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Chapter 4: Inverse Trigonometric and Hyperbolic Functions
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Section 1: Inverse Trigonometric Functions

sin x : R — [—1,1]

- nE

Prof. Mohamad Alghamdi

/

MATH 106

January 29, 2024

3/

19



Section 1: Inverse Trigonometric Functions

sin x : R — [—1,1]
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Section 1: Inverse Trigonometric Functions

The inverse sine function sin 1 x : [-1,1] — [7g7 g]

y
/2 +

y = sin~ 1 x

—m/24

Notes.
M For other inverse trigonometric functions, see your book.

B The most common notations to name the inverse trigonometric functions are arcsinx, arccosx, arctanx, etc. However, the

notations sin ! X, cos™1 X, tan—1! X, etc. are often used as well.

B Common mistake: some students write sin~ 1 x = (sin ><)_1 = Sm% and this is not true .
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Section 1: Inverse Trigonometric Functions

W Differentiation of Inverse Trigonometric Functions

Theorem

If u = g(x) is a differentiable function, then
d 3 1 , u’ d _ -1, —u
— sin U= —u = —— — cot u= ——u = ——
o dx V1 — u? V1 — u? o dx w2 +1 u? +1
’
d 1 -1 P —u’ e d =il 1 ’ u
— cos U=———u = — sec u= u =
e dx /1 — 2 1— 2 dx Julv/u?2 — 1 |lulvu? —1
’
d _a 1 , u’ d 1 =1 ’ —u
— tan U= ———ug = —— — csc u= u =
e dx u2 41 u? 41 e dx lulv/u2 — 1 |ulv/u? —1
4
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Section 1: Inverse Trigonometric Functions

W Differentiation of Inverse Trigonometric Functions

Theorem

If u = g(x) is a differentiable function, then
d 3 1 , u’ d _ -1, —u
— sin U= —u = —— — cot u= ——u = ——
o dx V1 — u? V1 — u? o dx w2 +1 u? +1
’
d 1 -1 P —u’ e d =il 1 ’ u
— cos = ——f = — sec u= u =
e dx /1 — 2 1— 2 dx Julv/u?2 — 1 |lulvu? —1
’
d _a 1 , u’ d 1 =1 ’ —u
— tan U= ———ug = —— — csc u= u =
e dx u2 41 u? 41 Q dx lulv/u2 — 1 |ulv/u? —1

Find the derivative of the function.
y= sin—! 5x e y= sec—! 2x

e y =tan~! & o y =sin"! (x — 1)
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Section 1: Inverse Trigonometric Functions

W Differentiation of Inverse Trigonometric Functions

Theorem

If u = g(x) is a differentiable function, then
d 3 1 , u’ d _ -1, —u
— sin U= —u = —— — cot u= ——u = ——
o dx V1 — u? V1 — u? o dx w2 +1 u? +1
’
d 1 -1 P —u’ e d =il 1 ’ u
— cos = ——f = — sec u= u =
e dx /1 — 2 1— 2 dx Julv/u?2 — 1 |lulvu? —1
’
d _a 1 , u’ d 1 =1 ’ —u
— tan U= ———ug = —— — csc u= u =
e dx u2 41 u? 41 Q dx lulv/u2 — 1 |ulv/u? —1

Find the derivative of the function.

y= sin—! 5x e y= sec—! 2x
e y =tan~! & o y =sin"! (x — 1)
Solution:
1 5
Q- 5= :
1 — (5x)2 1 — 25x2
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Section 1: Inverse Trigonometric Functions

W Differentiation of Inverse Trigonometric Functions

Theorem

If u = g(x) is a differentiable function, then
d 3 1 , u’ d _ -1, —u
— sin U= —u = —— — cot u= ——u = ——
o dx V1 — u? V1 — u? o dx w2 +1 u? +1
’
d 1 -1 P —u’ e d =il 1 ’ u
— cos = ——f = — sec u= u =
e dx /1 — 2 1— 2 dx Julv/u?2 — 1 |lulvu? —1
’
d _a 1 , u’ d 1 =1 ’ —u
— tan U= ———ug = —— — csc u= u =
e dx u2 41 u? 41 Q dx lulv/u2 — 1 |ulv/u? —1

