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Chapter 3: Logarithmic and Exponential Functions

Main Contents.
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Section 1: The Natural Logarithmic Function
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Section 1: The Natural Logarithmic Function

Remember. Rule 1

T ort1

Exercise. Evaluate the integral
1 72 x~t 1
(1)/—dx:/x dx=—+c=——-+c
J x? —1 X

1 1 X0
(2) / —dx = /x dx = o + ¢ (It is not a function)
J x

1
B We want to find a function F(x) such that / —dx = F(x) +c.
J x

W Consider the function f(t) = % It is continuous on the interval (0, +00) and this implies that the function is integrable on
the interval [1, x]. The area of the region under the graph can be expressed as

¥y hd

f(e) = 1/t fe) =1/t

| 1 x s | x 1 r
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Section 1: The Natural Logarithmic Function

Definition

The natural logarithmic function, denoted by In, is defined as follows:

In:(0,00) > R,

x 1
|nX:/*dtVX>0
1t
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The natural logarithmic function, denoted by In, is defined as follows:
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(1) The domain of the natural logarithmic function is the positive real numbers.
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Section 1: The Natural Logarithmic Function

Definition

The natural logarithmic function, denoted by In, is defined as follows:

In:(0,00) > R,

x 1
|nX:/*dtVX>0
1t

(1) The domain of the natural logarithmic function is the positive real numbers.
(2) The range of the natural logarithmic function is R.

11
.Letx:l,thenlnx:/ — dt =0.
1t
x 1
IForx>1,Inx:/ —dt>0because%>0foreacht€[1,x].
1t
11 x 1
—dtzf/ —dt <0
t 1t

Inx >0 x> 1
y= Inx =0 ix=1

IFor0<x<1,/

X

Inx <0 :0<x<1
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Definition

The natural logarithmic function, denoted by In, is defined as follows:

In:(0,00) > R,

x 1
|nX:/*dtVX>0
1t

(1) The domain of the natural logarithmic function is the positive real numbers.
(2) The range of the natural logarithmic function is R.

11
.Letx:l,thenlnx:/ — dt =0.
1t
x 1
IForx>1,Inx:/ —dt>0because%>0foreacht€[1,x].
1t
11 x 1
—dtzf/ —dt <0
t 1t

Inx >0 x> 1
y= Inx =0 ix=1

Inx <0 :0<x<1

IFor0<x<1,/

X

(3) The natural logarithmic function is differentiable and continuous on the domain. From the fundamental theorem of calculus,

we have
d [h(x) ’ ,
d d x1 1 — / f(t) dt = f(h(x)) h'(x) — f(g(x)) &' (x) Vx € J.
—(Inx):—/—dt:7>0, vx > 0. dx Jg(x)
dx dx J1 t X

The logarithm is an increasing function in the interval (0, co).
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Section 1: The Natural Logarithmic Function

(4) The second derivative
P = L= L= 2o vee 0,00)
dx? "X7dxx7dxx - X2 x $e°

Therefore, the logarithm is a concave downward function in the interval (0, co).
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Section 1: The Natural Logarithmic Function

(4) The second derivative

a2

d
dx?

dx

1

X

d

T odx

Therefore, the logarithm is a concave downward function in the interval (0, co).

(nx) = —(5) =

—1 2 1
(x77)=—x :XT<0 Vx € (0, 00)

From the previous properties, we have the graph of the natural logarithmic function.

y
11
y=1In
Inx >0
y = Inx =0
Inx <0
X
t t t
1 2 3 4
(5) lim Inx = oo and
Xx—00
—1 |
_2 1
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ix>1
x=1
0<x<1

lim
x—0

Inx = —oo.




Section 1: The Natural Logarithmic Function

(6) Rules of the natural logarithmic function:

Ifa,b > 0 andr € Q, then

e Inab=1Ina-+Inb.
e Ing =Ina—Inb.
e Ina" =rlna.
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Section 1: The Natural Logarithmic Function

(6) Rules of the natural logarithmic function:

Ifa,b > 0 andr € Q, then

0 Inab=1Ina-+Inb.
e Ing =Ina—Inb.

e Ina" =rlna.

