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Chapter 5: Techniques of Integration
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Section 1: Integration by Parts

Exercise. Evaluate the integral.
2
(1) /xex dx
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Section 1: Integration by Parts

Exercise. Evaluate the integral.
2
(1) /xex dx

2 1 2
Solution:/xex dx:i /2xex dx =
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Section 1: Integration by Parts

Exercise. Evaluate the integral.
2
(1) /xex dx

2 1 2
Solution:/xex dx:i /2xex dx =

(2) / xe* dx
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Section 1: Integration by Parts

Exercise. Evaluate the integral.
2
(1) /xex dx

2 1 2
Solution: /x e dx = 5 /2 x & dx =
(2) /xex dx

(3) / x2 cos(x3) dx
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Section 1: Integration by Parts

Exercise. Evaluate the integral.
2
(1) /xex dx

2 1 2 1
Solution:/xex dx:—/erx dx = - €& +c¢
2 2
(2) /xex dx
(3) /x2 cos(x3) dx

1 1
Solution: /x2 cos x> dx = 3 /3 x? cos(xa) dx = 3 sin (x3) +c
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Section 1: Integration by Parts

Exercise. Evaluate the integral.

(1) / xex2 dx

Solution: /x eX2 dx = % /2 x ex2 dx =
(2) / xe* dx

(3) / x2 cos(x3) dx

Solution: /x2 cos x> dx = % /3 x? cos(xa) dx = % sin (x3) +c

) / X cos(x) dx
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Section 1: Integration by Parts

Let u = f(x) and v = g(x), we know that

d ’ !
(f(x)e(x)) = f(x)g" (x) + ' (x)g(x) -

dx
Thus,

’ d ’
f(x)g'(x) = ;(f(X)g(X)) - (x)e(x) -

By integrating both sides, we have

/f(x)g/(x) dx = / dix(f(x)g(x)) dx — / f/(x)g(x) dx
= 0200 — [ /()& ox.

Since u = f(x) = du = f’(x) dx and v = g(x) = dv = g’(x) dx. Therefore,

/udv:uvffvdu.
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Section 1: Integration by Parts

Let u = f(x) and v = g(x), we know that

d ’ !
;(f(X)g(X)) = f(x)g’(x) + f'(x)g(x) -

Thus,

’ d ’
f(x)g’ (x) = ;(f(X)g(X)) — 1 (x)e(x) -

By integrating both sides, we have

/f(x)g/(x) dx = / dix(f(x)g(x)) dx — / f/(x)g(x) dx
= 0200 — [ /()& ox.

Since u = f(x) = du = f’(x) dx and v = g(x) = dv = g’(x) dx. Therefore,

/udv:uvf/vdu.

If u = f(x) and v = g(x) such that f’ and g’ are continuous, then

/udv:uvf/vdu.

Derivation
u——du

Integration
_

dv v=[dv
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Section 1: Integration by Parts

Evaluate the integral /x &~ dx.
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Section 1: Integration by Parts

Evaluate the integral /x &~ dx.

Solution: The integrand x e* is a product of two functions x and e*.
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Section 1: Integration by Parts

Evaluate the integral /x &~ dx.

Solution: The integrand x e* is a product of two functions x and e*.

Choose u = x, and dv = €* dx. Then,

u=x= du=dx,

dv:exdxjv:/exdx:ex.
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Section 1: Integration by Parts

Evaluate the integral /x &~ dx.

Solution: The integrand x e* is a product of two functions x and e*.

Choose u = x, and dv = €* dx. Then,

u=x= du=dx,

dv:exdxjv:/exdx:ex.

From the theorem

/udv:uvf/vdu
/xexdx:xexf/exdx

=xe& —e +c.
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Section 1: Integration by Parts

Evaluate the integral /x &~ dx.

Solution: The integrand x e* is a product of two functions x and e*.

Choose u = x, and dv = €* dx. Then, Notes.

@ We choose u = x because it can be

u=x= du=dx, differentiated to a constant. Thus the new
product integral will not involve a product
dv=e"dx=v= /ex dx = e*. anymore.

@ Try to choose

From the theorem u=¢€"and dv = x dx

You will obtain
/udv:uvf/vdu

2 2
/xexdx:xexf/exdx /:X—exf/x—exdx.
2 2

xe¥ —e +c.

2
X

However, the integral / —€&" dx is more
2

difficult than the original one /xex dx.
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Section 1: Integration by Parts

Evaluate the integral /x cos x dx.
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Section 1: Integration by Parts

Evaluate the integral /x cos x dx.

Solution: In the same manner as in the preceding example, set u = x and dv = cos x dx. Hence,

u = x = du=dx,

dv = cos xdx:>v:/cosxd><:sin X.
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Section 1: Integration by Parts

Evaluate the integral /x cos x dx.

Solution: In the same manner as in the preceding example, set u = x and dv = cos x dx. Hence,
u = x = du=dx,
dv = cos xdx:>v:/cos X dx = sin x.

From the theorem,

/udv:uvf/vdu
/x cos x dx = x sin xf/sin X dx

= Xx sin x +cos x+c .
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Section 1: Integration by Parts

Evaluate the integral /x cos x dx.

Solution: In the same manner as in the preceding example, set u = x and dv = cos x dx. Hence,

Notes.
u = x = du=dx, @ We choose u = x because it
can be differentiated to a
dv =cos x dx = v = /cos x dx = sin x. constant. Thus the new
product integral will not
involve a product anymore.
From the theorem, @ Try to choose
/udv:uvf/vdu
u = cos x and dv = x dx
/x cos x dx = x sin xf/sin X dx
= x sin x+cos x+c . Do you have the same result?
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Section 1: Integration by Parts

Evaluate the integral / Inx dx.
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Section 1: Integration

by Parts

Evaluate the integral / Inx dx.

Solution: Choose u = Inx, and dv = dx. Then,

u=Inx = du= — dx,
X

dv:dx=>v:/1dx:x.

Prof. Mohamad Alghamdi

Remember.
If u = g(x) is differentiable,
then
d (Inu) o’
—(nu) = —
dx u
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Section 1: Integration by Parts

Evaluate the integral / Inx dx.

Solution: Choose u = Inx, and dv = dx. Then,

Remember.
If u = g(x) is differentiable,
1
u=Inx = duv= - dx, then

X

’

dv:dx=>v:/1dx:x. i(Inu) b

dx u

Apply the theorem

/udv:uvffvdu
1
/Inxdx:xlnxf/x— dx
X
:xlnxf/ldx

=xlnx —x+c
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Section 1: Integration by Parts

3

Evaluate the integral / x~ Inx dx.
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Section 1: Integration by Parts

Evaluate the integral / X3 Inx dx.

Solution: Choose u = Inx, and dv = X3 dx. Then,

1
u=Inx = du= —dx,
X

X4
dv:xgdx:>v:/x3dx:74
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Section 1: Integration by Parts

Evaluate the integral / X3 Inx dx.

Solution: Choose u = Inx, and dv = X3 dx. Then,

1
u=Inx = du= —dx,
X

X4
dv:xgdx:>v:/x3dx:74

From the theorem,

/udv:uv—/vdu

3 x* 41
/x Inx dx = — Inx — — — dx
4 4 x
4
X 1
:—Inxff/x?’dx
4 4.
x4 x4
= —Inx— —+4+c.
4 16
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Section 1: Integration by Parts

Evaluate the integral / X3 Inx dx.

Solution: Choose u = Inx, and dv = X3 dx. Then,

1
u=Inx = du= —dx,
x Rule.

4
3 3 X "
dv =x"dx = v = /x dx = e To evaluate / X" Inx dx, let

From the theorem, 1
u=Inx = du= —dx
X

v = uv — d 1
/UV w /vu d\/:x"dx:>v:/x"dx:x

n+1
3 x4 41
/x Inx dx = — Inx — — — dx
4 4 x Hence,
X4| 1/ 3d n+1
= —Inx — — X IX n
4 4. /x Inxdx:xnJrl Inx+(+1)2 +c
X4 X4
= —Inx— —+4+c.
4 16
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Section 1: Integration by Parts

Evaluate the integral/sin x In(cos x) dx.
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Section 1: Integration by Parts

Evaluate the integral/sin x In(cos x) dx.

