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Chapter 7: APPLICATIONS OF INTEGRATION

Main Contents.

0 Review
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B Region Bounded by a Curve and x-axis
B Region Bounded by a Curve and y-axis

M Region Bounded by Two Curves

e Solids of Revolution
M Volumes of Revolution Solids (Disk Method)
B Volumes of Revolution Solids (Washer Method)

W Method of Cylindrical Shells

o Arc Length and Surfaces of Revolution
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Volumes of Revolution Solids (Cylindrical Shells Method)

We study a new method to evaluate the volume of revolution solid called cylindrical shells method .

M In the washer method, we assume that the rectangle from each subinterval is perpendicular to the revolution axis.

B In the cylindrical shells method, the rectangle will be parallel to the revolution axis.

The figure shows a cylindrical shell. Let

M r; be the inner radius of the shell,
M ry be the outer radius of the shell,
M h be high of the shell,

B Ar = rp — r; be the thickness of the shell,

Hr= % be the average radius of the shell.

The volume of the cylindrical shell: V =V, — Vj = 7-rr22h - 7Tr12h
= 71'(!‘22 — r12)h
=n(rz +n)(rz = r1)h
n+rn
=20(ZX (e, — )
2
= 27rhAr.
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Volumes of Revolution Solids (Cylindrical Shells Method)

M Let R is a region bounded by the graph of y = f(x) and x-axis on the interval [a, b].

M Let S be a solid generated by revolving the region about y-axis.

B Let P be a partition of the interval [a, b] and let w = (w1, w3, ..., wy) be a mark on P where w is the midpoint of
Pc—15 xi]-
B The revolution of the rectangle about the y-axis generates a cylindrical shell where

M the high = f(wy), A B

M the average radius = wy,
M the thickness = Axy. ¥ vt

B The volume of the cylindrical shell is
Vi = 2wy f(wg ) Axy

To evaluate the volume of the whole
solid, we sum the volumes of all cylin-
drical shells. This implies

n n
V= Z Vi = ZTrZwkf(wk)Axk.
k=1 k=1
From the Riemann sum

b
Zwkf wi ) Axy 7/ x f(x) dx .
a

I PH =07
This implies

b
V:27r/ x f(x) dx.
a
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Volumes of Revolution Solids (Cylindrical Shells Method)

Similarly, we can find that if the revolution of the region is about x-axis.

M Let R is a region bounded by the graph of x = f(y) and y-axis on the interval [c, d].
M Let S be a solid generated by revolving the region about x-axis.

M Let P be a partition of the interval [c, d] and let w = (w1, w2, ..., wp) be a mark on P where wy is the midpoint of
k—1 yil-

B The revolution of the rectangle about the x-axis generates a cylindrical shell where

B the high = f(wy), A B

M the average radius = wy,

M the thickness = Ayj. ' d fo .
B The volume of the cylindrical shell i -y 117
e volume of t € cylindrical shell 1s Y V = 2nrhAr
Vie = 2mwif(wi) Ayk
RS

To evaluate the volume of the whole 5
solid, we sum the volumes of all cylin- 1~
drical shells. This implies

n n
V= Z Vi = ZWZwkf(wk)Ayk.

k=1 k=1
n d
From the Riemann sum lim Z wif(wg)Ay, = / y f(y) dy .
1Pl —0 &= c

This implies
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Volumes of Revolution Solids (Cylindrical Shells Method)

Theorem.

(1) If R is a region bounded by the graph of y = f(x) and x-axis on the interval [a, b], the volume of the revolution solid
generated by revolving R about y-axis is

7
V1 ¥]
1'\\ h i ",( y=fx) 1. The two points
& y=f( fi (area boundaries) on the
i\ / | X—axis.
[ 1
1 \\ ,/ 1 L
i Y / i V - Zahdr 2.  Rotation about the
H A A y—axis.
I "R
I 8 I
! fo 3. The rectangle is paral-
lel to the axis of rotation
dx x x .
a b (y—axis).
@Eﬁ

g b iy )
vasadp gl Y
(o o) sl pgnaig It bl ¥
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Volumes of Revolution Solids (Cylindrical Shells Method)

(2) If R is a region bounded by the graph of x = f(y) and y-axis on the interval [c, d], the volume of the revolution solid
generated by revolving R about x-axis is

x=f
1 1. The two points
e i (area boundaries) on the
y—axis.