B Differentiation of Natural Logarithmic Function
From our discussion above, we found that

Hence,

Therefore,

If u = g(x) is differentiable, then
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Section 1: The Natural Logarithmic Function

If u = g(x) is differentiable, then

dx

Find the derivative of the function.

o f(x) = In(x + 1) o f(x) = Incos x
e g(x) = In(x® +2x — 1) eg(x):ﬁlnx
e h(x) =Inv/x2 +1 e h(x) = sin (In x)
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Section 1: The Natural Logarithmic Function

If u = g(x) is differentiable, then

dx

Find the derivative of the function.

ofx ) =In(x+ 1) or’(x):lncosx
eg(x In(x3 +2x — 1) eg(x):ﬁlnx
e h(x) =Inv/x2 +1 e h(x) = sin (In x)
Solution: 1
(1) f(x) = ——.
x+1
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If u = g(x) is differentiable, then

dx

Find the derivative of the function.
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eg(x In(x3 +2x — 1) eg(x):ﬁlnx
e h(x) =Inv/x2 +1 e h(x) = sin (In x)
Solution:
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( X + 12-
, 3x° +2
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Section 1: The Natural Logarithmic Function

If u = g(x) is differentiable, then

dx

Find the derivative of the function.

o f(x) = In(x + 1) o f(x) = Incos x
eg(x In(x3 +2x — 1) eg(x):ﬁlnx
e h(x) = In /X2 + 1 e h(x) = sin (Inx)
Solution:
1) f(x) = o
( X + 12-
, 3x° +2
@t =5t
, 1 2x X u’ (x
(3) W (x) = = . V) = 5 (u(l)

Vx2r12y/x2 41 x2+1

OR

B = VA2 1= (2 +1)2 = 1 In(: 4 1)
=>h() 1 2x X

2241 X211
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Section 1: The Natural Logarithmic Function

If u = g(x) is differentiable, then

Find the derivative of the function.

o f(x) =In(x +1) o f(x) = Incos x
eg(x In(x> 4+ 2x — 1) eg(x):ﬁlnx
e h(x) =Inv/x2 +1 e h(x) = sin (Inx)
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Section 1: The Natural Logarithmic Function

If u = g(x) is differentiable, then

Find the derivative of the function.

ofx ) =In(x+1) of(x):lncosx

eg(x In(x> 4+ 2x — 1) eg(x):ﬁlnx
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Section 1: The Natural Logarithmic Function

If u = g(x) is differentiable, then

Find the derivative of the function.

o f(x) =In(x +1) o f(x) = Incos x
eg(x In(x> 4+ 2x — 1) eg(x):ﬁlnx
e h(x) =Inv/x2 +1 e h(x) = sin (Inx)
@ F ()= X _ an x
)& () = —— Inx+\f In x ﬁilnx+2
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Section 1: The Natural Logarithmic Function

If u = g(x) is differentiable, then

Find the derivative of the function.

ofx ) =In(x+1) of(x):lncosx

eg(x In(x> 4+ 2x — 1) eg(x):ﬁlnx

e h(x) =Inv/x2 +1 e h(x) = sin (Inx)
@ F ()= X _ an x

oy 1 In x \/; Inx +2
(S)g(x)72\/>lnx+f 2f Pl 2\/;.

cos (Inx).

, 1
(6) h"(x) = cos (In x)(;) =

X
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Section 1: The Natural Logarithmic Function

Find the derivative of the function y = \5/%
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Section 1: The Natural Logarithmic Function

Find the derivative of the function y = ) X=%

x+1°

Solution: By taking the logarithm of each side, we have

X*l 1 1 x—1
R e R e M B (]
x+1

5 x+1

é(ln\x—l\ —|n\x+1\).

By differentiating both sides with respect to x, we have
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Section 1: The Natural Logarithmic Function

5/x—1

Find the derivative of the function y = {/ 5= -

Solution: By taking the logarithm of each side, we have

|n‘y‘:|n|,s/%|:.n\(i:)%|:§|n|(i:)\zé(mx_u_.n\xm).

By differentiating both sides with respect to x, we have

y 1, 1 1 d oy
7:7(x—17x+1) (7“‘}/—7)
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Section 1: The Natural Logarithmic Function

5/x—1

Find the derivative of the function y = {/ 5= -

Solution: By taking the logarithm of each side, we have

|n‘y‘:|n|,s/%|:.n\(i:)%|:§|n|(i:)\zé(mx_u_.n\xm).