Solution: Let u = In(cos x) for cos x > 0, and dv = sin x dx. Then,

—sin x
u = In(cos x) = du = dx,
Cos Xx
dv = sin xdx:>v:/sin X dx = —cos X.
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Section 1: Integration by Parts

Evaluate the integral/sin x In(cos x) dx.

Solution: Let u = In(cos x) for cos x > 0, and dv = sin x dx. Then,

—sin x

u = In(cos x) = du = dx,

Ccos X

dv = sin xdx:>v:/sin X dx = —cos X.

Hence,

/udv:uv—/vdu

- g sin x
/sm x In(cos x) dx = —cos x In(cos x) — / cos x
c

dx dx

s x
= —cos x In(cos x) — / sin x dx

= —cos x In(cos x)+cos x+c .
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Section 1: Integration by Parts

Note. Sometimes we need to use the integration by parts twice.
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Section 1: Integration by Parts

Note. Sometimes we need to use the integration by parts twice.

Evaluate the integral/xzex dx.
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Section 1: Integration by Parts

Note. Sometimes we need to use the integration by parts twice.

Evaluate the integral/xzex dx.

= x2, and dv = e~ dx. Then,

Solution: Let | = /XZEX dx and choose u =

u=x? = du = 2x dx ,
In successive application of
dv = e“dx = v = -/e>< dx = €*. the integration by parts, do
not switch choices for u
and dv.

This implies | = x2e* — 2/><ex dx.

/ 44
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Section 1: Integration by Parts

Note. Sometimes we need to use the integration by parts twice.

Evaluate the integral/xzex dx.

Solution: Let | = /XZEX dx and choose u = x2, and dv = e~ dx. Then,

u:x2édu:2xdx, -

In successive application of

dv = e“dx = v = -/e>< dx = €*. the integration by parts, do
not switch choices for u
and dv.

This implies | = x2e* — 2/><ex dx.

We use the integration by parts again for the integral /x e~ dx.

Let J = x € dx.

Choose u = x and dv = €* dx, then

u=x=du= dx,

dv:exdx:>v:/exdx:ex.
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Section 1: Integration by Parts

Note. Sometimes we need to use the integration by parts twice.

Evaluate the integral/xzex dx.

Solution: Let | = /XZEX dx and choose u = x2, and dv = e~ dx. Then,

u:x2édu:2xdx, -

In successive application of

dv = e“dx = v = -/e>< dx = €*. the integration by parts, do
not switch choices for u
and dv.

This implies | = x2e* — 2/><ex dx.
We use the integration by parts again for the integral /x e~ dx.

Let J = x € dx.

Choose u = x and dv = €* dx, then

u=x=du= dx, Therefore,J:xexf/exdx:xexfeXJrcA

By substituting the result of J into /, we have
dv:exdx:>v:/exdx:ex. Y €
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Section 1: Integration by Parts

Note. Sometimes we need to use the integration by parts twice.

Evaluate the integral/xzex dx.

Solution: Let | = /XZEX dx and choose u = x2, and dv = e~ dx. Then,

u:x2édu:2xdx, -

In successive application of

dv = e“dx = v = -/e>< dx = €*. the integration by parts, do
not switch choices for u
and dv.

This implies | = x2e* — 2/><ex dx.

We use the integration by parts again for the integral /x e~ dx.

Let J = x € dx.

Choose u = x and dv = €* dx, then

u=x=du= dx, Therefore,J:xexf/exdx:xexfeXJrcA

By substituting the result of J into /, we have
dv:exdx:>v:/exdx:ex. Y €

2

I =x eX72(xeX7ex)+c:ex(x272x+2)+c.
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Section 2.1: Integration of Powers of Trigonometric

Functions

In this section, we evaluate integrals of forms
. n m

o/sm x cos x dx,

o/tan'7 x sec” x dx and

o/ cot” x csc™ x dx.
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Section 2.1: Integration of Powers of Trigonometric

Functions

In this section, we evaluate integrals of forms

..n m
o/ sin’ x cos  x dx,
o/tan'7 x sec” x dx and

n m
o/cot x csc x dx.

M Form 1. /sin" x cos™ x dx .

This form is treated as follows:

7

o If nis an odd integer, write
. on m . on—1 m .
sin” x cos’ x = sin X cos’ X sin x
Then, use the identity sin? x = 1 — cos? x and the substitution u = cos x.

e If mis an odd integer, write

.n m .n m—1
sin’ x cos’ x =sin x cos X cos X
Then, use the identity cos? x =1 — sin? x and the substitution u = sin x.
. ", 2 1+ cos 2x L2 1 — cos 2x
e If m and n are even, use the identities cos™ x = f and sin® x = f
- v
Prof. Mohamad Alghamdi MATH 106




Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//sin5 x cos® x dx.
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//sin5 x cos® x dx.

Solution:
. 5 4 . 4 4 .
sin” x cos' x =sin' x cos X sin x
22 2 4 .
= (sin® x)° cos” xsin x
=(1- cos® X)2 cos’ x sin x :cos® x +sin® x =1
The integral becomes

/(1 — cos? )<)2 cos* x sin x dx
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//sin5 x cos® x dx.

Solution:
. 5 4 . 4 4 .
sin” x cos' x =sin' x cos X sin x
22 2 4 .
= (sin® x)° cos” xsin x
=(1- cos® X)2 cos’ x sin x :cos® x +sin® x =1
The integral becomes

/(1 — cos? )<)2 cos* x sin x dx

Let u = cos x = du = —sin x dx.
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//sin5 x cos® x dx.

Solution:
. 5 4 . 4 4 .
sin” x cos' x =sin' x cos X sin x
22 2 4 .
= (sin® x)° cos” xsin x
=(1- cos® X)2 cos’ x sin x :cos® x +sin® x =1
The integral becomes

/(1 — cos? )<)2 cos* x sin x dx

Let u = cos x = du = —sin x dx. Thus, — /(1 — cos? ><)2 cos* x (—sin x) dx.
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//sin5 x cos® x dx.

Solution:
.5 4 . 4 4 .
sin X COs X = sin X Ccos X sin X

= (sin2 ><)2 cos* x sin x

=(1- cos® X)2 cos’ x sin x :cos® x + sin? x =1
The integral becomes
/(1 — cos? )<)2 cos* x sin x dx
Let u = cos x = du = —sin x dx. Thus, — /(1 — cos? ><)2 cos* x (— sin x) dx. By substituting, we have
- /(1 - u2)2u4 du = /(1 — 202 + U4)U4 du = 7/(u4 — 205 4 u8) du
u® 2u” ud
= —(— — —)+ec
5 7 9
cos® x 2cos’ x cos? x . X
= — s + = — 9 +c. Return to the original variable x
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//cos3 X dx.
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//cos3 X dx.

Solution:

3 2
COS X = COS X COS X

=(1 — sin? X) cos x tcos? x+sin? x=1
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//cos3 X dx.

Solution:

3 2
COS X = COS X COS X

=(1 — sin? X) cos x tcos? x+sin? x=1

Thus, /cos3 x dx = /(1 — sin? X) cos x dx.
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//cos3 X dx.

Solution:

3 2
COS X = COS X COS X

=(1 — sin? X) cos x tcos? x+sin? x=1

Thus, /cos3 x dx = /(1 — sin? X) cos x dx.

Let u =sin x = du = cos x dx.

Prof. Mohamad Alghamdi MATH 106

March 6, 2024
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integra//cos3 X dx.

Solution:
3 2
cos” x = cos” x cos x
:(l—sin2 X) cos x tcos? x+sin? x=1

Thus, /cos3 x dx = /(1 — sin? X) cos x dx.

Let u = sin x = du = cos x dx. By substitution, we have

. N U3
/(lfu)du:ufg+c

=sin x — — sin3 xX+c. Return to the original variable x
3
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Section 2.1: Integration of Powers of Trigonometric

Functions

M Form 2. /tan" x sec™ x dx. This form is treated as follows:

7~

o If n =0, write

m _ m—2 2
sec X = seC X sec X
e If m > 1 is odd, use the integration by parts.
o If mis even, use the identity sec? x = 1+ tan? x and the substitution u = tan x.
e If m = 0 and n is odd or even, write

tan” x = tan" "2 x tan® x

Then, use the identity tan? x = sec? x — 1 and the substitution u = tan x.