}—0— 2. Rotation about the
X —axis.

3. The rectangle is paral-
lel to the axis of rotation
(x—axis).

o gpsa g Ay )
d
V:27r-/c y f(y) dy. L)“)P‘“JPL\J.)}JJ. .Y

(o) gl g g ditad) ¥

Il Note. The importance of the cylindrical shells method appears when solving equations for one variable in terms of another
(i.e., solving x in terms of y). For example, let S be a solid generated by revolving the region bounded by y = 2x% — x3 and
y = 0 about y-axis. By the washer method, we have to solve the cubic equation for x in terms of y, but this is not simple.

2024
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Volumes of Revolution Solids (Cylindrical Shells M

Sketch the region R bounded by the graphs of the equations x = \/y and y = 4, and y-axis. Then, find the volume of the solid
generated by revolving R about x-axis.
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Volumes of Revolution Solids (Cylindrical Shells Method)

Sketch the region R bounded by the graphs of the equations x = \/y and y = 4, and y-axis. Then, find the volume of the solid
generated by revolving R about x-axis.

Solution:First, we find the intersection point: x = \/y = y = x? and y =4,50 x> =4 = x = £2
We ignore x = —2 since x = ,/y. Now the graphs of the two functions intersect in one point (2, 4).

Since the revolution is about the x-axis, the rectangle is horizontal and by revolving it, we have a cylindrical shell where
B the high: x = \/y, M the average radius: y, M the thickness: dy.

The volume of the cylindrical shell is dV = 27 y \/y dy.

Thus, the volume of the solid over the interval [0, 4] is

V=2 /4 Sy dy =2 /4 3, 4Tr[ %]4 4 [ o] 1287
=om [ yyydy=2m [ y2dy=—|y2 | =—[32-0/="—.
Jo Jo 5 o s

2024 8/1
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Volumes of Revolution Solids (Cylindrical Shells M

Sketch the region R bounded by the graphs of the equations x = \/y and y = 4, and y-axis. Then, find the volume of the solid
generated by revolving R about x-axis.
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Volumes of Revolution Solids (Cylindrical Shells Method)

Sketch the region R bounded by the graphs of the equations x = \/y and y = 4, and y-axis. Then, find the volume of the solid
generated by revolving R about x-axis.

Solution: We want to find the volume using washer method.

The figure shows the region R and the solid S generated by revolving R about the x-axis. The vertical rectangles generate a
washer:

2 and M the thickness: dx.

M the outer radius: y; = 4, M the inner radius: yy = x
The volume of the washer is dV = 7 [(4)2 — (xz)z] dx.

Hence, the volume of the solid over the interval [0, 2] is

v:,r./o2 ((4)27()(2)2) dx:-n-./oz(l(ifxll)dx:ﬂ[lﬁxf%]i: 128
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Volumes of Revolution Solids (Cylindrical Shells M

Let R be a region bounded by the graphs of the functions y = x% and y = 2x from x = 0 to x = 2. Evaluate the volume of the
solid generated by revolving R about y-axis.
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Volumes of Revolution Solids (Cylindrical Shells Method)

Let R be a region bounded by the graphs of the functions y = x2 and y = 2x from x = 0 to x = 2. Evaluate the volume of the
solid generated by revolving R about y-axis.

Solution: Intersection points: f(x) = g(x) = x> =2x = x> —2x=0= x(x —2) =0 = x =0 or x = 2
By substitution, we have that the two curves intersect in two points (0, 0) and (2, 4).

Since the revolution is about the y-axis, the rectangles are horizontal and by revolving them, we have a cylindrical shells where
M the high: y = 2x — x2, M the average radius: x, M the thickness: dx.