By differentiating both sides with respect to x, we have

’

y 1, 1 1 d y
= — —Iny = —
y 5(x—1 x+1) ( 4 y)

By multiplying both sides by y, we obtain

1 1
(xfl _x+1)y

1 1 x—1
(xfl _x+1)\5/x+1'
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Section 1: The Natural Logarithmic Function

d u’
H Recall. e In | u |= — where u = g(x) is a differentiable function. By integrating both sides, we obtain
x u

ul
/7dx=ln|u|+c

If u = x, we have the following special case

1
/—dx:ln|x|+c
X
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Section 1: The Natural Logarithmic Function

d u’
B Recall. — In | u |= — where u = g(x) is a differentiable function. By integrating both sides, we obtain
u

’

ul
/7dx=ln|u|+c
u

If u = x, we have the following special case

1
/—dx:ln|x|+c
X

Evaluate the integral.
2x 2x 2
o/ dx Q[ 0/ > «
x2 +1 (x2+1) 4x3 +2x 4+ 1
MATH 106 January 31, 20 10 / 24
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Section 1: The Natural Logarithmic Function

d u’
B Recall. — In | u |= — where u = g(x) is a differentiable function. By integrating both sides, we obtain
u

’

ul
/7dx=ln|u|+c
u

If u = x, we have the following special case

1
/—dx:ln|x|+c
X

Evaluate the integral.
2x 2x 2
0/ 2 « @/ 0/
x2 +1 (x2+1) 4x3 +2x 4+ 1
Solution:

(1)/ 2 e — (2 1)+
— ax = In(x’ C.
x2 41
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Section 1: The Natural Logarithmic Function

d u’
B Recall. — In | u |= — where u = g(x) is a differentiable function. By integrating both sides, we obtain
u

’

ul
/7dx=ln|u|+c
u

If u = x, we have the following special case

1
/—dx:ln|x|+c
X

Evaluate the integral.
2x 6x% +1
—— dx d:
o/x2+1 e/()(2+1)2 e/4)(3+2)<-%—1 ~
Solution: ,
2x 2x x*+1)"
(1)/7dx:In(x2+l)+c. 2 /7dx7/2xx +1) 2dx=— "2 4
a1 @ [ a2+ -
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Section 1: The Natural Logarithmic Function

d u’
H Recall. e In | u |= — where u = g(x) is a differentiable function. By integrating both sides, we obtain
x u

’

ul
/7dx:In|u|+c
u

If u = x, we have the following special case

1
/—dx:ln|x|+c

X

Evaluate the integral.

2x 6x% + 1
—— dx / dx
o/xz+1 e/(x2+1)2 o 4x3 +2x + 1
Solution:

2x 2 2x 3 PR O
(1)/7X2+1dxfln( +1)+ec (2)./mdx7‘/2x(x +1) “dx=—"—"—+c¢

6x2 + 1 1 2(6x + 1)
(3)/*(1)(:*/7&(
4x3 +2x + 1 2J 43 +2x+1
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Section 1: The Natural Logarithmic Function

d u’
H Recall. e In | u |= — where u = g(x) is a differentiable function. By integrating both sides, we obtain
x u

’

ul
/7dx:In|u|+c
u

If u = x, we have the following special case

1
/—dx:ln|x|+c

X

Evaluate the integral.

2x 6x% +1
—— dx
o/x2+1 e/()(2+1)2 e/ x3+2x+1dX

Solution:

2x 2x (x2+1)
(1)/7dx:In(x2+l)+c. 2 /7dx:/2xx2+172dx:7+c

21 (). 2112 ‘ ( ) ]

6x2 + 1 1 2(6x + 1) .
(3)/7dx:7/7d:5|n\4x +2x+ 1| +c.

4x3 +2x + 1 2J 43 +2x+1

Prof. Mohamad Alghamdi MATH 106 January 31, 2 10 / 24




Section 1: The Natural Logarithmic Function

Evaluate the integral.

0/14#4—\/;) e/tanxdx e/secxdx
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Section 1: The Natural Logarithmic Function

Evaluate the integral.

0/14#4—\/;) e/tanxdx e/secxdx

Solution:
o Let u=14+/x = du = ﬁ dx = 2/x du = dx. By substitution, we have
2y/xdu

/\f(ldi\f): v :2/ldu:2ln\u\:2ln|1+\/;|+c

4 dx 4
:s/l m:2[In\l+\/;<|]1:2(ln3fln2).
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Section 1: The Natural Logarithmic Function

Evaluate the integral.
4 dx
0/7 e/tanxdx e/secxdx
1 VX (1+VX)

