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1 Introduction
1.2 Probability Review*

1.2.1 Let A and B be arbitrary, not necessarily disjoint, events. Use the law of total
probability to verify the formula

Pr{A} = Pr{AB} + Pr{AB‘},
where B¢ is the complementary event to B (i.e., B occurs if and only if B does

not occur).

leads aircctly to the law of total pmbabilit};: LetA;,As,...be disjoint events for which
Q =A; UAyU--. . Equivalently, exactly one of the events A|, A, ... will occur. The
law of total probability asserts that Pr{B} = Ef:] Pr{B N A;} for any event B. The law
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1.2.2 Let A and B be arbitrary, not necessarily disjoint, events. Establish the general
addition law

Pr{A U B} = Pr{A} + Pr{B} — Pr(AB}.

Hint: Apply the result of Exercise 1.2.1 to evaluate Pr{AB‘} = Pr{A} —
Pr{AB}. Then, apply the addition law to the disjoint events AB and AB, noting
that A = (AB) U (AB°).
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1.2.3 (a) Plot the distfibutibn function

0 forx<0,
Fx)={x> forO0<x<l,
1 forx=>1.

(b) Determine the corresponding density function f(x) in the three regions (1)
x<0,2)0<x<l,and(3) 1 <x.
(¢) What is the mean of the distribution?

(d) If X is a random variable following the distribution specified in (a), evalu-
ate Pr|§ <X< };l
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1.2.7 Suppose X is a random variable having the probability density function

forO0<x<1,
elsewhere,

R~
flx)= {
where R > () is a fixed parameter.

(a) Determine the distribution function Fy(x).
(b) Determine the mean E{X].
(¢) Determine the variance Var[X].

then f(x) is called the probability density function for the random variable X. If X has

a probability density function f(x), then X is continuous and

F(x) = ff(f)df, —00 < X < 00,
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1.2.9 Determine the distribution function, mean, and variance corresponding to the
triangular density.

X forO0<x<l,
fx)y=12—x forl <x=<2,
0 elsewhere.
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Problems
1.2.1 Thirteen cards numbered 1, ..., 13 are shuffled and dealt one at a time. Say a

match occurs on deal k if the kth card revealed is card number k. Let N be the
total number of matches that occur in the thirteen cards. Determine E[N].

Hint: Write N=1{A,} +--- 4+ 1{A3} where A; is the event that a match
occurs on deal £.



21 E[UA,}]] = Pr{A} =; L. Similarly, E[1{A,}] = Pr{A,}] = & for k = 1,...,13. Then, because the
expected value of a sum is always the sum of the expected values, E[N] = E[1{4,}] + --- + E[1{A;}]
= L 4 a4 L = 1.

13 13

1.2.2 Let N cards carry the distinct numbers xj, ..., x,. If two cards are drawn at
random without replacement, show that the correlation coefficient p between
the numbers appearing on the two cards is —1/(N — 1).

22 Let X be the first number observed and let Y be the second. We use the identity (Zx,)* = Zx.* +
Z,,xx; several times.

E[x] = HY]= £ ¥x:
Var| X| = Var[Y] = _;’_2 2 — [% y x.-) _(v-1)

Zw XX .

Zx"z - Z#jxl'xf.
2 »

N

BXY] = =y

Cof|x,Y| = E[xY] - E[x]E[Y] = i ':; 2'('}& ‘)1)2 X;
Cof X, Y| 1

Oxy = —— “TN-1

1.2.3 A population having N distinct elements is sampled with replacement. Because
of repetitions, a random sample of size r may contain fewer than r distinct

elements. Let S, be the sample size necessary to get r distinct elements. Show
that

1 1 1
E[sr]=N(—+—+-.-+—).