Find the derivative of the function.

y= sin—! 5x e y= sec—! 2x
e y =tan~! & o y =sin"! (x — 1)
Solution:
1 5
y' = 5= .
1 — (5x)2 1 — 25x2
y/ . 1 X _ eX

= — e = —-.
(e¥)2+1 e +1
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Section 1: Inverse Trigonometric Functions

W Differentiation of Inverse Trigonometric Functions

Theorem

If u = g(x) is a differentiable function, then
d 3 1 , u’ d _ -1, —u
— sin U= —u = —— — cot u= ——u = ——
o dx V1 — u? V1 — u? o dx w2 +1 u? +1
’
d 1 -1 P —u’ e d =il 1 ’ u
— cos = ——f = — sec u= u =
e dx /1 — 2 1— 2 dx Julv/u?2 — 1 |lulvu? —1
’
d _a 1 , u’ d 1 =1 ’ —u
— tan U= ———ug = —— — csc u= u =
e dx u2 41 u? 41 Q dx lulv/u2 — 1 |ulv/u? —1

Find the derivative of the function.

y= sin—! 5x e y= sec—! 2x
e y =tan~! & o y =sin"! (x — 1)
Solution: ) 1
y/: ! 5= > . ey,:|2x‘m:|x|\/mA
1 — (5x)2 1 — 25x2
- 1 P

= — e = —-.
(e¥)2+1 e +1
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Section 1: Inverse Trigonometric Functions

W Differentiation of Inverse Trigonometric Functions

Theorem

If u = g(x) is a differentiable function, then

d 3 1 , u’ d -1, —u’
— sin U= —u = —— — cot u= ——u = ——
o dx V1 — u? V1 — u? o dx w2 +1 u? +1
’
d 1 -1 P —u’ e d =il 1 ’ u
— cos U= ——u = — sec u= u =
e dx /1 — 2 1— 2 dx Julv/u?2 — 1 |lulvu? —1
’
d 1 1 p u’ d 1 -1 p —u
— tan U= ———ug = —— — csc u= u =
e dx u? +1 u? 41 Q dx Julvu2 — 1 |ulv/u? —1

Find the derivative of the function.

y= sin—! 5x e y= sec—! 2x
e y =tan~! & o y =sin"! (x — 1)
Solution: ) 1
y/: ! 5= 5 ey,: 2 /4x2 1: /4x2 1‘
1— (5x)2 1 25x2 [2x]/4x® — bl viax® —

1 1
, 1 . e o y = - .
y = € = : V1 — (x —1)2 \/2x — x2
(ex)z +1 e2x 41 2 5 2
Remember. (uxv)® = u“+2uv + v
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Section 1: Inverse Trigonometric Functions

Fora > 0,

x =sin~ 1 X 4 ¢

1
0/ 7= :

L e lean—lx
e mX*Eta" 5 te¢e

= 1 gee=1 li5ll
= 3 sec 5 tc¢

O/ ms=
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Section 1: Inverse Trigonometric Functions

Fora > 0,

1x
> T¢

1 -
O/de:sm

e ;dx:ltan715+c
a2 + x2 a 2

Lsec? % €

1
e /X\/X2—32 w=s

Evaluate the integral /

1
— dx.
V4 — 25x2
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Section 1: Inverse Trigonometric Functions

Fora > 0,

dx =sin ! Z4e

1
o/ /22 — X2

L e lean—lx
e mX*Eta" 5 te¢e

Lsec? % €

1
e /X\/X2—32 w=s

Evaluate the integral /

1
— dx
V4 — 25x2

Solution:

m/m

Let u = 5x = du = 5dx = dx = ?. By substitution, we have

[ m=5-s] s
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Section 1: Inverse Trigonometric Functions

Evaluate the integral.