Solution:

o Let u=14+/x = du = ﬁ dx = 2/x du = dx. By substitution, we have

d: 2./xdi 1
/ al = \/;u:2/7du:2ln\u\:2ln|l+\/;<|+c
VX (14 /X) VX u u

4 dx 4
:s/l m:2[In\l+\/;<|]1:2(ln3fln2).

sin x

e We know that tan x = . Therefore,

sin x —sin x
tan x dx = dx = — dx
cos x cos x

—1In|cos x| +c

Cos X
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Section 1: The Natural Logarithmic Function

Evaluate the integral.
4 dx
0/7 e/tanxdx e/secxdx
1 VX (1+VX)

Solution:

o Let u=14+/x = du = ﬁ dx = 2/x du = dx. By substitution, we have

d: 2./xdi 1
/ al = \/;u:2/7du:2ln\u\:2ln|l+\/;<|+c
VX (14 /X) VX u u

4 dx 4
:s/l m:2[In\l+\/;<|]1:2(ln3fln2).

sin x

e We know that tan x = . Therefore,

sin x —sin x
tan x dx = dx = — dx
cos x cos x

—1In|cos x| +c

sec x (sec x + tan x) sec? x + sec xtanx
e sec x dx = — dx = —————————— dx=In|sec x+tan x | +c.
p (sec x +tan x) sec x +tan x

Cos X
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Section 2: The Natural Exponential Function

Definition

The natural exponential function, denoted by exp, is defined as follows: exp : R — (0, 00) ,

y=exp(x) =€ < Iny =x

(1) The domain of exp(x) is R.
(2) The range of exp(x) is (0, co) as follows:

expx =1 :x=0

expx >1 x>0
y=
expx <1 :x <0

(3) exp (1) = e =~ 2.71828.
Also, Ine=1andIne”" =rlne =r.

(4) The function exp(x) is increasing on the domain:

y=¢e" =Iny=x 1
d y'
ﬁ—lny:—:liy’:y.
dx y

d
= — = VxR
dx
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Section 2: The Natural Exponential Function

2
(5) The second derivative :7§ex = ¢&* > 0 for all x € R. Hence, the function exp(x) is concave upward on the domain

(6) lim e =ocoand Ilim e =0.
X—»00 X— — 00

(7) Since €~ and In x are inverse functions, then (a) Ine* = x, Vx € R (b) "* = x, Vx € (0, c0)
(8) Rules of the natural exponential function:

Ifa,b > 0andr € Q, then

a

€
Pl — o7tb e < - e—b © () =<

e
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Section 2: The Natural Exponential Function

2
(5) The second derivative ﬁzex = ¢&* > 0 for all x € R. Hence, the function exp(x) is concave upward on the domain

(6) lim e =ocoand Ilim e =0.
X—»00 X—— o0

(7) Since €~ and In x are inverse functions, then (a) Ine* = x, Vx € R (b) "* = x, Vx € (0, c0)
(8) Rules of the natural exponential function:

Ifa,b > 0andr € Q, then

a

€
Pl — o7tb e < - e—b © () =<

e

Solve for x.

olnx:Z eln(lnx):O
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Section 2: The Natural Exponential Function

2
(5) The second derivative ﬁzex = ¢&* > 0 for all x € R. Hence, the function exp(x) is concave upward on the domain

(6) lim e =ocoand Ilim e =0.
X—»00 X—— o0

(7) Since €~ and In x are inverse functions, then (a) Ine* = x, Vx € R (b) "* = x, Vx € (0, c0)
(8) Rules of the natural exponential function:

Ifa,b > 0andr € Q, then

e
oTeb _ b [2) < - o?—b Q () =
e
Solve for x.
olnx:Z eln(lnx):O
Solution:

o Inx=2= ¥ =¢? (take exp of both sides)
= x=é?
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Section 2: The Natural Exponential Function

2
(5) The second derivative ﬁzex = ¢&* > 0 for all x € R. Hence, the function exp(x) is concave upward on the domain.

(6) lim e =ocoand Ilim e =0.
X—»00 X—— o0

(7) Since €~ and In x are inverse functions, then (a) Ine* = x, Vx € R (b) "* = x, Vx € (0, c0)

(8) Rules of the natural exponential function:

Ifa,b > 0andr € Q, then
e —
oTeb _ b [2) L b © () =

Solve for x.
olnx:Z eln(lnx):O
Solution:
o Inx=2= ¥ =¢? (take exp of both sides)
= x=é?

e In(lnx) =0 = hnlinx) _ 0 (take exp of both sides)
=Inx=1

1

= "X e (take exp of both sides)

= Xx=e.
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Section 2: The Natural Exponential Function

M Differentiation of Natural Exponential Function

If u = g(x) is differentiable, then
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Section 2: The Natural Exponential Function

M Differentiation of Natural Exponential Function

If u = g(x) is differentiable, then

Find the derivative of the function.