If nis even and m is odd, use the identity tan? x = sec?
integration by parts.

o If m > 2 is even, write

x — 1 to reduce the power m and then use the

n m n m—2 2
tan” x sec X = tan’ x sec X sec X

Then, use the identity sec?2 x =1 + tan? x and the substitution u = tan x.
e If nis odd and m > 1, write

n m n—1 m—1
tan’ x sec X = tan X sec X tan x sec x

Then, use the identity tan? x = sec? x — 1 and the substitution u = sec x.
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Section 2.1: Integration of Powers of Trigonometric
Functions

4

Evaluate the integral/tan5 X sec x dx.
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integral/tan5 x sect x dx.

Solution: Express the integrand tan® x sec* x as follows

tan5 X sec4 x = tan5 X sec2 X sec2 x

=tan® x (tan2 x+1) sec? x
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integral/tan5 x sect x dx.

Solution: Express the integrand tan® x sec* x as follows

tan5 X sec4 x = tan5 X sec2 X sec2 x
=tan® x (tan2 x+1) sec? x

This implies

/tan5 x sect x dx = /tan5 X (tan2 x+1) sec? x dx = /(tan7 x + tan® X) sec? x dx

Prof. Mohamad Alghamdi MATH 106




Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integral/tan5 x sect x dx.

Solution: Express the integrand tan® x sec* x as follows

tan5 X sec4 x = tan5 X sec2 X sec2 x

=tan® x (tan2 x+1) sec? x

This implies
/tan5 x sect x dx = /tan5 X (tan2 x+1) sec? x dx = /(tan7 x + tan® X) sec? x dx

Let u = tan x = du = sec® x dx and by substituting, we have

, 5 B U8 uﬁ
(v +v’)du= — 4+ — +c¢
8 6
t;an8 X tan6 .. .
= s + +c. Return to the original variable x
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integral/sec3 x dx.
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integral/sec3 x dx.

Solution: Write sec3 x = sec x sec? x and let | = /sec3 x dx = /sec x sec? x dx. We use the integration by parts to
evaluate the integral as follows:
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integral/sec3 x dx.

Solution: Write sec3 x = sec x sec? x and let | = /sec3 x dx = /sec x sec? x dx. We use the integration by parts to
evaluate the integral as follows:

u =sec x = du = sec x tan x dx ,

dv:seczxdx:>v:/sec2 x dx = tan x.
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Section 2.1: Integration of Powers of Trigonometric
Functions

Evaluate the integral/sec3 x dx.

Solution: Write sec3 x = sec x sec? x and let | = /sec3 x dx = /sec x sec? x dx. We use the integration by parts to
evaluate the integral as follows:

u =sec x = du = sec x tan x dx ,

dv:seczxdx:>v:/sec2xdx:tanx. @ tan? x —sec? x — 1
Hence,
"] —/(sec3 x — sec x) dx =

5 .

I:secxtanx—/secxtan2xdx 7/sec xdx+/secxdx
3

I:secxtanx—/(sec x — sec x) dx o/secx dx = In | sec x +tan x | +c
| =sec x tan x — [ +In | sec x+tan x | Remember.  Example 3.4 No. 7 in
2/ = sec x tan x + In | sec x + tan x | Chapter 3

1
I:E(secx tan x +In | sec x +tan x |) + c.
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Section 2.1: Integration of Powers of Trigonometric

Functions

M Form 3. /cot" x csc™ x dx .

The treatment of this form is similar to the integral /tan" x sec™ x dx, except we use the identity

cot? x +1= csc? x.

Evaluate the integral/cot5 x csct x dx.
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Section 2.1: Integration of Powers of Trigonometric

Functions

M Form 3. /cot" x csc™ x dx .

The treatment of this form is similar to the integral /tan" x sec™ x dx, except we use the identity

cot? x +1= csc? x.

Evaluate the integral/cc:)t5 x csct x dx.

Solution:
Write cot® x csc? x = csc® x cot® x csc x cot x. This implies

/r:ot5 x csct x dx = /csc3 x cot? x csc x cot x dx
= /csc3 X (c'sr:2 x — l)2 csc x cot x dx

= /(csc7 x — 2csc® x 4 esc® X) csc x cot x dx

esc® x s x esct x
= — + — + c.
8 3 4
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Section 2.2: Integration of Forms

sinux cosvx, sinux sinvx and cosux cosvx

We deal with the integrals /sin ux cos vx dx, /sin ux sin vx dx and /cos ux cos vx dx by using the following formulas:
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Section 2.2: Integration of Forms

sinux cosvx, sinux sinvx and cosux cosvx

We deal with the integrals /sin ux cos vx dx, /sin ux sin vx dx and /cos ux cos vx dx by using the following formulas:

7

N

1
sin ux cos vx = 5 (sin (u—v)x+sin (u+v)x)

sin ux sin vx = (cos (u— v) x — cos (u+v) x)

N | =

COs UX COS vX = (cos (u— v) x +cos (u+ v) x)

N | =

Evaluate the integral/sin 5x sin 3x dx .

Solution: From the previous formulas, we have sin 5x sin 3x = %(cos 2x — cos 8x). Hence,
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Section 2.2: Integration of Forms

sinux cosvx, sinux sinvx and cosux cosvx

We deal with the integrals /sin ux cos vx dx, /sin ux sin vx dx and /cos ux cos vx dx by using the following formulas:

7

N

1
sin ux cos vx = 5 (sin (u—v)x+sin (u+v)x)

sin ux sin vx = (cos (u— v) x — cos (u+v) x)

N | =

COs UX COS vX = (cos (u— v) x +cos (u+ v) x)

N | =

Evaluate the integral/sin 5x sin 3x dx .

Solution: From the previous formulas, we have sin 5x sin 3x = %(cos 2x — cos 8x). Hence,
. . 1
/sm 5x sin 3x dx = 5 /(cos 2x — cos 8x) dx

1 1
= E/Q)cos 2x dx — ﬁ/(S)cos 8x dx

1
= —sin 2x — — sin 8x + c.
4 16
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Section 3: Trigonometric Substitutions

We are going to study integrals containing the following expressions for a > 0:

@ /2 _ 2
@ V212
@ /x2 22
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Section 3: Trigonometric Substitutions

We are going to study integrals containing the following expressions for a > 0:

° 827X2

Q@ Va2 +x2

@ /x2 - 22

W \/a2 — x2 =a cos 0 if x=a sin 6.

If x = a sin 6 where 6 € [—7/2, /2], then

\/32 —x2 = \/32 — a2sin2 6
= y/a2(1 — sin2 0) 6

= Va2cos? 0 a2 — x2

=a cos 6. x=asin 6 = sin =7
Notes.

@ If the expression 1/ a2 — x2 is in a denominator, then we assume — % <O <

ol

m
@ We can also use the previous substitution for {/(a2 — x2)™ = (a® — x?) n .
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Section 3: Trigonometric Substitutions

2

X
— dx .
V1-—x2

Evaluate the integral /
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Section 3: Trigonometric Substitutions

X2
— dx .
V1-—x2

Remember. /a2 — x2 = a cos 0 if x = a sin 6.

Evaluate the integral /
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Section 3: Trigonometric Substitutions

X2
— dx .
V1-—x2

Remember. /a2 — x2 = a cos 0 if x = a sin 6.

Evaluate the integral /

Solution: Let x = sin 6 where § € (—7 /2, m/2), thus dx = cos 6 df. By substitution, we have

x2 sin? 6
/7dx:/7 cos 6 df
J /1= x2 V1 —sin2 6
sin? 0
:/ cos 6 df 1
cos 0 X
2 .2 1 — cos 260
:/sm 6 do where sin O:f
1 17 0
:—/(1—50520)d9 :—/2c0529d6‘
2 2 /1 — x2
1 1
:7(9—7sin 29)+c: sin 20 = 2sin 6 cos 0 1
2 2 sin @ =x = 0 =sin ~ x
1
:5(97sin9c059)+c cos B = /1 x2
1

= E(sin71 x—xV1—=x2)+c

Return to the original variable x
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Section 3: Trigonometric Substitutions

W \/a2 +x? =asec Oifx=a tan 6.