The volume of the cylindrical shell is dV = 27 x (2x — x?) dx.
Thus, the volume of the solid over the interval [0, 2] is
2x3

2 2 2,2 3 x
V:27'r/x(2xfx)dx:27r/(2x 7x)dy:2‘rr[—7—
0 0 3 4

'

R
o
©
3
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Volumes of Revolution Solids (Cylindrical Shells Method)

Sketch the region R bounded by the graph of y = 2x — x2 and x-axis. Then, by the cylindrical shells method, find the volume
of the solid generated by revolving R about y-axis.

Prof. Mohamad Alghamdi MATH 106 April 26, 2024 11




Volumes of Revolution Solids (Cylindrical Shells Method)

Sketch the region R bounded by the graph of y = 2x — x2 and x-axis. Then, by the cylindrical shells method, find the volume
of the solid generated by revolving R about y-axis.

Solution: i i
M Intersection with y-axis:

= x=0=y=20)—0>=0= (0,0)
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Volumes of Revolution Solids (Cylindrical Shells Method)

Sketch the region R bounded by the graph of y = 2x — x2 and x-axis. Then, by the cylindrical shells method, find the volume
of the solid generated by revolving R about y-axis.

Solution: i i
M Intersection with y-axis:

= x=0=y=2(0)—0%=0= (0,0)
M Intersection with x-axis:
2

=y=0=2x—x"=0

= x(2—x) =0=x=0o0rx =2 = (0,0)and (2,0)
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Volumes of Revolution Solids (Cylindrical Shells Method)

Sketch the region R bounded by the graph of y = 2x — x2 and x-axis. Then, by the cylindrical shells method, find the volume
of the solid generated by revolving R about y-axis.

Solution: i i
M Intersection with y-axis:

= x=0=y=2(0)—0%=0= (0,0)
M Intersection with x-axis:
2

=y=0=2x—x"=0

= x(2—x) =0=x=0o0rx =2 = (0,0)and (2,0)

M First derivative test.

y=0=2-2x=0=x=1

FC1d loeal maximum
L

7 - N =
.ncreasing/’ . decreasing
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Volumes of Revolution Solids (Cylindrical Shells Method)

Sketch the region R bounded by the graph of y = 2x — x2 and x-axis. Then, by the cylindrical shells method, find the volume
of the solid generated by revolving R about y-axis.

Solution: i i
M Intersection with y-axis:

M Second derivative test.
= x=0=y=20)—0>=0= (0,0)
y' ' =0=y"=-2<0
B Intersection with x-axis:
) The graph of f(x) is concave downward.

=y=0=2x—x"=0

= x(2—x) =0=x=0o0rx =2 = (0,0)and (2,0)

M First derivative test.

y=0=2-2x=0=x=1

FC1d loeal maximum
L

7 - N =
.ncreasing/’ . decreasing
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Volumes of Revolution Solids (Cylindrical Shells Method)

Sketch the region R bounded by the graph of y = 2x — x2 and x-axis. Then, by the cylindrical shells method, find the volume
of the solid generated by revolving R about y-axis.

Solution:
M Intersection with y-axis:
M Second derivative test.
= x=0=y=20)—0>=0= (0,0)
y' ' =0=y"=-2<0

M Intersection with x-axis:

The graph of f(x) is concave downward.
2 -t

=y=0=2x—x"=0

= x(2—x) =0 = x=0o0rx =2 = (0,0)and (2,0) 1 yzzx_xz
M First derivative test. T
’ / \
y =0=22-2x=0=x=1 / \
Il } | /r\ } |

x> 1osal maximum
— / \

v =
increasing ~decreasing / 1 \
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Volumes of Revolution Solids (Cylindrical Shells Me

Since the revolution is about the y-axis, the rectangle is vertical and by revolving it, we obtain a cylindrical shell where
M the high: y = 2x — x2,
M the average radius: x,