Q- o5
e y = esin(><2)
e y = 3cos —ax?
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Section 2: The Natural Exponential Function

M Differentiation of Natural Exponential Function

If u = g(x) is differentiable, then

Find the derivative of the function.

Q- o5
e y = esin(><2)
e y = 3cos —ax?

Solution:

2
o y = e (—10x).
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Section 2: The Natural Exponential Function

M Differentiation of Natural Exponential Function

If u = g(x) is differentiable, then

Find the derivative of the function.

Q- o5
e y = esin(><2)
e y = 3cos —ax?

Solution:
2
o y = e (—10x).

e y' = eSi"(XZ) (cos(xz) (2x)) = y' =2x cos(xz) eSi"(X2)
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Section 2: The Natural Exponential Function

M Differentiation of Natural Exponential Function

If u = g(x) is differentiable, then

Find the derivative of the function.

Q- o5
e y = esin(><2)
e y = 3cos —ax?

Solution:
2
o y = e (—10x).

e y' = eSi"(XZ) (cos(xz) (2x)) = y' =2x cos(xz) eSi"(X2)

e y = & cos(x)74x2(73 sin(x) — 8x).
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Section 2: The Natural Exponential Function

M Recall. %e” = e"u’ where u = g(x) is a differentiable function.

By integrating both sides, we have

(1)/eu u dx=e" +c

(2)/exdx:ex+c

Prof. Mohamad Alghamdi MATH 106 January 31, 2024 15 / 24



Section 2: The Natural Exponential Function

M Recall. %e” = e"u’ where u = g(x) is a differentiable function.

By integrating both sides, we have

(1)/euu’dX:e"+c

(2)/exdx:ex+c

Evaluate the integral.

o/xe_xzdx e/

etan x

C052 X
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Section 2: The Natural Exponential Function

M Recall. %e” = e"u’ where u = g(x) is a differentiable function.

By integrating both sides, we have

(1)/euu’dX:e"+c

(2)/exdx:ex+c

Evaluate the integral.

2 tan x
o /x e X dx e /67
cos? x
Solution:
2 1 2 —1 2
o /x e ™ dx = —2 —2xe X dx = 767)( +c
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Section 2: The Natural Exponential Function

M Recall. %e” = e"u’ where u = g(x) is a differentiable function.

By integrating both sides, we have

(1)/euu’dX:e"+c

(2)/exdx:ex+c

Evaluate the integral.

2 tan x
o /x e X dx e /67
cos? x
Solution:
2 1 2 —1 2
o /xefx dx:—z/—2x57)< dX:7€7X +c

tan x

e 1
e/idx:/etanx dx

cos? x cos? x

= /eta" X sec? x dx Use the identity sec x =

2 1
= sec” X = ———
cos x cos? x

tan x
=e

+c
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Section 3: General Exponential and Logarithmic Functions

M (1) General Exponential Function

Definition

The general exponential function is defined as follows: a* : R — (0, o) ,

& =M for every a > 0.

. x
Explanation: Ina* = xlna = e"? = X" = ¥ = &XI"? for every a > 0.

(1) The function a* is called the general exponential function with base a.

(2) Ifa > 1,Ina > 0 and this implies that xIna

and f(x) are increasing functions: (3) If a < 1, Ina < 0 and this implies that xIn a and f(x) are

decreasing functions.

v =

| = = =] = £
1 1 v 1
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Section 3: General Exponential and Logarithmic Functions

M Rules of the general exponential function

Ifa,b > 0 and x,y € R, then
o X = Xty e (aX)y =XV
e § =77 o (ab)* = a*b*
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Section 3: General Exponential and Logarithmic Functions

M Rules of the general exponential function

Ifa,b > 0 and x,y € R, then
o X = Xty

; )
Q5 -+ o

@y =
(

ab)® = a*b*

M Differentiation of General Exponential Function

If u = g(x) is differentiable, then

Note. Using the previous derivation rule, we have d%e =e'u Ine=e"u
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Section 3: General Exponential and Logarithmic Functions