If x = a tan 6 where 6 € (—m /2, w/2), then

Va2 £ x2 = /a2 + a2tan2 @

= 4/a%(1 +tan2 0)

= Va2sec? 6 a

= - X
= a sec 0. x=atan 0 = tan 0 =

m
Note. We can also use the previous substitution for {/(a2 + x2)™ = (a® 4+ x?) n .
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Section 3: Trigonometric Substitutions

Evaluate the integral/ Vx2 49 dx
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Section 3: Trigonometric Substitutions

Evaluate the integral/ Vx2 49 dx

Remember. /a2 + x2 = a sec 0 if x = a tan 6.
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Section 3: Trigonometric Substitutions

Evaluate the integral/ Vx2 49 dx

Remember. /a2 + x2 = a sec 0 if x = a tan 6.

Solution: Let x = 3tan 6 where 6 € (—m /2, 7/2). This implies dx = 3sec? 9 df. By substitution, we have

x2 +9
/\/x2+9dx:/\/9tan2 0+9 (3sec2 0) do X
= 9/sec3 0 do (see Example 5.8 item 3) P
9 3
= E(sec 6 tan 0+|n|sec 6 + tan 9‘)+c
X
9, xVx2+9 VX2 +9+x tanG—g
=3( +in] )+e
2 9 3
Return to the original variable x sec O — VX2 49
3
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Section 3: Trigonometric Substitutions

Remember. Lecture 12

Evaluate the integra//s,ec3 X dx.

Solution: Write sec® x = sec x sec? x and let | = /sec x sec? x dx. We use the integration by parts to evaluate the
integral as follows:

u =sec x = du =sec x tan x dx ,

2 2
dv:seczxdxiv:/seczxdx:tan X. @ tan® x =sec® x -1
Hence, (*] —/(sec3 x — sec x) dx =
3
2 — sec” x dx + sec x dx
| =sec x tan x — [ sec x tan® x dx
I:secxtanxf/(secgxfsecx)dx ° /secxdx:ln\secx+tanx|+c

| =sec x tan x — | + In | sec x + tan x | Remember: Chapter 3

2] =sec x tan x +In | sec x +tan x | (Example 3.4 No. 7)

1
I:E(secx tan x +In | sec x4+ tan x [) + c.
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Section 3: Trigonometric Substitutions

B \/x2 — a2 =atan 0if x=a sec 6.
If x = a sec 6 where 6 € [0, 7/2) U [m,3n/2),

then
X
o —

\/x2_32:\/325ec2 0 — a2

= y/a%(sec?2 6 — 1)
[

= Va2tan2 6 a
=a tan 6. x =a sec O = sec O = %

a

m
Note. We can also use the previous substitution for {/(x2 — a2)™ = (x? — a%) n .
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Section 3: Trigonometric Substitutions

Vs

4

Evaluate the integral /
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Section 3: Trigonometric Substitutions

V2%

i 6 —25
Evaluate the mtegral/ dx .
5 et

Remember. \/x2 — a2 = a tan 6 if x = a sec 6.
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Section 3: Trigonometric Substitutions

Evaluate the integral

/6 V/x2 — 25 d
—— dx.
5 x4

Remember. \/x2 — a2 = a tan 6 if x = a sec 6.

Solution: Let x =5 sec 6 where 6 € [0, w/2) U [7, 37 /2), thus dx =5 sec 6 tan 6 d. After substitution, the integral

becomes
5 tan 6 1 tan? 6
/755ec 6 tan 6 dO = —
625 sect 6 25 sec3 6
1 X
:E/sin2 6 cos 0 dO V/x2 — 25
1
= — sin3 6+ c
75 0
> 3
(V> =725) 5
== 7 4c
75x3
(=% — 25)3/2 sin 6 =
= ° 4 x
75x3

Return to the original variable x
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Section 3: Trigonometric Substitutions

Evaluate the integral

/6 V/x2 — 25 d
—— dx.
5 x4

Remember. \/x2 — a2 = a tan 6 if x = a sec 6.

Solution: Let x =5 sec 6 where 6 € [0, w/2) U [7, 37 /2), thus dx =5 sec 6 tan 6 d. After substitution, the integral

becomes
5 tan 6 1 tan? 6
/755ec 6 tan 6 dO = —
625 sect 6 25 sec3 6
1 X
:E/sin2 6 cos 0 dO V/x2 — 25
1
= — sin3 6+ c
75 0
> 3
(V> =725) 5
=a te
75x . o
(=% — 25)3/2 sin 0 =
== 7 4c X
75x3
Return to the original variable x
Thus,
/6 x2725d 1 {(X2725)3/2}6 1
X = — = —
5 x4 75 x3 5 600
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Section 4: Integrals of Rational Functions

Exercise. Evaluate the integral.

o/;dx

x2+1
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Section 4: Integrals of Rational Functions

Exercise. Evaluate the integral.
X
0/ «

x2+1

X X 1 2 x 1 2
Solution: / dx = — / dx = —In(x"+1)+c
x2+1 2 x2+1 2
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Section 4: Integrals of Rational Functions

Exercise. Evaluate the integral.
X
0/ «

x2+1

X X 1 2 x 1 2
Solution: / dx = — / dx = —In(x"+1)+c
x2+1 2 x2+1 2

Q/de

x2 +2x — 8
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Section 4: Integrals of Rational Functions

Exercise. Evaluate the integral.

o /xz + 1
X X 1 2 x 1 2
Solution: / 5 dx = — / dx = 5 In(x“+1)+c

x4+ 1 2 x2+1

x+1

e /x2+2x—8dX

x+1 1 2(x+1 1
Solution:/7dx:—/¥dx:—ln\x2+2x—8\+c
x2+2x —8 2./ x24+2x—8 2
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Section 4: Integrals of Rational Functions

Exercise. Evaluate the integral.

o /xz + 1
X X 1 2 x 1 2
Solution: / 5 dx = — / dx = 5 In(x“+1)+c

x4+ 1 2 x2+1

x+1

e /x2+2x—8dX

x+1 1 2(x+1 1
Solution:/7dx:—/¥dx:—ln\x2+2x—8\+c
x2+2x —8 2./ x24+2x—8 2

x+1
9/«
x2 —2x —8
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Section 4: Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = —~%.

o A Polynomial f(x) is a linear sum of powers of x, for example f(x) = 5x3 +x2 +x+1or g(x) = x(x3 —1).

e The degree of a polynomial f(x) is the highest power occurring in the polynomial, for example the degree of f(x) is 3
and the degree of g(x) is 4.

M Steps of integrals of rational functions:

B Step 1: If the degree of f(x) is equal or greater than the degree of g(x), we do polynomial long-division; otherwise we move
to step 2.

By doing the long-division, we reduce the fraction

to a mixed quantity.

TR
R ) s(x x
9= 200 =M g n

r(x

Note: The degree of the numerator of the new frac-
tion should be less than the degree of the denomi-
nator.

M Step 2: Factor the denominator g(x) into irreducible polynomials.

M Step 3: Find the partial fractions. This step depends on the result of step 2 where the fraction ;(x) or can be written

as a sum of partial fractions:
q(x) = P1(x) + Pa(x) + P3(x) + ... + Pa(x) ,

where
Arx + By

ﬁsuch that b? — dac < 0
ax< + bx + ¢

Pr(x) = or Pi(x) =

_ Tk

(ax + b)"

M Step 4: Integrate the result of step 3:
/q(x) dx = /Pl(x) dx + /Pz(x) dx+/ P3(x) dx + ... + / Pp(x) dx .
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Section 4: Integrals of Rational Functions

M Review:
B Factoring Polynomial.
(1) Common Factor ~ Example: 6x% — 2x = 2x(3x — 1)

(2) A Method For Simple Cases ax? + bx + ¢

Example 1: Example 2:
X2 43x 42 X x—12
X2 43x+2 X 1x—12

1+2=3and 1 x2=2 —3+4=1and -3 x4=-12
(x+1)(x +2) (x —3)(x+4)

Example 3:

3 2 2

X7 4+ x7 — 12x = x(x* + x — 12) common factor

= x(x2+1x—12) = x(x — 3)(x + 4)

(3) Difference Of Two Squares a®> — b% = (a — b)(a + b)
Example :

x2 =16 = (x — 4)(x + 4)
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Section 4: Integrals of Rational Functions

(4) Quadratic Formula Solutions ax? + bx 4 ¢ = 0

—bEt /b2 —4ac
ETe— where a, b, ¢ are constants and a # 0
a

1. b? — 4ac > 0 => two distinct real solutions.
2. b? — 4ac = 0 => one real solution.