2.3 Write S, = &, + ... + £ where , is the number of additional samples needed to observe k district
elements, assuming that k-1 district elements have already been observed. Then, difining p, =

. _ 1
Pri§, =1} =1 - 1 we have Pr{&, = n} = p,(1 — p,)* "' forn = 1,2,...and E[§;] = —. Finally,
toe, k
E[S] = E[&] + - + E[E] = — + -+ + - will verify the given formula
pl r

n=1

1.2.4 A fair coin is tossed until the first time that the same side appears twice in
succession. Let N be the number of tosses required.
(a) Determine the probability mass function for V.
(b) Let A be the event that N is even and B be the event that N < 6. Evaluate
Pr{A}, Pr{B}, and Pr{AB}.
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2.4 Using an obyious notation, the event {N = n} is equivalent to either HTH...HTT

— n=1 n—1 .
or THT..THH so P{N=n}=2x(4) x1=(4) for n = 2,3,...; PrN is even}
| -]
L

= EFz_,‘._‘_(-%)rl =< and PN = 6] = ZLZ(%)“_ Pr{N is even and N < 6} 5 X, ;45

1.2.5 Two players, A and B, take turns on a gambling machine until one of them
scores a success, the first to do so being the winner. Their probabilities for

success on a single play are p for A and g for B, and successive plays are
independent.

In looses ‘[
2.5 Using an obvious notation, the probability that A wins on the 2» + 1 trial is Pr{A°B° ... A°B° A

: J

=[(1 = p)A = @I'p, n = 0,1,.... PrifAwins} = Z7_[(1 —p)Q1 —@)I" p= 1—a _!;)(1 2

Pr{A wins on 2n + 1 playlA wins} = (1 — z)n" where 7 = (1 — p)(1 — q). E["trialslA wins] = X;_,
N 2t _1+(1-p)i—gq) _ 2 -

Crr = = T G- -9  T-G-pa-a

1.2.6 A pair of dice is tossed. If the two outcomes are equal, the dice are tossed

again, and the process repeated. If the dice are unequal, their sum is recorded.
Determine the probability mass function for the sum.

2.6 Let N be the namber of losses and let S be the sum. Then PriN =n, S=k} = (-})"_l(gpk) where
3_4

P3=Pu=Pi=Pu= 5iPs=DPs=ps=ps= % and p, = L. Finally Pr(S =k} =3, PrfN=n,§ =
k} = pi. (It is not a correct argument to simply say Pr{S = k} = Pr{Sum of 2 dice = kIDice differ).

Compare with Exercise II, 2.1.)

1.2.7 Let U and W be jointly distributed random variables. Show that U and W are
independent if

Pr{U > uand W > w} = Pr{lU > u}Pr{W > w} forall u,w.

Given a pair (X, Y) of random variables, their joint distribution function is the function
Fxy of two real variables given by

Fxy(x,y)=F(x,y)=Pr{X <x and Y <y}.

If it happens that F(x, y) = Fx(x) x Fy(y) for every choice of x, y, then the random
variables X and Y are said to be independent. If X and Y are independent and possess



variable X. The probability that the event occurs is written Pr{X < x}. Allowing x to

vary, this probability defines a function

F(x) =Pr{X < x}, —00 < X < 400,

called the distribution function of the random variable X. Where several random vari-
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1.27 Let U and W be jointly distributed random variables. Show that U and W are
PCANBY = 1= (A“0RY)

independent if

Pr{U > uand W > w} =Pr{l/ > u} Pr{W > w} forall u,w.
Fx) = PiXes)

Sine Vond W are SO

- P (U>u of W >ws)
‘-(? (U>W+PWrwY = PUYL owd mn.h)
- (- FW) (- rum)—[(l— F) (- ?(w))]

T - S - E) « F ) F W

Pluosumim swl =

+ F) - LF FOw) 4

L) Flw)

"

2.7 We are given that (*) Pr{U > u, W > w} = [1 — F (©)][1 — F(w)] for all u, w. According to the
difinition for independence we wish to show that Pr{U = u, W = w} = F (u)F (w) for all u, w. Taking

complements and using the addition law
Pr{U su Ws=s w} =1 —Pr{U> uorw> w}
=1-[Pr{Uu>u} + P{W>w} - Priu>u, w> w}]

1= [t - Fo@) + (1 - Fuw) - (1 - E(@)t - Fo(w)

= Fy(u)Fy (w) after simplification.