M Rules of the general exponential function

Ifa,b > 0 and x,y € R, then
o X = Xty

; )
Q5 -+ o

@y =
(

ab)® = a*b*

M Differentiation of General Exponential Function

If u = g(x) is differentiable, then

Note. Using the previous derivation rule, we have d%e =e'u Ine=e"u

Find the derivative of the function.

oyzz\/; ey:3x2sinx
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Section 3: General Exponential and Logarithmic Functions

M Rules of the general exponential function

Ifa,b > 0 and x,y € R, then
o X = Xty

; )
Q5 -+ o

@y =
(

ab)® = a*b*

M Differentiation of General Exponential Function

If u = g(x) is differentiable, then

Note. Using the previous derivation rule, we have d%e =e'u Ine=e"u

Find the derivative of the function.

oyzz\/; ey:3x2sinx

Solution: K
1 2VX|n2
Q) =2 " in2- .
2 x 2 /X
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Section 3: General Exponential and Logarithmic Functions

M Rules of the general exponential function

Ifa,b > 0 and x,y € R, then
o X = Xty

; )
Q5 -+ o

@y =
(

ab)® = a*b*

M Differentiation of General Exponential Function

If u = g(x) is differentiable, then

Note. Using the previous derivation rule, we have d%e =e'u Ine=e"u

Find the derivative of the function.

oyzz\/; ey:3x2sinx

Solution: K
1 2VX¥in2 2
0}’/:2\/;ﬁ|”2: 2% 9y’:3x SN X (2x sin x 42 cos x) In3.
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Section 3: General Exponential and Logarithmic Functions

Find the derivative of the function y = (sin x)*.
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Section 3: General Exponential and Logarithmic Functions

Find the derivative of the function y = (sin x)*.

Solution: By taking the natural logarithm of both sides, we have Iny = x In|sin x|. By differentiating both sides, we obtain

! cos x
= (1)In]sin x| + x

y sin x
= y" = (In[sin x| + xcot x)y
=y

' = (In]sin x| + xcot x)(sin x)*.

Prof. Mohamad Alghamdi MATH 106 January 31, 20




Section 3: General Exponential and Logarithmic Functions

Find the derivative of the function y = (sin x)*.

Solution: By taking the natural logarithm of both sides, we have Iny = x In|sin x|. By differentiating both sides, we obtain

4 cos X

= (1)In|sin x| +x

y sin x
=y = (In|sin x| + xcot x)y
=y = (In]sin x| + xcot x)(sin x)*.

Exercise. Find the derivative of the function: (1) y = X2 (2Qy=2 3)y=x*
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Section 3: General Exponential and Logarithmic Functions

Find the derivative of the function y = (sin x)*.

Solution: By taking the natural logarithm of both sides, we have Iny = x In|sin x|. By differentiating both sides, we obtain

y' . cos x
— = (1)In]|sin x| +x

y sin x

=y = (In|sin x| + xcot x)y

=y = (In]sin x| + xcot x)(sin x)*.
Exercise. Find the derivative of the function: (1) y = X2 (2Qy=2 3)y=x*

Solution:
1) y=x>=y =2x
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Section 3: General Exponential and Logarithmic Functions

Find the derivative of the function y = (sin x)*.

Solution: By taking the natural logarithm of both sides, we have Iny = x In|sin x|. By differentiating both sides, we obtain

y' . cos x
— = (1)In]|sin x| +x

y sin x
= y" = (In[sin x| + xcot x)y
=y

' = (In]sin x| + xcot x)(sin x)*.

Exercise. Find the derivative of the function: (1) y = X2 (2Qy=2 3)y=x*
Solution:
1) y=x>=y =2x

@2 y=2"=y =2%1)Ih2
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Section 3: General Exponential and Logarithmic Functions

Find the derivative of the function y = (sin x)*.

Solution: By taking the natural logarithm of both sides, we have Iny = x In|sin x|. By differentiating both sides, we obtain

y' cos x

= (1)In]sin x| + x

sin x
= (In|sin x| 4+ xcot x)y
' = (In]sin x| + xcot x)(sin x)*.
Exercise. Find the derivative of the function: (1) y = x*> (2) y = 2% (3) y = x*

Solution:
1) y=x>=y =2x

@2 y=2"=y =2%1)In2

(3)y =x*
By taking the natural logarithm of both sides, we have Iny = x In|x|. By differentiating both sides, we obtain

y
=y =(Inix|+1)y
3y/:(|n\x\+1) X
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Section 3: General Exponential and Logarithmic Functions