3. b? — 4ac < 0 = no real solutions.
Example : ax® + bx + ¢
x> —2x—8
—b+ /b2 —4 .a.c
— - _ — _ X= —
a=1 b=-2,c=-8 2a
—(—2) £ /(22 =4 (1) (-8) 24+ 4¥32 2+v36 246
x = = x = = =
2(1) 2 2 2
2+6 8 —6 —4
:>X:7:7:4:>(X_4):0ORX:T:T:_Zj(X+2):O

2
=>X2—2x—8:(x—4)(x+2):0

H Algebraic Expressions
Let a and b be real numbers. Then,
2 _ 2 2
Q (40 = a®+2ab+ b @ 5% = (atb)(a2Fab+ b?)

_ 2 2
e (a+b)a—b)=a b e a"—b" = (a—b)(a" 142" "2b+a""3b2+ ... 4ab" 24 b" 1)

@ (a£b)® = 8 £32%b + 3ab%+b°
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Section 4: Integrals of Rational Functions

M Addition of Fractional Functions.

Example 1:

+ =
x+1 x—5
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Section 4: Integrals of Rational Functions

M Addition of Fractional Functions.

Example 1:
1 3 1(x = 5) +3(x+1) 4x — 2

x+1  x=5 1D -5  x+Dx-5)
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Section 4: Integrals of Rational Functions

M Addition of Fractional Functions.

Example 1:

Example 2:

1
x+1

3

+
x—5

1 3

_ x=5)+3(x+1) 4x — 2
i1 x—s (x+1)(x—5)  (x+1)(x—5)
4 1(x — 5)? 3(x — 5)(x + 1) 4(x+1)
(x=5)2  (x+1)(x—=5?2 (x=5)(x—5)(x+1) (x—=5)(x+1)
N x2 — 10425 3(x% — 4x — 5) 4x + 4

4x? — 18x + 14

T (x+1)(x—5)?

Prof. Mohamad Alghamdi

(x = 5)(x = 5)(x+1)
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Section 4: Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8
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Section 4: Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8

Solution:
Step 1: This step can be skipped since the degree of the function f(x) = x + 1 is less than the degree of the function

g(x) = x? —2x — 8.
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Section 4: Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8

Solution:
Step 1: This step can be skipped since the degree of the function f(x) = x + 1 is less than the degree of the function

g(x) = x? —2x — 8.
Step 2: Factor the denominator g(x) into irreducible polynomials

g(x) = x> —2x — 8 = (x + 2)(x — 4)
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Section 4: Integrals of Rational Functions

) x+1
Evaluate the mtegra// — dx.
x2 —2x —8

Solution:
Step 1: This step can be skipped since the degree of the function f(x) = x + 1 is less than the degree of the function

g(x) = x? —2x — 8.
Step 2: Factor the denominator g(x) into irreducible polynomials
g(x) = x> —2x —8 = (x +2)(x — 4)
Step 3: Find the partial fractions
x+1 A B Ax — 4A + Bx + 2B
P _2x—8 xt2 x—4  (x+2x—4)

We need to find the constants A and B by equating the coefficients of like powers of x in the two sides of the equation:

x+1=(A+B)x —4A+2B

4 X equation 1+ equation 2
Coefficients of the numerators:

coefficients of x: A+B=1—1 4A 4+ 4B = 4
constants: —4A+2B=1—2 _4A4+2B=1
By doing some calculation, we obtain A = % and & T T T TTT 7=
B=5. Thus, 68 =
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Section 4: Integrals of Rational Functions

x2—2x—8_x+2 x—4

x+1 1/6 5/6
/6 5/
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Section 4: Integrals of Rational Functions

x+1 1/6 5/6

- = + .
x2 —2x —8 x4+ 2 x —4
Step 4: Integrate the result of step 3.

x+1 1/6 5/6 1 1
/*dx: dx+/ xzf/ dx +
x2 —2x —8 P 6 .

— d
X+ 2 x—4

Prof. Mohamad Alghamdi MATH 106
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Section 4: Integrals of Rational Functions

x+1 1/6 5/6

- = + .
x2 —2x —8 x4+ 2 x —4
Step 4: Integrate the result of step 3.

x+1 1/6 5/6 1 1
/*dx: dx+/ xzf/ dx +
x2 —2x—8 P 6 .

— d
X+ 2 x—4

5 1 1 5
7/ dx=—In|x+2|+=In| x—4| +c.
x+2 6 x—4 6 6

) 2x3 —4x® —15x +5
Evaluate the mtegral/ —_————————— dx

x2 +3x+2
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Section 4: Integrals of Rational Functions

x2—2x—8_x+2 x—4

x+1 1/6 5/6
/ +/

Step 4: Integrate the result of step 3.

x+1 1/6 5/6 1 1 5 1 1 5
/*dx: dx+/7dx:7/ dx+7/ dx=—In|x+2|+=In| x—4| +c.
J x—4 6 . 6 6 6

x2 —2x—8 x+2 x+2 x—4

3 2
— 4x® —15x + 5
——— dx

2x
Evaluate the integral /
x2 +3x+2

Solution:

Step 1: Do the polynomial long-division.
Since the degree of the denominator g(x) is less

than the degree of the numerator f(x), we do the
polynomial long-division given on the right side.
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Section 4: Integrals of Rational Functions

x2—2x—8_x+2 x—4

x+1 1/6 5/6
/ +/

Step 4: Integrate the result of step 3.

x+1 1/6 5/6 1 1 5 1 1 5
/*dx: dx+/7dx:7/ dx+7/ dx=—In|x+2|+=In| x—4| +c.
x2—2x—8 x+2 J x—4 6 J x+2 6 ) x—4 6 6

3 2
— 4x® —15x + 5
——— dx

2x
Evaluate the integral /
x2 +3x+2

Solution:

Step 1: Do the polynomial long-division.

2 3 z
Since the degree of the denominator g(x) is less x*+3x+2) 2x —4x —15x +5

than the degree of the numerator f(x), we do the
polynomial long-division given on the right side.

Hence, we have
11x + 25

=(@2x—10)+ 0———.
q(x) = (2x ) 22



Section 4: Integrals of Rational Functions

x2—2x—8_x+2 x—4

x+1 1/6 5/6
/ +/

Step 4: Integrate the result of step 3.

x+1 1/6 5/6 1 1 5 1 1 5
/*dx: dx+/ x:g/ dx+6/ dX:EIn|X+2|+6In\X—4|+C.

— d
x2 —2x—8 x+2 x—4 x+2 x—4

3 2
— 4x® —15x + 5
——— dx

2x
Evaluate the integral /
x2 +3x+2

Solution:

Step 1: Do the polynomial long-division.

Since the degree of the denominator g(x) is less 3
than the degree of the numerator f(x), we do the —(2x

2x —10
X 43x+2) 23 —a3 —15x 45
+6x2 +4x)

polynomial long-division given on the right side.

Hence, we have
11x + 25

=(@2x—10)+ 0———.
q(x) = (2x ) 22



Section 4: Integrals of Rational Functions

x2—2x—8_x+2 x—4

x+1 1/6 5/6
/ +/

Step 4: Integrate the result of step 3.

x+1 1/6 5/6 1 1 5 1 1 5
/*dx: dx+/ x:g/ dx+6/ dX:EIn|X+2|+6In\X—4|+C.

— d
x2 —2x—8 x+2 x—4 x+2 x—4

3 2
— 4x® —15x + 5
——— dx

2x
Evaluate the integral /
x2 +3x+2

Solution:

Step 1: Do the polynomial long-division.