B the thickness: dx.
The volume of the cylindrical shell is dV = 27x(2x — x?) dx = 27w(2x? — x3) dx.
Thus, the volume of the solid over the interval [0, 2] is
2 5 2 5, 4 23 x*q2 16 16, 8«
V:211'/ x(2x—x)dx:2ﬂ'/ (2x° — x )dx:ZTr[— - —} =2n(——-—)=—
0 0 3 4
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The difference between disk method and method of

cylindrical shells

Il Disk Method Il Cylindrical Shells Method

Il Region R bounded by : Il Region R bounded by :

oy =f(x) ©x-axis ¢ [a,b] on x-axis oy =f(x) ©x-axis ¢ [a,b] on x-axis
Bl Revolution about x-axis Il Revolution about y-axis

Bl Rectangle vertical on the x-axis Il Rectangle parallel to the y-axis
V=m fab (f(x))2 dx V =2r j;bx f(x) dx

Bl Region R bounded by : Il Region R bounded by :

o x=f(y) ©y-axis ¢ [c,d]on y-axis o x=f(y) ©y-axis ¢ |[c,d]on y-axis
Il Revolution about y-axis Il Revolution about x-axis

Bl Rectangle vertical on the y-axis Il Rectangle parallel to the x-axis
V=r [9(fn)? dy V=2r [y f(y)dy

@ /
rop [/ *TI?

verfoomaf L2\ 5
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Arc Length and Surfaces of Revolution

Il Arc Length.

B Let y = f(x) be a smooth function on [a, b]. T Let xf: i(y) be a smooth function on [c, d]. The length of
The length of the arc of f from (a, f(a)) to (b, f(b)) the arc of g from (g(c), ) to (g(d), d) is

L(g) = /Cd Vi+ [g (0)]? dy.
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Arc Length and Surfaces of Revolution

Find the arc length of the given function y = 5 — V/x3 from A(0, 5) to B(4, —3).
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Arc Length and Surfaces of Revolution

Find the arc length of the given function y = 5 — V/x3 from A(0, 5) to B(4, —3).

Solution: We apply the formula:

L(f) = /ab V1t [F ()2 dx
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Arc Length and Surfaces of Revolution

Find the arc length of the given function y = 5 — V/x3 from A(0, 5) to B(4, —3).

Solution: We apply the formula:
b
L(f) :/ V14 [F (]2 d
a
, 31
y=f(x)=5—Vx3 =>f(x):—5x2
= (FP =

4 + 9x
=1+ (F (x)? = "

\/fil \/4+9X
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Arc Length and Surfaces of Revolution

Find the arc length of the given function y = 5 — V/x3 from A(0, 5) to B(4, —3).

Solution: We apply the formula:

b
L(f):/ 1+ [F ()2 o
y=f(x)=5—-Vx3 = f(x) = —zx%

= (F(x) =~
4 + 9x
4

\/fil \/4+9X

The arc length of the function is

=1+ (F(x)? =

1 4 14 1 1 314
== Vatoxdc=- | (449x)2 dx = — [(4+ 9x)2
2/0 +xx2/0(+x)x27[(+x)]0 Note
1 3 3 3
:5[402*42} 402 = (v x 10)° = (2 V10)3
8
:—[10\/071]
27
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Arc Length and Surfaces of Revolution

Find the length of the curve y = cosh x over the interval 0 < x < 2. l
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Arc Length and Surfaces of Revolution

Find the length of the curve y = cosh x over the interval 0 < x < 2.

Solution: We apply the formula

L(f) = /ab V14 [F(x)]? dx
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Arc Length and Surfaces of Revolution

Find the length of the curve y = cosh x over the interval 0 < x < 2.

Solution: We apply the formula
b
L(f) :/ V14 [F(x)]? dx
a
y = f(x) = coshx = f'(x) = sinh x
= (1‘/(><))2 = sinh? x

=1+ (f’(x))2 =1 +sinh? x = cosh? x

= /1 + (f/(x))2 = cosh x.
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Arc Length and Surfaces of Revolution

Find the length of the curve y = cosh x over the interval 0 < x < 2.