1 1 1
o/‘)(\/)(6—4dX 6/9X2+5dx e/ ezx—ldx
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Section 1: Inverse Trigonometric Functions

Evaluate the integral.
1 1
——— dx —— dx / —— dx
o/‘)(\/)(6—4 e/‘9X2+5 e e2x _ 1

Solution:

0/.M/%dx:/Aﬁdx.

Let u = x3 = du = 3x2dx = dx = 3‘1—”2. By substitution, we obtain
™"

du

11 u 1 x3
——sec71u+c:—sec71u+c
6 2

1 1 1
- ) du=
/x\/u2722 3x2 3/u\/u2722 32 2
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Section 1: Inverse Trigonometric Functions

Evaluate the integral.

o/ —

Solution:

0/.n/%dx:/Aﬁdx

Let u = x3 = du = 3x2dx = dx = 3‘1—”2. By substitution, we obtain
™"

1
dx 6/79X2+5dx e/iezx—ldx

11 u 1 x3
c71||+c:—sec71‘ ‘
6 2

/\/7 32 2

/ xVu2 — 22 3><2 -
1 1
e / dx = / dx
9x2 +5 (3x)2+5

Let u = 3x = du = 3dx = dx = %. By substitution, we have

1 11 u 1 3x
-1 = tan”! = 4c

1 du_l = N
/u2+<¢§)2 ?*E/uuwﬁ)z IR BT 75
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Section 1: Inverse Trigonometric Functions

Evaluate the integral.

1
- 4 -
o/‘)(\/)(6—4 x 6/9X2+5dx

Solution:
: 1 g 1
e / ——— dx = / ————— dx
xvV/x6 — 4 xvV/(x3)2 — 4
Let u = x3 = du = 3x2dx = dx = 3‘1—”2. By substitution, we obtain
X
11 _1 |ul 1 —1 ‘XS‘
C c = —sec

/\/7 32 2

/ xVu2 — 22 3><2 -
1 1
e / dx = / dx
9x2 +5 (3x)2+5

Let u = 3x = du = 3dx = dx = %. By substitution, we have

/ 1 du 1/ 1 d 11 1 u 4 1 _1 3x N
—_— — = = —_—— u = — —— tan e Cc = tan e C.
w2+ (V52 3 3J w2+ (v5)2 35 V5 3v5 V5

O/ w2/

Let u = ¥ = du = e¥dx = dx = gffj. By substituting that into the integral, we have

1 du / 1 p 1 ] + “lgx
— = u = sec ul +c=sec” e c.
VuZ —1 ex uy/u2 —1
MATH 106 January 29, 2024
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Section 2: Hyperbolic Functions

Definition

The hyperbolic sine function (sinh) and the hyperbolic cosine function (cosh) are defined as follows:

W Other hyperbolic functions can be defined from the hyperbolic sine and the hyperbolic cosine as follows:

r )
sinh x X — e X
tanh x = = ———, ¥xeR
cosh x eX +e™X
cosh x e +e %
coth x = —— = — Vx € R\ {0}
sinh x X —e—x’
1 2
sech x = = —— Vx€ER
cosh x eX + e X
1 2
csch x = o = prpmp—r vx € R\ {0}
\ /
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Section 2: Hyperbolic Functions

W The hyperbolic functions cosh x and sinh x satisfy the following identity:

cosh? x — sinh? x = 1, VxeR (1)

Proof. From the definition, we have

cosh x — sinh x = e and cosh x + sinh x = &~

Thus,

cosh? x — sinh? x = (cosh x — sinh x)(cosh x + sinh x) = e™ e~ = f=1.