Since the degree of the denominator g(x) is less 3
than the degree of the numerator f(x), we do the —(2x

polynomial long-division given on the right side.

Hence, we have
11x + 25

=(@2x—10)+ 0———.
q(x) = (2x ) 22

2x —10
X 43x+2) 23 —a3 —15x 45
+6x2 +4x)
—10x% —19x +5



Section 4: Integrals of Rational Functions

x+1 1/6 5/6
/ +/

x2—2x—8_x+2

Step 4: Integrate the result of step 3.

x+1 1/6 5/6
/*dx: dx+/7d
x2 —2x—8 x+2 J x—4

x—4

1 1 5 1 1 5
xzf/ dx+7/ dx=—In|x+2|+=In| x—4| +c.
6 J x+2 6 x—4 6 6

3 2
— 4x® —15x + 5
——— dx

2x
Evaluate the integral /
x2 +3x+2

Solution:

Step 1: Do the polynomial long-division.
Since the degree of the denominator g(x) is less

than the degree of the numerator f(x), we do the
polynomial long-division given on the right side.

Hence, we have

q(x) =

2x —10
X 43x+2) 23 —a3 —15x 45
—(2x° +6x2 +4x)
—10x% —19x +5
—(—10x> —30x —20)

11x + 25

2x — 10) + ———.
( ) x2 4 3x+2




Section 4: Integrals of Rational Functions

x+1 1/6 5/6
/ +/

x2—2x—8_x+2 x—4

Step 4: Integrate the result of step 3.

x+1 1/6 5/6 1 1 5 1 1 5
/*dx: dx+/7dx:7/ dx+7/ dx=—In|x+2|+=In| x—4| +c.
x2—2x—8 x+2 J x—4 6 J x+2 6 ) x—4 6 6

3 2
— 4x® —15x + 5
dx

2x
Evaluate the integral /

x2 +3x+2
Solution:
Step 1: Do the polynomial long-division. ox _10
2 3 7
Since the degree of the denominator g(x) is less x° +3x +2) 2x 3 74)(2 —15x +5
than the degree of the numerator f(x), we do the —(2x +6x +4x)
polynomial long-division given on the right side. —10x7 —19x +5
—(—10x>  —30x —20)
11x +25
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Section 4: Integrals of Rational Functions

x2—2x—8_x+2 x—4

x+1 1/6 5/6
/ +/

Step 4: Integrate the result of step 3.

x+1 1/6 5/6 1 1 5 1 1 5
/*dx: dx+/7dx:7/ dx+7/ dx=—In|x+2|+=In| x—4| +c.
J x—4 6 . 6 6 6

x2 —2x—8 x+2 x+2 x—4

) 2x3 —4x® —15x +5
Evaluate the mtegral/ —_————————— dx

x2 +3x+2
Solution:
Step 1: Do the polynomial long-division. ox _10
2 3 7
Since the degree of the denominator g(x) is less x° +3x +2) 2x 3 74)(2 —15x +5
than the degree of the numerator f(x), we do the —(2x +6x +4x)
polynomial long-division given on the right side. —10x7 —19x +5
—(—10x>  —30x —20)
11x +25
Hence, we have
11x + 25

=(@2x—10)+ 0———.
q(x) = (2x ) 22

Prof. Mohamad Alghamdi MATH 106
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Section 4: Integrals of Rational Functions

Step 2: Factor the denominator g(x) into irreducible polynomials

g(x) = X% +3x+2 = (x+ 1)(x + 2).
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Section 4: Integrals of Rational Functions

Step 2: Factor the denominator g(x) into irreducible polynomials

g(x) = X% +3x+2 = (x+ 1)(x + 2).

Step 3: Find the partial fractions

11x + 25 A B Ax+2A+Bx+ B
gx)=(2x—-10)+ ———=(2x—-10)+ — + — = (2x—-10) + ——
x2 4 3x + 2 x+1 x+2 (x+1)(x +2)

We need to find the constants A and B.
Coefficients of the numerators:

—2X equation 1+ equation 2
coefficients of x: A+B=11—1

constants: 2A+B =25 —2 —2A —2B = —-22
. . 2A+ B =25
By doing some calculation, we have A = 14 and
B = —3. Hence, & T o T - - ===
_B=
(9= (x—10) 4 4 2
q(x) = (2x — .
x+1 x+2
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Section 4: Integrals of Rational Functions

Step 2: Factor the denominator g(x) into irreducible polynomials
g(x) = x> +3x+2=(x+1)(x +2).
Step 3: Find the partial fractions

11x + 25 A B Ax+2A+ Bx+ B
gx)=(2x—-10)+ ———=(2x—-10)+ — + — = (2x—-10) + ——
x2 4 3x + 2 x+1 x+2 (x+1)(x +2)

We need to find the constants A and B.
Coefficients of the numerators:

—2X equation 1+ equation 2
coefficients of x: A+B=11—1

constants: 2A+B =25 —2 —2A —2B = —-22
. . 2A+ B =25
By doing some calculation, we have A = 14 and
B = —3. Hence, & T o T - - ===
_B=
(9= (x—10) 4 4 2
q(x) = (2x — .
x+1 x+2

Step 4: Integrate the result of step 3.

14 -3
x) dx = 2x — 10 dx+/7dx+/7dx
/q() /( ) x+1 x+2

=x? —10x+14In | x+1] —=3In | x+2 | +c.
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Section 4: Integrals of Rational Functions

2x2 — 25x — 33

Evaluate the integral / ————dx
(x +1)2(x — 5)
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Section 4: Integrals of Rational Functions

2x2 — 25x — 33

Evaluate the integral / ————dx
(x +1)2(x — 5)

Solution:
Steps 1 and 2 can be skipped in this example.
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Section 4: Integrals of Rational Functions

2x2 — 25x — 33

Evaluate the integral / ————dx
(x +1)2(x — 5)

Solution:

Steps 1 and 2 can be skipped in this example.

Step 3: Find the partial fractions.

Since the denominator g(x) has repeated factors, then

2x% — 25x — 33 A B c
= + +
(x + 1)2(x —5) (x+1) (x+ 1)2 (x —5)
_ Alx+1)(x —5) B(x — 5) Clx +1)?

T+ )(x+1)(x—5)  (x+1)2(x—5)  (x—5)(x+1)?
_AGE — 4x —5) + B(x — 5) + C(x* + 2x + 1)
B (x 4+ 1)2(x — 5)

Coefficients of the numerators:

coefficients of x°: A+C=2—1 5 equation 2+ equation 3
» —25A +11C = —158 — 4
coefficients of x: —4A+B+2C=-25—2 25 equation 1+ equation 4
constants: —5A—-5B+C=-33 -3 36C = —108 = C — —3
By solving the system of equations, we have A =5, B =1and C = —3.
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Section 4: Integrals of Rational Functions

Step 4: Integrate the result of step 3.

2x? — 25x — 33 5 1 -3
_— —/7dx+/7dx+ — dx
(X+1)2(x—5) x+1 (x+1)2 x—5

:5|n|x+1|+/(x+1)72dx—3|n\x—5\

1
=5In|x+1| ——— —3In|x—5] +c.
(x+1)
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Section 4: Integrals of Rational Functions

Step 4: Integrate the result of step 3.
2x2 — 25x — 33 5 1 -3
—— dx = 7dx+/7dx+/7dx
(X+1)2(X—5) x+1 (x+1)2 x—5

:5|n|x+1|+/(x+1)72dx—3|n\x—5\

1
=5In|x+1| ——— —3In|x—5] +c.
(x+1)

x+1
————dx.
x(x2 + 1)

Evaluate the integral

Solution:
Steps 1 and 2 can be skipped in this example.
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Section 4: Integrals of Rational Functions

Step 4: Integrate the result of step 3.