¥ :

2.8. Suppose X is arandom variable with finite mean w and variance o,
and ¥ = a + bX for certain constants a, b # 0. Determine the mean and

variance for Y.

28 (a) E[Y] = Ela + bX] = f(a + bx)dFy(x) = a [dFy(x) + b [xdF{(x} = a + BE[X] = a + bu.In
words, (a) implies that the expected value of a constant times a random variable is the constant times
the expected value of the random variable. So E[b*(X — u)’] = PE[(X — w)*].

(b) VarlY] = E[(Y — E{Y})'] = El(a + bX — a — bu)'] = E[b"(X ~ p)] = P’E[(X — u)] = b0
1.2.9 Determine the mean and variance for the probability mass function

2n —k
Ml k=12

k) =
) nin—1)



2.9 Use the usual sums of numbers formula (See I, 6 if necessary) to establish

ZI\(H—I\) —n(n+ 1)(n—1); and

ZL (n—l\)—nZI\' Z:I\z —n (n+l)(n—]) SO

Zk(n—l\) —(n+ 1)
n(n—

2 1
E[X"] = — Zl\ (n—k)= 6"("+ 1), and

5 -
Var[X] = E[X“] — (EIX)? = = (n+ D -2).

E[X

2.10. Random variables X and Y are independent and have the proba-

bility mass functions

px3) =3 pl2) =3,

Determine the probability mass function of the sumZ =X + Y.

2.10 Observe, for example, Pr{Z = 4} = Pr{X = 3,Y = 1} = (§)(%); using independence. Continuing

in this manner,
z 1 2 6
Pr{Z = z} f—z 1 1

by
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1.2.11 Random variables U and V are independent and have the probability mass

functions
| 1
pu(0) = 3 Pv(l)—i,
pu(l)—l, pv(2) = 1
3 2
l

Determine the probability mass function of the sum W=U + V.



A random variable X is called discrete if there is a finite or denumerable set of
distinct values xy,x2,... such that ¢; =Pr{X =x;} >0fori=1,2,... and X;q; = 1.
The function

pxp))=px(xjy=a; fori=1,2,... (1.1

is called the probability mass function for the random variable X and is related to the
distribution function via

px) = F(x) —F(x—) and F(x) =) p(x).

| Ang. ! =
/M/@ aé mtx.c:éf;z Z;( /ﬁ- .. ld/ U—f-V ...... /e &wﬁ"

ZW—’f /*/214/ 2] i3] aund S e yf.
/)f,ﬂ'V, .......... //[U.-ﬂ |7 /f... LlLl ) -{

- prtW=2f = pif U, V. Zf-f- ZU_J Vetf

= ..3"..(_.4;} -+ :;{ (_;:/J,g— '2 e 2 = %
L /QfZW"j /YZU::/ V.ﬂ'?:f.f-/pfzu ........ V"‘Zf ............
..... - '; )t )= ; ‘*"5/""“"“31‘

[\
A
™




Pe |3 Y3 VY3 9r"/2 v.
W= L +V Pw: D = furo , VERR '/3)‘5. = 7"_
Pw:=2) :iuzo.\l:Lp-iU:t,\J: § = 322 + Ysr'a= Z
w ot o2 3 4 Pawz3d= (L=, vz23+{u=2,v= Rz Bx" + vzve = %
P Yy s 5o Plw=6): u:2, vzl Y3x %2 = "%

2.11 Observe, forexample, Pr{iW =z} = Pr{U =0,V =2} +PriU=1,V=1}= + + 1 + 1 Continuing

in this manner, arrive at

w 1 2 3 4
Priw = w} : 1 5 T

2.12. Let U, V, and W be independent random variables with equal vari-

ances o-. Define X = U + Wand Y = V — W. Find the covariance be-
tween X and Y.

2.12 Changeing any of the random vanables by adding or subtracting a constant will not affect
the covariance. Therefore, by replacing U with U-E[U], if necessary, etc, we may assume, without

loss of generality that all of the means are zero. Because the means are zew, Cov{X, Y] = E[XY] —
E[X]E[Y] = E[XY] = E[UV — UW + VW — W’ = —E[W?] = —d% (E[UV] = E[U]E[V] = 0, etc.)