Since cos® t +sin® t =1 for any t € R, then the point P(cos t,sin t) is located on the unit circle X2 + y2 =1.
¥y hY
P(cos t,sin t)
P(cosh t, sinh t)
x 0 x
xiyl=1 S Tir e
Prof. Mohamad Alghamdi MATH 106
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Section 2: Hyperbolic Functions

B The function sinh x is odd
sinh(—x) = — sinh x

M The functions tanh, coth and csch are odd func-
tions.

M The graphs of these functions are symmetric with
respect to the original point.

i o A = sinh o)

Mohamad Alghamdi MATH 106

B The function cosh x is even
cosh(—x) = cosh x

B The function sech is an even function.

B The graphs of these functions are symmetric around the
y-axis.

20
10
L 5 ¥ = doshix|
z
20 =T o = 3 20
z
“10
-20




Section 2: Hyperbolic Functions

o sinh (x £ y) = sinh x cosh y & cosh x sinh y

2]
o
o
o
o
o
o

cosh (x + y) = cosh x cosh y =+ sinh x sinh y

sinh 2x = 2sinh xcosh x

cosh 2x = 2cosh? x — 1 = 2sinh® x + 1 = cosh? x + sinh? x
1 — tanh? x = sech® x

coth? x — 1 = csch? x

tanh x &£ tanh y

tanh (x £ y)= ———
( ) 1 &£ tanh xtanh y
2tanh x
tanh 2x = ———
1+ tanh? x
.
Prof. Mohamad Alghamdi MATH 106 January 29, 20 1 /19




Section 2: Hyperbolic Functions

M Differentiation of Hyperbolic Functions

If u = g(x) is differentiable function, then

L;i sinh u = cosh u u’ o d% coth u = —csch® u v’
e i( cosh u = sinh u u’ e %sech u = —sech u tanh u u’
e dix tanh u = sech® u u’ e dlxcsch u= —cschu coth uu’

Find the derivative of the functions.
sinh x

y=e

e y = (x+1) tanh? (x°)

Prof. Mohamad Alghamdi MATH 106 January 29, 20

12 /19



Section 2: Hyperbolic Functions

M Differentiation of Hyperbolic Functions

If u = g(x) is differentiable function, then

dix sinh u = cosh u u’ o d% coth u = —csch® u v’
e i( cosh u = sinh u u’ e %sech u = —sech u tanh u u’
e i( tanh u = sech® u u’ e cz(csch u= —cschu coth uu’

Find the derivative of the functions.

y = esinh x e y = (x+1) tanh? (x°)
Solution:
0 y = &M X cosh x. ;i(e“) =e'.u
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Section 2: Hyperbolic Functions

M Differentiation of Hyperbolic Functions

If u = g(x) is differentiable function, then

d% sinh u = cosh u u’ o d% coth u = —csch® u u’
e i( cosh u = sinh u u’ e %sech u = —sech u tanh u u’
e i( tanh u = sech® u u’ e cz(csch u= —cschu coth uu’

Find the derivative of the functions.
sinh x

y=e

e y = (x+1) tanh? (x°)

Solution:

0 y = &M X cosh x. d () = e¥.u’

e y' = (1) tanh? (x3) + (x + 1)(2 tanh (x3) sech? (x3) (3x2)) =y’ = tanh? (x3) + 6x%(x + 1) tanh (x3) sech® (x3)

Remember. & (£(x).g(x)) = /(x).g(x) + f(x)-&" (x)

Prof. Mohamad Alghamdi MATH 106

12 /19



Section 2: Hyperbolic Functions

o /sinhxdx:cosh x+c o /csch2xdx:750th x+c
o /ccsh x dx = sinh x + ¢ o /sechx tanh x dx = —sech x + ¢
°/ °/

sech2 x dx = tanh x4+ ¢ csch x coth x dx = —csch x + ¢

Evaluate the integral‘/sinh2 x cosh x dx.