2x% — 25x — 33 5 1 -3

——— dx = 7dx+/7dx+/7dx

(X+1)2(X—5) x+1 (x+1)2 x—5
:5|n|x+1|+/(x+1)72dx—3|n\x—5\

1
=5In|x+1| ——— —3In|x—5] +c.
(x+1)

x+1
————dx.
x(x2 + 1)

Evaluate the integral

Solution:
Steps 1 and 2 can be skipped in this example.
Step 3: Find the partial fractions.

x+1 A Bx+C AP+ A+ B+ Cx
2D x 211 x(x2 + 1)
Coefficients of the numerators:
coefficients of x°: A+B=0—1
coefficients of x: C=1—>2
constants: A=1—-3
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Section 4: Integrals of Rational Functions

Wehave A=1, B=—1and C = 1.
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Section 4: Integrals of Rational Functions

Wehave A=1, B=—1and C = 1.

Step 4: Integrate the result of step 3.
x+1 1 —x+1
lidx:/fdxﬁ—/idx
x(x2 +1) X x2+1
X 1
:In\x\—/idx-#/idx
x2+1 x2+1

-~ 1 5 1
—In\x\fgln(x +1)+tan” " x+c.
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5.5 Integrals Involving Quadratic Forms

(1) We provide a new technique for integrals that contain irreducible quadratic expressions ax? + bx + c where b # 0.

(2) This technique depends on completing square method: u?42uv + v2 = (u4v)2.
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5.5 Integrals Involving Quadratic Forms

(1) We provide a new technique for integrals that contain irreducible quadratic expressions ax? + bx + c where b # 0.

(2) This technique depends on completing square method: u?42uv + v2 = (u4v)2.

Notes:
Assume we have a quadratic polynomial ax® + bx + c.

M If a quadratic polynomial has real roots, it is called reducible; otherwise it is called irreducible i.e., b? — 4ac < 0.

M To complete the square, we need to find (2\17/5)2, then add and subtract it.
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5.5 Integrals Involving Quadratic Forms

(1) We provide a new technique for integrals that contain irreducible quadratic expressions ax? + bx + c where b # 0.

(2) This technique depends on completing square method: u?42uv + v2 = (u4v)2.

Notes:
Assume we have a quadratic polynomial ax® + bx + c.

M If a quadratic polynomial has real roots, it is called reducible; otherwise it is called irreducible i.e., b? — 4ac < 0.

M To complete the square, we need to find (2—\17/5)2, then add and subtract it.
Example: For the quadratic expression x2 — 6x + 13, we have a=1,b = —6 and ¢ = 13.
b2 — dac = —16 < 0 = the quadratic expression is irreducible

b

Ve )2 =9, then we add and substrate it as follows:

To complete the square, we find (

3

x> —6x+13=x>—6x+9—0+13
I

—(x—3)2 =4

Hence, x> — 6x + 13 = (x — 3)? + 4.
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5.5 Integrals Involving Quadratic Forms

1
— dx
x2 — 6x +13

Evaluate the integral /
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5.5 Integrals Involving Quadratic Forms

1

Evaluate the integral/ — dx
x2 — 6x + 13

Solution: For the quadratic expression x% — 6x + 13, we have a = 1,b= —6,c =13.

B> —4ac=36—4(1)(13) = —16 < 0 = It is irreducible
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5.5 Integrals Involving Quadratic Forms

1

Evaluate the integral/ — dx
x2 — 6x + 13

Solution: For the quadratic expression x% — 6x + 13, we have a = 1,b= —6,c =13.

B> —4ac=36—4(1)(13) = —16 < 0 = It is irreducible

From the previous example, we have x> — 6x + 13 = (x — 3)? + 4. So,

1 1
/*dx:/idx.
x2 — 6x + 13 (x—3)2+4
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5.5 Integrals Involving Quadratic Forms

1

Evaluate the integral/ — dx
x2 — 6x + 13

Solution: For the quadratic expression x% — 6x + 13, we have a = 1,b= —6,c =13.

B> —4ac=36—4(1)(13) = —16 < 0 = It is irreducible

From the previous example, we have x> — 6x + 13 = (x — 3)? + 4. So,

1 1
/*dx:/idx.
x2 — 6x + 13 (x—3)2+4

Let u = x — 3, then du = dx. By substitution,

1 1 u 1
/ du=-tan ' — 4+ c=-tan" ! (——
J w244 2 2 2
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5.5 Integrals Involving Quadratic Forms

Evaluate the integral /

1
— dx.
V2x — x2
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5.5 Integrals Involving Quadratic Forms

Evaluate the integral /

1
— dx.
V2x — x2

Solution: By completing the square, we have

2 —x2 = —(x2 — 2x)
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5.5 Integrals Involving Quadratic Forms

Evaluate the integral /

1
— dx.
V2x — x2

Solution: By completing the square, we have

2 —x2 = —(x2 —2x) = —(x2 —2x+1-1)
———

=(x—1)2
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5.5 Integrals Involving Quadratic Forms

Evaluate the integral /

1
— dx.
V2x — x2

Solution: By completing the square, we have

2x—x2:—(x2—2x):—(x2—2x+1—1):—((x—1)2—1)

=(x—1)2
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5.5 Integrals Involving Quadratic Forms

1
Evaluate the integral/ — dx.
V2x — x2
Solution: By completing the square, we have
2x—x2:—(x2—2x):—(x2—2x+1—1):—((x—1)2—1) =1—(x—1)>
N e’
=(x—1)2
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5.5 Integrals Involving Quadratic

1
Evaluate the integral/ — dx.
V2x — x2
Solution: By completing the square, we have
2x—x2:—(x2—2x):—(x2—2x+1—1):—((x—1)2—1) =1—(x—1)>
N e’

=(x—1)2

Hence

/\/ﬁdx:/\/ﬁdx.
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5.5 Integrals Involving Quadratic

Evaluate the integral /

1
— dx.
V2x — x2

Solution: By completing the square, we have

2x—x2——(x2—2x)——(x2—2x+1—1):—((x—1)2—1) =1—(x—1)>

=(x—1)2

Hence

/\/ﬁdx:/\/ﬁdx.

Let u = x — 1, then du = dx. By substitution, the integral becomes

u=sin"t u+c:sin71 (x—1)+c.

/ﬁd
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Fractional Functions in sin x and cos x

Exercise: Evaluate the integral.

o /' cos X

1+sin x
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Fractional Functions in sin x and cos x

Exercise: Evaluate the integral.

o /' cos X

1+sin x

Solution:
u=1+sin x = du = cos x dx

1
/7du:In\u|+c:In\1+sin x|+ ¢
u
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Fractional Functions in sin x and cos x

Exercise: Evaluate the integral.

o /' cos X

1+sin x

Solution:
u=1+sin x = du = cos x dx

1
/7du:In\u|+c:In\1+sin x|+ ¢
u

1
9/, .«
1+ sin x
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Fractional Functions in sin x and cos x

Exercise: Evaluate the integral.

o /' cos X

1+sin x

Solution:
u=1+sin x = du = cos x dx

1
/7du:In\u|+c:In\1+sin x|+ ¢
u

1
9/, .«
1+ sin x

1
@/ &
1+ cos x
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Fractional Functions in sin x and cos x

Exercise: Evaluate the integral.

o /' cos X

1+sin x

Solution:
u=1+sin x = du = cos x dx

1
/7du:In\u|+c:In\1+sin x|+ ¢
u

1
@/ &
1+ sin x
1
0/ L«
1+ cos x

1
0/«
1+ sin x 4 cos x
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Fractional Functions in sin x and cos x

The integrals that consist of rational expressions in sin x and cos x are treated by using the substitution u = tan (x/2) for
- < x <.
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Fractional Functions in sin x and cos x

The integrals that consist of rational expressions in sin x and cos x are treated by using the substitution u = tan (x/2) for
- < x <.

2
sec” (x/2
72/)dx

P41 2 2
= du = 2 dx sec” x =tan” x+1

u =tan (x/2) = du =
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Fractional Functions in sin x and cos x

The integrals that consist of rational expressions in sin x and cos x are treated by using the substitution u = tan (x/2) for
- < x <.

2
u =tan (x/2) = du = L(X/z) dx

2
w41 2 2
= du = 2 dx sec” x =tan” x+1
i i X X X sin 3 X X i . X
sin x =sin 2(=) =2 sin — cos — =2 cos — cos — multiply and divide by cos —
2 2 2 cos 3 2 2 2
X s X
2tan — cos® —
2 2
2tan ¥ 1
= cos X =
sec’ & sec x
2
2u
w241
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Fractional Functions in sin x and cos x

The integrals that consist of rational expressions in sin x and cos x are treated by using the substitution u = tan (x/2) for
- < x <.