1.2.13 Let X and Y be independent random variables each with the uniform probabil-
ity density function

Fl) = | forO0<x <1,
Y=o elsewhere.

Find the joint probability density function of U and V, where U = max{X, Y}
and V = min{X, Y}.



213 Pr{v< V, U= u}=Pr{v<X€ pv<Y = u}
= Pr{v <X = u}Pr{v <¥Y= u} (by independcncc)
2omb |
= I ffwvjaway
(v v}vev=u=a

= [l fa.

The integrals are removed from the last expression by successive differentiation, first w.r.t. v (chang-
ing sign because v is a lower limit) than w.r.t. . This tells us



1.3 The Major Discrete Distributions

1.3.1 Consider tossing a fair coin five times and counting the total number of heads
that appear. What is the probability that this total is three?
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1.3.2 A fraction p = 0.05 of the items coming off a production process are defective.
If a random sample of 10 items is taken from the output of the process, what is
the probability that the sample contains exactly one defective item? What is the
probability that the sample contains one or fewer defective items?
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1.3.3 A fraction p=0.05 of the items coming off of a production process are defec-
tive. The output of the process is sampled, one by one, in a random manner.
What is the probability that the first defective item found is the tenth item
sampled?
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1.3.4 A Poisson distributed random variable X has a mean of A = 2. What is the prob-
ability that X equals 2?7 What is the probability that X is less than or equal to 2?
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Problems

3.1. Suppose that X has a discrete uniform distribution on the integers
0,1,...,9, and Y is independent and has the probability distribution
Pr{Y =k} =a,fork =0, 1,.... What is the distributionof Z=X + Y
(mod 10), their sum modulo 10?

3.1 Z has a discrete uniform distribution on 0,1,...,9.

3.2. The mode of a probability mass function p(k) is any value k* for
which p(k*) = p(k) for all k. Determine the mode(s) for

(a) The Poisson distribution with parameter A > 0.
(b) The binomial distribution with parameters » and p.

3.2 In maximizing a continuous function, we often set the desirative equal to zero. In maximizing a
function of a discrete variable, we equate the ratio of successive terms to one. More precisely, k¥ is the

. p(k + 1) .. n—k[ p <1 )
smallest k for which p(k) < 1, or, the smallest k for which T 1 m . Equivently, (b)

k* = [(n + 1)p] where [x] = greatest integer < x. For (a) let n = =, p —0, 4 = np. Then k* = [1].



1.3.3 Let X be a Poisson random variable with parameter A. Determine the probabil-

ity that X is odd.
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33 Recall that ¢* =1+ 1+ 5—+§+ ... and e“1=1—1+5—? + --- so that sinh 2
1 _ LI L . et 1
E(e‘ —eH) =1+ TrE T Then Pr{Xisodd}= = - =€ * sinh(1) = E(l

e ).



3.4. Let U be a Poisson random variable with mean u. Determine the
expected value of the random variable V = 1/(1 + U).

o1 e et A
M-S e T T

3.5. LetY =N — X where X has a binomial distribution with parame-
ters N and p. Evaluate the product moment E[XY] and the covariance
Cov[X, Y].

35 Exv]= E[X(N - X)] = NE[X] - E[Xz]
= N?p - [Np(l - p) + szzl = sz(l—p) - Np(l - p)
CoV[Xx,Y| = E[XY] - E[X|E[¥]=—Np(1 -p)}

3.6. Suppose (X,, X, X;) has a multinomial distribution with parameters
Mand m, >0fori=1,2,3, withm, + m + m, = L.

(a) Determine the marginal distribution for X,.

(b) Find the distribution for N = X, + X..

(c) What is the conditional probability Pr{X, = kN =n} for
O0=k=n?

3.6 Your intuition should suggest the correct answers: (a) X| is binomially distributed with parameters
M and m; (b) N is Binomial with parameters M and &, + =,; and (c) X, given N = n, is conditionally
binomial with parameters n and p = m/(x, + m,). To derive these correct answers formally, begin with

] ..
Pr{X, =i X,=j, Xs =k} = E%n{ngz§;i+j+k=M.