B If u = g(x) is differentiable, then

d 4 _ou 7
—a =a u Ina.
dx
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Section 3: General Exponential and Logarithmic Functions

B If u = g(x) is differentiable, then
d

u u !
—a =a u Ina.
dx

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina
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Section 3: General Exponential and Logarithmic Functions

B If u = g(x) is differentiable, then
d

u_ u o/

—a =a u Ina.
dx

(1)/a"'ul Inadx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.

o/x3_x2dx e/SX\/5X+1dX
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Section 3: General Exponential and Logarithmic Functions

B If u = g(x) is differentiable, then
d

u_ u o/

—a =a u Ina.
dx

(1)/a"'ul Inadx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.

o/x3_x2dx e/SX\/5X+1dX

Solution:

0 /x37x2 dx
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General Exponential and Logarithmic Functions

B If u = g(x) is differentiable, then
d

u_ u o/

—a =a u Ina.
dx

(1)/a"'ul Inadx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.

o/x3_x2dx e/SX\/5X+1dX

Solution:

2 1 2
Q/xfx dx:ﬁ/72x37)( In3 dx
- n
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Exponential and Logarithmic Functions

Section 3: General

B If u = g(x) is differentiable, then
d

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.
2
Q [« Q [5 vFria
Solution:
2 1 2 -1 2
Q/xfx dx:7/72x37)( In3dx = 37 4 ¢
—2 In3 2 1In3
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Exponential and Logarithmic Functions

Section 3: General

B If u = g(x) is differentiable, then
d

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.
2
Q [« Q [5 vFria
Solution:
2 1 2 -1 2
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—2 In3 2 1In3
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Exponential and Logarithmic Functions

Section 3: General

B If u = g(x) is differentiable, then
d

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.
2
Q [« Q [5 vFria
Solution:
2 1 2 —1 2
Q/xfx dx:7/72x37)( In3 dx = 37 4 ¢
—21n3 21In3
1
Q /5* \/5X+1dx:/5x (5% +1)2 dx
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Exponential and Logarithmic Functions

Section 3: General

B If u = g(x) is differentiable, then
d

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.
2
Q [« Q [5 vFria

2

Solution:
37 4 ¢

2 1 e 1
Q/x3 dx:7/72x3 In3 dx =
—21n3 21In3
X X X l 1 X X l
9/5 \/5X+1dx:/5 (5" +1)2 d 5 (1) In5 (5° +1)2 dx

X

In5

19 / 24
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Exponential and Logarithmic Functions

Section 3: General

B If u = g(x) is differentiable, then
d

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.
2
Q [« Q [5 vFria
Solution:
2 1 2 2
Q/xfx dx:7/72x37)( In3dx = 37 4 ¢
—21n3 21In3
X X X l 1 X X l 1 2 X ;
9/5 \/5X+1dx:/5 F+12 o= — [ (1) 5 (E D2 de= — Z(E + 1) +e
n n
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Section 3: General Exponential and Logarithmic Functions

B If u = g(x) is differentiable, then
d

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.
2
Q [« Q [5 vFria

Solution:
-1 e

_2 1 _2
Q/x3 dx:7/72x3 In3dx = +c
—2 In3 2 1In3
X X X l 1 X X l 1 2 X 3
(2 /5 \/5X+1dx:/5 (5" +1)2 dx:E/S (1) In5 (5 +1)2 de= — (5" +1)2 +c
n n
OR Letu=5"4+1= du=5"In5dx = 5Xdll:\5 = dx. By substitution, we obtain
du
/5Xﬁ7
. 5XIn5
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Section 3: General Exponential and Logarithmic Functions

B If u = g(x) is differentiable, then
d

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.
2
Q [« Q [5 vFria
Solution:
2 1 2 2
Q/xfx dx:7/72x37)( In3dx = 37 4 ¢
—2 In3 2 1In3
X X X l 1 X X l 1 2 X ;
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OR Letu=5"4+1= du=5"In5dx = 5;17":‘5 = dx. By substitution, we obtain
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Section 3: General Exponential and Logarithmic Functions

B If u = g(x) is differentiable, then
d

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.
2
Q [« Q [5 vFria
Solution:
2 1 2 2
Q/xfx dx:7/72x37)( In3dx = 37 4 ¢
—2 In3 2 1In3
X X X l 1 X X l 1 2 X ;
9/5 \/5X+1dx:/5 F+12 o= — [ (1) 5 (E D2 de= — Z(E + 1) +e
n n
OR Letu=5"4+1= du=5"In5dx = 5;17":‘5 = dx. By substitution, we obtain
d 1 1 w3
u 1 u
/5Xﬁ =—[u2du=——+c
. 5%In5 In5 In53/2
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Section 3: General Exponential and Logarithmic Functions