2
u =tan (x/2) = du = L(X/z) dx

2
w41 2 2
= du = 2 dx sec” x =tan” x+1
ox
i i x Lox X sin 3 X i . X
sin x =sin 2(=) =2 sin — cos — =2 cos — cos — multiply and divide by cos —
2 2 2 cos 3 2
X s X
= 2tan — cos
2 2
2tan ¥ 1
= cos X =
sec? 3 sec x
2u
e
For cos x, we have
X 5 X 2 X
cos x = cos 2(=) =cos” — —sin® —
2 2 2
We can find that
X 1 .ox u . . s X o X
cos — = ——— and sin — = —— use the identity cos®™ — +sin® — =1
2 w2 +1 2 u? +1 2 2
This implies
1—u?
cos X = ——.
1+ u?
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Fractional Functions in sin x and cos x

For an integral that contains a rational expression in sin x and cos x, we take u = tan (x/2), then

2u 1—u?
cos x = and dx =

_ du.
1+ u? 1+ u? 1+ u?

sin x =
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Fractional Functions in sin x and cos x

For an integral that contains a rational expression in sin x and cos x, we take u = tan (x/2), then

2u 1—u?
cos x = and dx =

_ du.
1+ u? 1+ u? 1+ u?

sin x =

1
Evaluate the integral/ — dx.

1+sin x
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Fractional Functions in sin x and cos x

For an integral that contains a rational expression in sin x and cos x, we take u = tan (x/2), then

2u 1—u?
cos x = and dx =

_ du.
1+ u? 1+ u? 1+ u?

sin x =

1
Evaluate the integral/ — dx.

1+sin x

du and sinx =
u? 1+ u?

2
Solution: Let u = tan % = dx = I . By substitution, we have
+
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Fractional Functions in sin x and cos x

For an integral that contains a rational expression in sin x and cos x, we take u = tan (x/2), then

2u 1—u
sin x = ——, cos x = and dx = du.
1+ u? 1+ u? 1+ u?

1
Evaluate the integral/ — dx.

1+sin x

2 u
Solution: Let u = tan % = dx = du and sinx = . By substitution, we have
1+ u? 1+ u?

/ 1 2 d / 1 2 d s g 1 d
. u = . u = D EE— u
2u 2 24 2u+l 2 / 2
1+ 2 1+u 2t 14 u (u+1)

- z/(u+ 172 du

T u+1

—2
= —————+¢
tan x/2+1

42 / 44
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Integrals of Fractional Powers

1
In this case, we use the substitution u = xn where n is the least common multiple of the denominators of the powers.
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Integrals of Fractional Powers

1
In this case, we use the substitution u = xn where n is the least common multiple of the denominators of the powers.

Example: What is the least common multiple of 2 and 47

Prof. Mohamad Alghamdi MATH 106



Integrals of Fractional Powers

1
In this case, we use the substitution u = xn where n is the least common multiple of the denominators of the powers.

Example: What is the least common multiple of 2 and 47

Solution:
2:2,4,6,
4:4,8,12,
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Integrals of Fractional Powers

1
In this case, we use the substitution u = xn where n is the least common multiple of the denominators of the powers.

Example: What is the least common multiple of 2 and 47

Solution:
2:2,4,6, The least common multiple of 2 and 4 is 4.
4:4,8,12,
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Integrals of Fractional Powers

1
In this case, we use the substitution u = xn where n is the least common multiple of the denominators of the powers.

Example: What is the least common multiple of 2 and 47

2:2,4,6,... The least common multiple of 2 and 4 is 4.

1
Evaluate the integral/ — dx.
VX + Ix
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Integrals of Fractional Powers

1
In this case, we use the substitution u = xn where n is the least common multiple of the denominators of the powers.

Example: What is the least common multiple of 2 and 47

2:2,4,6,... The least common multiple of 2 and 4 is 4.

1
Evaluate the integral/ — dx.
VX + Ix

1 1
Solution: We have \/x = x2 and ¥/x = x4.
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Integrals of Fractional Powers

1
In this case, we use the substitution u = xn where n is the least common multiple of the denominators of the powers.

Example: What is the least common multiple of 2 and 47

The least common multiple of 2 and 4 is 4.

1
Evaluate the integral/ — dx.
VX + Ix

1 1
Solution: We have \/x = x2 and ¥/x = x4 . The least common multiple of 2 and 4 is 4 , so let

Nl

2

1 4 3 1 4
u=x4 => x=u = dx=4udu also x2 = (u")2 =u
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Integrals of Fractional Powers

1
In this case, we use the substitution u = xn where n is the least common multiple of the denominators of the powers.

Example: What is the least common multiple of 2 and 47

2:2,4,6,... The least common multiple of 2 and 4 is 4.

1
Evaluate the integral/ — dx.
VX + Ix

1 1
Solution: We have \/x = x2 and ¥/x = x4 . The least common multiple of 2 and 4 is 4 , so let

2

1 1 1
u=x4 = x=u" = dx = 4u’du also x2 = (u4)2 = u” By substitution, we have

3

1 3 u
/ 4u du:4/7du
u?+u u(u+1) u — 1
2 u+1) 2
=4 | —— du (2
1 ( )
—1
:4/(u—1)du+4/7d )
=24 [ 1 2 = 1)+ ;2
=2u" —4u+4In|u+1]|+c mf(u— )+m

=2V/Xx —4Yx+4In | Yx+1| +c.
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Integrals of Form 1/

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).
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Integrals of Form 1/

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).

Evaluate the integral / veX + 1 dx.
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Integrals of Form 1/

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).

Evaluate the integral / veX + 1 dx.

Solution: Let u = \/eX +1
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Integrals of Form 1/

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).

Evaluate the integral / veX + 1 dx.

Solution: Let u = /eX +1 = e +1
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Integrals of Form 1/

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).

Evaluate the integral / veX + 1 dx.

Solution: Letu:\/ex+1:u2:ex+1¢exzu271
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Integrals of Form

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).

Evaluate the integral / veX + 1 dx.

Solution: Letu:\/ex+1:u2:ex+1$exzu271:>exdx:2udu
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Integrals of Form

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).

Evaluate the integral / veX + 1 dx.

Solution: Letu:\/ex+1:u2:ex+1¢exzu271:>exdx:2udu$dx:g—)‘(’du
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Integrals of Form

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).

Evaluate the integral / veX + 1 dx.

Solution: Letu:\/ex+1:u2:ex+1$exzu271:>exdx:2udu$dx:g—)‘(‘duﬁdx: 20y

uw2—1
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Integrals of Form

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).

Evaluate the integral / veX + 1 dx.

Solution: Letu:\/ex+1:u2:ex+1$exzu271:>exdx:2udu$dx:g—)‘(‘duﬁdx: 20y

uw2—1
By substitution, we have
2u 2u?
/u > du:/ > du 2
-1 w1 T
1 2
= [2du+2 d = -2 )
/ vt /u2,1 “ 2
1
:2u—2/ du
L —u? 202
- — =2+
= 2u — 2tanh 1u-f—c w2 —1 w2 —

=2VeX +1— 2tanh_1(\/ex +1) +ec
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Integrals of Form 1/ f

If the integrand is of from {/f(x), it is useful to assume u = {/f(x).

Evaluate the integral / veX + 1 dx.

Solution: Letu:\/ex+1:u2:ex+1$exzu271:>exdx:2udu$dx:g—)‘(‘duﬁdx: 20y

uw2—1
By substitution, we have
2u 202

/u > du = / > du 2

vt vt T

1 2
= /2 du + 2/ du = -2 )
w? —1 2

1
:2u—2/ du
1—u?

1 —— =2+
= 2u — 2tanh u+c 1
=2VeX +1— 2tanh_1(\/ex +1) +ec

Note: This case differs from that given in the substitution method in Chapter 1 i.e., {/f(x) f’(x).

] et [ /a8 0 0= [ (60) 7 &)

Let u= {/g(x)
Let u= g(x) = du = g’(x) dx
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