Sincek=M—(+])
M

__.__.____;r";zjn'M_'-_i; O=i+j=s M.
ppMm—i-p !

PriX, =i X, =j}=



@ Prix, =i} =3 Pr{X, =i X, =}
ML s (M-
- a(M—s):El,ga MM —i-j)

L= (ﬁ:{)ﬂ;(ﬂz + E3)M‘£, i=0,1,..., M.

-
(b) Observe that N = n if and only if X; = M — n. Apply the results of (a) to X5

Pr{N n} Pr{X, M- n}— ( _n}!(x1+xz) 7 2o

Pr{X, =k X,=n—k}

(c) Pr{Xl =klN=n}= Pr{N=n}

M!

) ju —k M -n
A=A g
Mt Ly
—T (M — n)! (rr, + n:z) pred

k n—k
= n r i } [ T } ,k=0,1,...,n
k!(n - k)!Lﬂl + T, T +

3.7. Let X and Y be independent Poisson distributed random variables
having means w and v, respectively. Evaluate the convolution of their
mass functions to determine the probability distribution of their sum Z =
X+YVY.

Ans: mgf af 5;-_-“ i{;}_z?n#afﬁn. X ard otz .. /M /Q%ffm Jof ll
AL mn) = /W X ] P nkf

) T rvPa
A £
mﬁ% Tl 2K -

Py =

(ﬂ+ / to Rl
o /?f(Z:n) e = / Mot U‘) %u&:g&mﬁmpw ............
o VZ,\/fJa/s:m (/-L+U_'/ =H=




3.7 Pr{Z-= n} = gPr{X =k}Pr{y =n -k}

n —H {“' k] —v n
_ pe™ v e = ) 1 n!
= (n— k)! € nt kE_:,} kf( — k)
_ M )

n!
Z is Poisson distributed, parameter x + v.

ﬂkvu-ic

(Using binomial formula.)

3.8. Let X and Y be independent binomial random variables having pa-
rameters (N, p) and (M, p), respectively. Let Z=X + Y.

(a) Argue that Z has a binomial distribution with parameters (N + M, p)
by writing X and Y as appropriate sums of Bernoulli random vari-
ables.

(b) Validate the result in (a) by evaluating the necessary convolution.

3.8 (a) X is the sum of N'findependent Bemoulli random variables, each with parameter p, and Y is
the sum of M independent Bemnoulli random variables each with the same parameter p. Z is the sum
of M + N independent Bernoulli random variables, each with parameter p. _

(b) By considering the ways in which a committee of # people may be formed froma group comprised

of M men and N women, establish the identity (M N ) -3 [{: J[ M k}.
n k=0 =
Then

Pr{z=n} = Zopr{x = KPr{Y = n - k}

P LI P o e

El -
[M N "(l—p)M+N for n=0,1,...,.M+ N,
n

Note:

[1:]=0 for k> N.

3.9. Suppose that X and Y are independent random variables with the
geometric distribution

plk) =(1 — mz* fork=0,1,....

Perform the appropriate convolution to identify the distribution of Z = X
+ Y as a negative binomial.



39 Pr{X+Y=n)= Y Pr{X=k Y=n—k}= 3 (1 - z)rt(1 — e
k=0 k=0

= (1 - E)zft"i 1= (n + 1)(1 - Jt}zir" forn=0.
k=0
3.10. Determine numerical values to three decimal places for
PriX=4k},k=0,1, 2, when

(a) X has a binomial distribution with parameters n = 10 and p = 0.1.

(b) X has a binomial distribution with parameters n = 100 and p =
0.01.

(c) X has a Poisson distribution with parameter A = 1.

3.10 k Binomial Binomial Poisson
n=1§£=.1 n=10p=.01 A=
0 .349 366 368
1 .387 370 368
2 .194 185 184

3.11. Let X and Y be independent random variables sharing the geo-
metric distribution whose mass function is

pk) = (1 — mw* fork=0,1,...,

where 0 < w < 1.Let U = min{X, Y}, V=max{X, Y},and W=V - U.
Determine the joint probability mass function for U and W and show that
U and W are independent.