B If u = g(x) is differentiable, then
d

(1)/a"' o Inadcx=a"+c

1
(2)-/.3u o dx=—a"+¢
Ina

Evaluate the integral.
2
Q [« Q [5 vFria
Solution:
2 1 2 —1 2
Q/xfx dx:7/72x37)( In3dx = ~4c
—2 In3 2 1In3
X X X l 1 X X l 1 2 X ;
9/5 \/5X+1dx:/5 F+12 o= — [ (1) 5 (E D2 de= — Z(E + 1) +e
n n
OR Letu=5"4+1= du=5"In5dx = 5;17":‘5 = dx. By substitution, we obtain
d 1 1 1 2(5% 1)%
u 1 u +
/5X\/E = — | u2du=——+c=—"—+c.
. 5%In5 In5 In53/2 3In5
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Section 3: General Exponential and Logarithmic Functions

B (2) General Logarithmic Function

Definition

The general logarithmic function is defined as follows:

log, : (0,00) = R,
X:ay<:>y:|0gaXA
logx >0 :x>1 logx <0 :x>1
y = logx =0 ix=1 y =

logx =0 ix=1
logx < 0 0<x<1 logx > 0 0<x<1

a>1 a<l1

¥ T logax ¥~ logax
1 | |

3 / z 3 z
X ]
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Section 3: General Exponential and Logarithmic Functions

M Properties of General Logarithmic Function

Inx

0 The general logarithmic function log, x = l—
na

Proof. From the definition, we have y = log, x = x = a’.

By taking the natural logarithm of both sides, we have

Inx
Inx=Iha =yha=y=—
Ina

If a > 1, the function log, x is increasing while if 0 < a < 1, the function log, x is decreasing.
The natural logarithmic function In x = log, x.
The general logarithmic function logyg x = log x.

The general logarithm log, a = 1.

0000

M Rules of the general logarithmic function

Ifx,y > 0 and r € R, then

e log, xy = log, x + log, y
© log, X =log, x — log, y

e log, x" = rlog, x

Prof. Mohamad Alghamdi MATH 106 January 31, 2024 21 /24



Section 3: General Exponential and Logarithmic Functions

M Differentiation of General Logarithmic Function

Since log, x = I“—X, then
na

d d /Inx 1 d 11 1

—(Iogax):—(—):——(Inx):—f— .

dx dx \Ina Ina dx Ina x xIna
By integrating both sides, we have

1 1 1 In |x|
/*dx——/ dx = = log, |x| + c.
xIna Ina X Ina

If u = g(x) is differentiable, then

d (log, [ul) d (ln\u|) 1 1 ,
— (log, |u|) = — =— — =
dx & dx \ Ina Ina u ulna
B From the previous theorem, we have
i, 1 o In |ul
/ udx:—/—dxzizlogalu\-%—c
ulna Ina u Ina
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Section 3: General Exponential and Logarithmic Functions

If u = g(x) is differentiable, then

Find the derivative of the function.

0 y = logg sin x

Q y=logvx
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General Exponential and Logarithmic Functions

If u = g(x) is differentiable, then

Find the derivative of the function.

0 y = logg sin x

Q y=logvx

Solution:
1 cos x cot x

Q/=-—~-—"-

In3 sin x In3
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Functions

Section 3: General Exponential and Logarithmic

If u = g(x) is differentiable, then
d (In |ul )

Find the derivative of the function.

0 y = logg sin x

Q y=logvx

Solution:
1 cos x cot x

/77 = .
Oy In3 sin x In3

Q I ()% L ! !
y=log(x)2 = 5logx =>y = ———.
€ 28 (2In10) x
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Section 3: General Exponential and Logarithmic Functions

Exercise: Choose the correct answer. If log, ﬁ =1, then x is equal to ...

(a1 (b) 2 © 3 (d) =1
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Section 3: General Exponential and Logarithmic Functions

Exercise: Choose the correct answer. If log, ﬁ =1, then x is equal to ...

(a1 (b) 2 © 3 (d) =1

Solution:

1 x v
:1:>2:71 Remember : x = a’ < logax =y

log:
2x71 X —

2X —2=X=2Xx—Xx=2=>x=2
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