Prof. Mohamad Alghamdi MATH 106 January 29, 20



Section 2: Hyperbolic Functions

sinh x dx = cosh x + ¢

sech2 x dx = tanh x4+ ¢

°/
o /ccsh x dx = sinh x+ ¢
°/

csch? x dx = — coth x+c

csch x coth x dx = —csch x + ¢

°/
] /sechx tanh x dx = —sech x + ¢
°/

Evaluate the integral‘/sinh2 x cosh x dx.

Solution:
Let u = sinh x = du = cosh x dx
du
= dx =
cosh x
By substitution, we have
3
du u
/uzcoshx :/uzdu:—+c
cosh x 3
sinh® x

/sinh2 x cosh x dx =

MATH 106
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Section 2: Hyperbolic Functions

sinh x dx = cosh x + ¢

sech2 x dx = tanh x4+ ¢

°/
o /ccsh x dx = sinh x+ ¢
°/

°/
°/
°/

csch? x dx = — coth x+c

sech x tanh x dx = —sech x + ¢

csch x coth x dx = —csch x + ¢

Evaluate the integral/sinh2 x cosh x dx.

Solution:
Let u = sinh x = du = cosh x dx

du
= dx =

cosh x

By substitution, we have

du o
/uzcoshx /uzdu:—+c
cosh x 3

sinh® x

/sinh2 x cosh x dx =

Prof. Mohamad Alghamdi

MATH 106

OR:

/sinh2 x cosh x dx

= /(sinh x)2 cosh x dx

sinh3 x




Section 2: Hyperbolic Function

Evaluate the integral.

o /eC°Sh X sinh x dx
e /tanh X dx
e /ex sech x dx

Prof. Mohamad Alghamdi MATH 106 January 29, 2024 14 /19



Section 2: Hyperbolic Functions

Evaluate the integral.

o /eC°Sh X sinh x dx
e /tanh X dx
e /ex sech x dx

0 /ec°5h Xsinh x dx = e%sh X | ¢, Remember. /e” u dx = e +c.

Prof. Mohamad Alghamdi MATH 106 January 29, 2024 14 /19



Section 2: Hyperbolic Functions

Evaluate the integral.

o /ecoSh X sinh x dx
e /tanh X dx
e /ex sech x dx

0 /ec°5h Xsinh x dx = e%sh X | ¢, Remember. /e” u dx = e +c.
sinh x u’

e /tanh x dx = / dx = In(cosh x) + c. Remember. / — dx =In|u| +c.
cosh x u
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Section 2: Hyperbolic Functions

Evaluate the integral.

o /ecoSh X sinh x dx
e /tanh X dx
e /ex sech x dx

0 /ec°5h Xsinh x dx = e%sh X | ¢, Remember. /e” u dx = e +c.
sinh x u’

e /tanh x dx = / dx = In(cosh x) + c. Remember. / — dx =In|u| +c.
cosh x u

X

X 2e* 2e* 2e 2e2% o
e/e sechxdx:/idx:/ildx:/ > dx:/ dx:ln(e +1)+c
; J eX e—x J &+ & J e J ex 41
€
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Section 3: Inverse Hyperbolic Functions

M Inverse Hyperbolic Functions

The function sinh : R — R is bijective, so it has an G i i i ‘X/

inverse function

sinh ™R 5 R D E 7o

sinh y:x@y:sinh71 X

a
- & — eV
x = sin =
Y 2
& eV
=X = —
2
=e —2x—e ¥ =
=e¥ —2xe¥ —1=0 Multiply both sides by e” : (ey)2 —2x(e¥)y —e Y =0
2x + V/4x2 + 4 X L > —b+ /b2 — dac
= = f By using the discriminant method ax“ + bx + ¢ =0 = x = 27
a
2x 4x2 + 4 2x 2¢v/x2 +1
= =x+Vx2+1 ?i 3 :?i 5

