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Chapter 6: Duration and Convexity

Main Content

o Macaulay duration

@ Volatility or Modified duration.

e Convexity
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Section 6.1: Macaulay duration

B The duration (or Macaulays duration) of a cashflow is an average of the times when the payments of the cashflow are
made:

3]

Time in years 1 2 3 .
Contributions G G G e Cp

with C; > 0 for each 1 < j < m, is defined as
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where w; = W satisfy wj > O and 377, w; =1
Notes.

B The units of the duration are years.
B The Macaulay duration is a measure of the price sensitivity of a cashflow to interest rate changes.

| | w; is the fraction of the present value of contribution at time t over the present value of the whole cashflow.

Prof. Mohamad Alghamdi ACTU 371 April 25, 2025



Section 6.1: Macaulay duration

Example.  An investment pays 1000 at the end of year two and 1000 at the end of year 12. The annual effective rate of
interest is 8%. Calculate the Macaulay duration for this investment.

Solution: .

n_jCid 2)(1000)(1.08) ~2 + (12)(1000)(1.08) ~12
Zl*lj ER— @) X )"+ (2)( X ) = 5.165633881years
=, G (1000)(1.08)—2 -+ (1000)(1.08) —12

Q

Theorem. Let r > 0. If the Macaulay duration of the cashflow

Time in years 1 2 3 . n

Contributions G G C3 e Cp
is d, then the Macaulay duration of the cashflow

Time in years 1 2 3 . n

Contributions rCy rCy rCs e rCp

Proof. The duration of the modified cashflow is

F:lf'leJ _ Z;':1jcj”j _g
Z}’:l rCjvJ EJ’?ZI Gl

Example. The Macaulay duration of a 10year annuityimmediate with annual payments of $1000 is 5.6 years. Calculate the
Macaulay duration of a 10year annuityimmediate with annual payments of $50000.

Solution: Note that 50000 = 1000 X 50, so from the above theory where r = 50, we have that the duration of both cash flows
is 5.6 years.
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Section 6.1: Macaulay duration

Theorem. If the Macaulay duration of the cashflow

Time in years 1 2 3 . n
Contributions G G G e Cp

is d, then the Macaulay duration of the cashflow
Time in years t+1 t+2 t+3 t+n
Contributions C Co C3 . Cp

ist+d.
Proof. The duration of the modified cashflow is

fae+NGY SR G + S GY S Gy

Ef:1 G E}’:l Gyl E}’:l Gl

Example. The Macaulay duration of a 10-year annuityimmediate with annual payments of $1000 is 5.6 years. Calculate the
Macaulay duration of a 10-year annuity-due with annual payments of $5000.

Solution: Since the cashflow of an annuity-due is obtained from the cashflow of an annuity-immediate by translating payments 1
year, the answer is 5.6 — 1 = 4.6 years.
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Section 6.1: Macaulay duration

Theorem. Suppose that two cashflows have durations d; and db, respectively, present values P; and P, respectively. Then,
the duration of the combined cashflow is

i Py di+ Py dy
P1+ P>
Proof. Suppose that the considered cashflows are
Time in years 1 2 3 . n
Contributions G G G S Cp
Time in years 1 2 3 . n
Contributions Dy D, D3 e D,
Then, the combined cashflow is
Time in years 1 2 3 . n
Contributions C + Dy G+ Dy C3+ D3 . Cn+ Dp

We have that P; = Zle le/J and P, = Zle Djuj. By definition of duration,

PRI STETNDY SV NP Y UL P SV
TP, Gy Py ", Dy P,
Hence, . . .
G 2}7:11(9'*[71')“_’ _ f:lfcj"/_Jer:lij"./ _ B+ P
J"’:l(cj+Dj)"J Z}1:1 CJ”JJer:l Djvi P1+ P2
Note that dy Py = an%’lcfyjm =7 jGl and P, = MPQ =7 Gyl

Prof. Mohamad Alghamdi ACTU 371 April 2025 6/9



Section 6.1: Macaulay duration

Note. By induction the previous formula holds for a combination of finitely many cashflows. Suppose that we have n cashflows.
The j-the cashflow has present value P; and duration . Then, the duration of the combined cashflow is

i1 Pid;
Zj":l Pj

Example.  An insurance has the following portfolio of investments:

(i) Bonds with a value of $1,520,000 and duration 4.5 years.

(ii) Stock dividends payments with a value of $1,600,000 and duration 14.5 years.
(iii) Certificate of deposits payments with a value of $2,350,000 and duration 2 years.
Calculate the duration of the portfolio of investments.

Solution: The duration of the portfolio is

>, Pid; 4.5)(1, 520, 000) + (14.5)(1, 600, 000) + (2)(2, 350, 000
J Pjd; _ (45)(1,520,000) + (14.5)(1,600,000) + 2)(2, 350,000 _ (o
Z}’:1 P; 1, 520, 000 + 1, 600, 000 + 2, 350, 000
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Section 6.1: Macaulay duration

_ (la)y—~
Theorem. The Macaulay duration of a level payments annuityimmediate is d = —oli
Tnli

Proof. We have that d =

Example.  Calculate Macaulay the duration of a 15-year annuity immediate with level payments if the current effective interest
rate per annum is 5%.

Solution: The Macaulay the duration is

_ (&) (a)mmg  73.66768937
g —nli _ TT5[5% _ [S00BETST o 097313716
amgrgy;  10.37965804

a—-
i
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Remember. (Ia)ﬂ = ;

Theorem. The duration of a level payments perpetuity-immediate is

st el

Proof. We have that d = o 7=
St Py

Example.  Suppose that the Macaulay duration of a perpetuity immediate with level payments of 1000 at the end of each year
is 21. Find the current effective rate of interest.

Solution: Wehavethatc?:1%?":21¢1+i:21i¢20i:1¢f:%:5%
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Section 6.1: Macaulay duration

Theorem. The duration of n year bond with r% annual coupons, face value F and redemption value C is

Fr(la)n—“ + Cnu"

d=
Fran—“ + Cv"
Proof. We have the cashflow
Time in years 1 2 o n—1 n
Contributions Fr Fr . Fr Fr+ C

the duration is . .
_ Fr Zj’]zl jid + Cnd Fr(la)n—‘/. + Cnv"
d= - — =
Fr ZJ"':1 vl + Cuvl Fra—Q—+ Cv"

nli

Example.  Megan buys a 10year 1000facevalue bond with a redemption value of 1200 which pay annual coupons at rate 7.5%.
Calculate the Macaulay duration if the effective rate of interest per annum is 8%.

Fr(la)WJr Cn"

Solution: We have that d = W, so
S —10
= (1000)(0'075)('a)10\8% +(1200)(10)(1.08) _ (75)(32.68691288)15568.321857 _ 5 sargcansg
- (1000)(0,075).;W +(1200)(1.08)— 10 ~ (75)(6.710081399)+555.8321857 ~ ' °
A
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