo.
)(*}Ci
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Improper Integrals

B The first case: Infinite Intervals

oo
o Let f be a continuous function on [a, c0). The improper integra// f(x) dx is defined as follows:
a

oo t
/ f(x) dx = lim / f(x) dx if the limit exists.
a t— oo a
b
e Let f be a continuous function on (—oo, b]. The improper integral / f(x) dx is defined as follows:
—oo

b b
/ f(x) dx = lim / f(x) dx if the limit exists.
— o t——o0 Jt

The previous integrals are convergent (or to converge) if the limit exists as a finite number. However, if the limit does
not exist or equals +o0o, the integral is called divergent (or to diverge).

oo
e Let f be a continuous function on R and a € R. The improper integral/ f(x) dx is defined as follows:
—oo

/j:o 6) e = /jw F(x) dx + /a % F(x) ax.

The integral is convergent if both integrals on the right side are convergent; otherwise the integral is divergent.

v
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Improper Integrals

B Notes.

0 If an improper integral is convergent, the value of the improper integral is the value of the limit.

e If both integrals in item 3 converge, then the value of the improper integral is the sum of values of the two integrals.

Prof. Mohamad Alghamdi MATH 106 March




Improper Integrals

B Notes.

0 If an improper integral is convergent, the value of the improper integral is the value of the limit.

e If both integrals in item 3 converge, then the value of the improper integral is the sum of values of the two integrals.

co 1
Determine whether the integral / —— dx converges or diverges.
0 (x+2)?
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Improper Integrals

B Notes.

0 If an improper integral is convergent, the value of the improper integral is the value of the limit.

e If both integrals in item 3 converge, then the value of the improper integral is the sum of values of the two integrals.

co 1
Determine whether the integral / —— dx converges or diverges.
0 (x+2)?

Solution:

oo 1 t 1
/ ——— dx = lim — dx
0 (X+2)2 t—oo Jo (X+2)2
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Improper Integrals

B Notes.

0 If an improper integral is convergent, the value of the improper integral is the value of the limit.

e If both integrals in item 3 converge, then the value of the improper integral is the sum of values of the two integrals.

co 1
Determine whether the integral / —— dx converges or diverges.
0 (x+2)?

Solution:

oo 1 t 1
/ ——— dx = lim — dx
0 (X+2)2 t—oo Jo (X+2)2

The integral

t 1 t _ —1 ¢ 1 1
/0 (x +2)? dx:/o(x+2) 2dX:[x+2}0:_(m_£)-
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Improper Integrals

B Notes.

0 If an improper integral is convergent, the value of the improper integral is the value of the limit.

e If both integrals in item 3 converge, then the value of the improper integral is the sum of values of the two integrals.

co 1
Determine whether the integral / —— dx converges or diverges.
0 (x+2)?

Solution:
oo 1 t 1
/ ——— dx = lim — dx
0 (X+2)2 t—oo Jo (X+2)2
The integral
t 1 t —1 1 1
[t o floen o [
0 (x+2)? 0 x+210 t+2 2
Thus,
t 1 1 1 1 1
lim ——— dx = — lim ( ——):—(0——):—.
t—=oo Jo (x+2)2 t—oo “t 42 2 2
1

This implies that the integral converges and has the value 3.
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Improper Integrals

oo
Determine whether the integral / dx converges or diverges.
— 00

1+ x2
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Improper Integrals

oo
Determine whether the integral / dx converges or diverges.
— 00

1+ x2
Solution:
oo 1 0 1 t 1
/ ——— dx = lim ——— dx + lim _—
Jooo 1+ x2 t——ooJy 1+ x2 t—o0 Jo 1+ x2
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Improper Integrals

oo
Determine whether the integral / dx converges or diverges.
— 00

1+ x2
Solution:
oo 1 0 1 t 1
/ ——— dx = lim ——— dx + lim _—
Jooo 1+ x2 t——ooJy 1+ x2 t—o0 Jo 1+ x2

1
We know that / dx =tan"! x + c, so
1+

x2

"
LY

y=tan"',
1
lim dx + lim o
t—w—ooJr 14 x2 t—oo Jo 1+ x2
= lim [Oftanil(t)]i» lim [tan71 tfo} 3
t— —o0 t— oo I
-1 1
=— lim tan"! t+ lim tan"l ¢
t— —oo t— o0
(=2)+ 2
= —(—— — =.
2 2

—nf?

The integral is convergent and has the value 7.

Figure 4.3
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Improper Integrals

B The second case: Discontinuous Integrands

Definitio

o If f is continuous on [a, b) and has an infinite discontinuity at b i.e., lim f(x) = *oo, then
x—b—

b t
/ f(x) dx = lim / f(x) dx if the limit exists.
a a

t—b—
e If f is continuous on (a, b] and has an infinite discontinuity at a i.e., IimJr f(x) = £oo, then
X—>a
b a
/ f(x) dx = lim / f(x) dx if the limit exists.
a t—at Jt
In items 1 and 2, the integral is convergent if the limit exists as a finite number; otherwise the integral is divergent.

b
e If f is continuous on [a, b] except at ¢ € (a, b) such that Iim:t f(x) = £oo, the improper integral/ f(x) dx is
a

x—c

/ab F(x) dx = /: F(x) dx + /Cb F(x) dx.

The integral is convergent if both integrals on the right side are convergent; otherwise the integral is divergent.

defined as follows:
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Improper Integrals

4
Determine whether the integral / dx converges or diverges.
o (
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Improper Integrals

dx converges or diverges.

4
Determine whether the integral / 3
( 2

0 4-x)

1
Solution: Since lim ———— = oo and the integrand is continuous on [0, 4), then from Definition .2,

— 3
x—4 (4 — X)j
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Improper Integrals

4
Determine whether the integral / dx converges or diverges.

3
0 (4— x)2
1
Solution: Since lim —F = and the integrand is continuous on [0, 4), then from Definition .2,
x—4— (4 _ X)j
4 1 _3
/ 5 dx = lim (4 —x) 2 dx
0 (4 _ X)f t—4 0 E .
; [ > ]t /(4 — x) dx =
= lim |—
t—4— tV/4 — x10 1
2
= lim ( - 1)
t—4— 4 —t i
= oQ.

Thus, the improper integral diverges.

Prof. Mohamad Alghamdi MATH 106 , 2024 16 / 17




Improper Integrals

11
Determine whether the integral / = dx converges or diverges.
=3 3
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Improper Integrals

11
Determine whether the integral / = dx converges or diverges.
=3 3

Solution:
1 _

Since lim = = lim
x—0— X x—0F X

5 = oo and the integrand is continuous on [—3,0) U (0, 1], then

Prof. Mohamad Alghamdi MATH 106




Improper Integrals

11
Determine whether the integral / = dx converges or diverges.
=3 3

Solution:
Since lim % = lim % = oo and the integrand is continuous on [—3, 0) U (0, 1], then
x—0— X x—0t X

»:

/1 1 d /0 1 & /1 1 &
— dx = — dx + — dx
_3 x2 _3 x2 0 x2
t 1 11
= lim / — + lim / —
t—0—J—3x2  tootJr x2
. 1q¢ . 141
=— lim { - } — lim [ - ]
t—0— L x4-=3 tot Ll x It

1 1 1
== tm [S43] = gm 1]

1 L, x71 1
—dx:_/x dx=——+4+c=——+c¢
x2 -1 X
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