=& =x+Vx2+1 SinceVx2+1>xande’ >0

=y = sinh ™! x = In(x + V/x2 +1) By taking the natural logarithm of both sides

Prof. Mohamad Alghamdi MATH 106



Section 3: Inverse Hyperbolic Functions

o sinh ! x = In(x + Vx2 +1), Vx € R

e cosh™t x = In(x + V/x2 — 1), Vx € [1, 00)

1 1
etanhflxz—ln( +X), vx € (—1,1)
2 1—x

1 1
o coth™ ! x=£ln(x+1), vx € R\ [-1,1]

X —

_ 1++/1—x2
e sech™ x = In (—————), vx e (0,1]
X
_ 1+vx2+1
ecsch 1x:ln(i),VxeR\{O}
x v
1 1+0 1
-1
Example. tanh 0)=—-1In =—-In(l)=0
b © = I (377) = 5 In(1)
Prof. Mohamad Alghamdi MATH 106 January 29, 2024 16 / 19



Section 3: Inverse Hyperbolic Functions

W Differentiation of Inverse Hyperbolic Functions

If u = g(x) is differentiable function, then

0 isinh_1 u= ;u’
dx Vi £1

d 4 1, d 1,
— cosh = ———u, Yue(, —sech™ " u= ———=u", Yu € (0,1)
Q o um e, Vue (o) 5 e Wi-a
d. .1 / d -1 -1 /
2 tanh! u= o, Yue (~1,1 Q —cschlu=— ', YueR\ {0}
ed>< 1—u? ( ) dx Ju| Vu2+1
.

o L Yu € R\ [-1,1]
dx 1—uw? ’

Find the derivative of the functions.
o y =sinh~! x

e y=¢€" sech— ! x

Prof. Mohamad Alghamdi
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Section 3: Inverse Hyperbolic Functions

W Differentiation of Inverse Hyperbolic Functions

If u = g(x) is differentiable function, then

0 isinh_1 u= !

——u o e R VueR\[-1,1]

dx V2 +1 dx 1—u2 ’

d 1, d -1,

— cosh = L Yu e (1, —sech” " u= ———=u", Yu € (0,1)
Q oo u= oy e ) = Py

d —il / d -1 -1 /

— tanh u= u', Yue (—1,1 —csch™ " u= —————=u", Yu € R\ {0}
ed>< 1—u? ( ) QdX Ju| Vu2+1

.

/

Find the derivative of the functions.
o y =sinh~! x

e y=¢€" sech— ! x

Solution:

1

1

1

1

r_ 1 o o
U VP T1 2% Vxrl ok 2 /xx i D)
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Section 3: Inverse Hyperbolic Functions

W Differentiation of Inverse Hyperbolic Functions

If u = g(x) is differentiable function, then

d 1 1 , d -1 1 ’

— sinh U= ——u — coth u=——u, YueR\[-1,1
o dx V2 11 o dx 1—u2 A=t

d 1 1 , 1 -1 P

— cosh = ———u', Yue (1, —sech™ " u= ———=u", Yu € (0,1)
Q. U= gt € Leo) 5 e Wi-a
o S R o, Yu € (—1,1) Q —cschlu= S B € R\ {0}

dx 1—u? dx Ju| Vu2+1

.

Find the derivative of the functions.
o y =sinh~! x

e y=¢€" sech— ! x

Solution:

1 1 1

1

;L 1
Q- Jr
—1

xv/1— x2

e y =é" sech ™ 1x + ¥

Prof. Mohamad Alghamdi

ﬁ: Vx+1 ﬁ: 2\/X(X+1)4

=y =& sech™1x —
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Section 3: Inverse Hyperbolic Functions

Theorem
1 (4 D = leoth! x4 |

o/\/jdx:sinh_1 X+c 22 KT ace stelx|>a
x2 + a2 ?
1

e/ﬁdx:cosh_1§+c,x>a |x|>a=>x>ao0orx< —a
X2 — a
1 1 -1 x

e 7 x dx = ; tanh Ttalx|<a

e /;dx:—lsech_l Moy | x|< a
xv/a? — x2 ? a '