Solution: We apply the formula
b
L(f) :/ V14 [F(x)]? dx
a
y = f(x) = coshx = f'(x) = sinh x
= (1‘/(><))2 = sinh? x

=1+ (f’(x))2 =1 +sinh? x = cosh? x
= /1 + (f/(x))2 = cosh x.
The length of the curve is

Note:

2 2
L(f) :/ cosh x dx = [ sinh x|
0 0

. e —
= sinh2 — sinh 0 (sth:f:i:O)
= sinh 2
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Arc Length and Surfaces of Revolution

Theorem

o Let y = f(x) be a smooth function on |[a, b].
e If the revolution is about x-axis, the area of the revolution surface is

b
SA= 27r/ Ly |1+ (F(x)? dx.
a
e [f the revolution is about y-axis, the area of the revolution surface is
& 2
S.A:27r/ | x| A/1+ (F/(x))* dx.
a

e Let x = g(y) be a smooth function on [c, d].
e If the revolution is about y-axis, the area of the revolution surface is

d
S.A= 2Tr/ [ x| /14 (') dy.
c

e If the revolution is about x-axis, the area of the revolution surface is

d
S.A:27r/ Ly /14 (&'())2 dy.
c

Prof. Mohamad Alghamdi MATH 106 April 26, 2024 18 /1



Arc Length and Surfaces of Revolution

Find the surface area generated by revolving the graph of the function \/4 — x2, —2 < x < 2 about x-axis.
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Arc Length and Surfaces of Revolution

Find the surface area generated by revolving the graph of the function \/4 — x2, —2 < x < 2 about x-axis.

Solution: b
We apply the formula S.A = 27r/ |y | /14 (F(x))? dx.

Ja
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Arc Length and Surfaces of Revolution

Find the surface area generated by revolving the graph of the function \/4 — x2, —2 < x < 2 about x-axis.

Solution: b
We apply the formula S.A = 27r/ |y | /14 (F(x))? dx.

Ja
—2x

2\/4 — x2

= (F )= —

y:\/47x2:>f/(x):

= 1+ (f (x))
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Arc Length and Surfaces of Revolution

Find the surface area generated by revolving the graph of the function \/4 — x2, —2 < x < 2 about x-axis.

Solution: b
We apply the formula S.A = 27r/ |y | /14 (F(x))? dx.

Ja
—2x

2\/4 — x2

= (F )= —

y:\/47x2:>f/(x):

= 1+ (f (x))

The area of the revolution surface is

2 2
SAA:27r/ Va —x2 ———— dx
-2 V4 —x2
2
:27r/ 2 dx
-2

:47r[2+2} = 167
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Arc Length and Surfaces of Revolution

Find the surface area generated by revolving the graph of the function y = 2x, 0 < x < 3 about y-axis.
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Arc Length and Surfaces of Revolution

Find the surface area generated by revolving the graph of the function y = 2x, 0 < x < 3 about y-axis.

Solution:

b
We apply the formula S.A = 27r/ | x| /14 (f/(x))? dx.
a
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Arc Length and Surfaces of Revolution

Find the surface area generated by revolving the graph of the function y = 2x, 0 < x < 3 about y-axis.

Solution: b
We apply the formula S.A = 27r/ | x| /14 (f/(x))? dx.
a

y=2x= f'(x) =2

= (F(x)? =4

=1+(F(x)>=5

= /14 (f'(x))? = V5.
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Arc Length and Surfaces of Revolution

Find the surface area generated by revolving the graph of the function y = 2x, 0 < x < 3 about y-axis.

Solution: b
We apply the formula S.A = 27r/ | x| /14 (f/(x))? dx.
a

y=2x= f'(x) =2
= (F(x)? =4
=1+(F(x)>=5

= /14 (f'(x))? = V5.

The area of the revolution surface is

3
5.A:27T/ | x| V5 dx
0
3
:27r\/§/xdx
0
3
:\/57r[><2]0:9\/§7r
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