[x|<a=> —a<x<a=xE€(—a,a)

1
— dx= —Llcseh™
e /X\/X2+32 a

1 x|
S talx|>a

Prof. Mohamad Alghamdi MATH 106 January 29, 20
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Section 3: Inverse Hyperbolic Functions

Theorem

dx = sinh ! Z4e

1
e/m

dx = cosh— 1 §+c,x>a

1
e/m
1
e/az—xz

1 -1 x
dx = ; tanh Ttalx|<a

[x|<a= —a<x<a=x¢€(—a

0/

|x|>a=>x>ao0orx< —a

1
— d
e /X\/az—x2 x

a) Q/ﬁ‘”

dx:%coth71 ftc|x|>a

__1 -1 Ix|
= —;sech

S talxl<a

= —leseh ! I
a a

+c|x[>a

Evaluate the integral /

1
— dx.
Ve +9
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Section 3: Inverse Hyperbolic Functions

Theorem

1 ) 1
0/7dx:smh_ X4c
Vx2 + a? ?
1 =1 x
e/ﬁdx:cosh steax>a
X% — a
U 1n=1 x
e o dx = ; tanh Ttalx|<a

[x|<a=> —a<x<a=xE€(—a,a)

o/ ! dx =Lcoth™ X 4 ¢ |x|>a
327)(2 a a

|x|>a=>x>ao0orx< —a

e /;dx:—lsech_1 LR | x|< a
xv/a? — x2 ? a '

= —%csch_1 % +c|x|>a

1
—— dx
e /X\/X2+32

Evaluate the integral /

1
— dx.
Ve +9

Solution:

1 1
— dx = / —— dx.
Jex 19 NG

Let u = ¥ = du = e¥dx = dx = % By substituting that into the integral, we have

[ ul 1 ~

/ ! du / ! d L esen? + e
—_— — = ———— du = — —csc| ¢ = — —csc — +c
Vu? 32 eX uv/u? 432 3 3 3 3
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Section 3: Inverse Hyperbolic Functions

Evaluate the integral.

1 1 7 1
—— dx /*dx
o/o 16 — x2 e 5 16 — x2
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Section 3: Inverse Hyperbolic Functions

Evaluate the integral.

1 1 7 1
—— dx /*dx
o/o 16 — x2 e 5 16 — x2

Solution:

o/ L
7dx:/7dx
/016—><2 0 42— x2

Since the interval of the integral [0, 1] is subinterval of (—4, 4), then the value of the integral is tanh ~!. Hence,

/1 1 u 1[t - x]l 1[t h_l(l) . h_l(O)} 1[1| (5) 1I (1)} 1I (5)
S = — | tan —| = —|tan —) — tan =—-|=In(=z)— =1In = —In(=).
0 16 — x2 S 410 4 4 4l2 '3 2 8 '3
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Section 3: Inverse Hyperbolic Functions

Evaluate the integral.

1 1 7 1
—— dx /*dx
o/o 16 — x2 e 5 16 — x2

Solution:

o/ L
7dx:/7dx
/016—><2 0 42— x2

Since the interval of the integral [0, 1] is subinterval of (—4, 4), then the value of the integral is tanh ~!. Hence,

/1 1 u 1[t h_lx]l 1[t h_l(l) th_l(O)} 1[1|(5) 1|(1)} 1|(5)
——— dx = — | tan —| = —|tan —) — tan =—-|=In(=z)— =1In = —In(=).
0 16 — x2 4 410 4 4 4l2 '3 2 8 '3

Rl A
dx:/ dx
/5 16 — x2 5 42 — x2

The interval of the integral is not subinterval of (—4, 4), so the value of the integral is coth~1. This implies

Aj ﬁ dx = %[coth71 %]; = %[coth71 ; — coth™! ;} = %[In(ll) — 3In(3)]
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