U=u, W=0}=Pr{X=u Y=u}=(1-z)n™, u=0.
=u W= w>0} Pr{X—uY u+w}+Pr{Y u X= u+w} 2(1-::)

Pr{
v
{U u}=ZPr’{U=u,W=w}=Jz (l—n').
{w=o}= ZPr{U u, W=0}=(1-n) [(1-7%).
{

{

Zu-l-w

Pr

¥

3

v

riW= w>0} [(l—n: 1—:: ]n“’,and

Priu=u w= w} Pr{Uu = u}Pr{W-— w} for all u,w.



3.12. Suppose that the telephone calls coming into a certain switch-

board during a one-minute time interval follow a Poisson distribution with

mean A = 4. If the switchboard can handle at most 6 calls per minute,

what is the probability that the switchboard will receive more calls than it

can handle during a specified one-minute interval?

[] 4ke—4

3.12 Let X = number of calls to switch board in a minute. Pr{X=7}=1-3

= .111.
- K

3.13. Suppose that a sample of 10 is taken from a day’s output of a ma-
chine that produces parts of which 5 percent are normally defective. If 100

percent of a day’s production is inspected whenever the sample of 10
gives 2 or more defective parts, then what is the probability that 100 per-
cent of a day’s production will be inspected? What assumptions did you

ferio}/&#o#a/e,ec o

prSf—=af —(0.95) M . 597
M 5 ,
- {j? —( 1)(0-45).2(0.05)]  Biiomiad] clists

/Jb‘.‘fbﬁai/l

=10 {0.95,)3(0,05/
=.4-3{5.4

ﬂ/[/(ZZj:-f_/a'S—gg:?_r 0-2/51,)

M{,,\,z;?“ ‘ — 0.0882.=.3.62 ). cBuch (s.1E ,,;;A%,_jﬁg
AT d 0.9 ﬁdﬂa’sf»-l)galucﬂdm well e,_..m%m ............................

3.13 Assume that inspected items are independently defective or good. Let X = # of defects in
sample. '

Pr{x =0} = (95)" =599
Pr{X =1} = 10(.95)'(.05) = 315
pr{xz 2} =1 - (599 + 315) = .086.



3.14. Suppose that a random variable Z has the geometric distribution
pk)=p(l —p) fork=0,1,...,
where p = 0.10.

(a) Evaluate the mean and variance of Z.
(b) What is the probability that Z strictly exceeds 10?

3.14 (a) E|Z]=

p ’ p’
() Pr{Z > 10} = (9)° = 349.

3.15. Suppose that X is a Poisson distributed random variable with
mean A = 2. Determine Pr{X = A}.

an b Rl s =

..... W/Z/X\<2, . Z = Zr {\ r_j\/ = .{) PIBALY 6\)

VN
R pet]




3.16. Consider the generalized geometric distribution defined by
pe=b(1-p) fork=12,...,

and
Po=1=2 P

where 0 <p <landp =b =p/(l — p).

(a) Evaluate p, in terms of b and p.

(b) What does the generalized geometric distribution reduce to when
b = p? When b = p/(1 — p)?

(c) Show that N = X + Z has the generalized geometric distribution
when X is a Bernoulli random variable for which Pr{X = 1} = a,
0 < a <1, and Z independently has the usual geometric distribu-
tion given in (3.4).

316(a)p0—1—b21— “=1- b[—-——-—}
k=1

(b) When b = p, then p, is given by (3.4).
When b = ﬁ then p, is given by (3.5).
() PriIN=n>0}=Pr{X=0,Z=n} +Pr{X=1,Z=n- 1}
(-l var-A”
= [(1 - a)o + ap/(1 - p)f1 - p)
Sob= (1 —a)p + apl(1 — p).



1.4 Important Continuous Distributions

1.4.1 The lifetime, in years, of a certain class of light bulbs has an exponential dis-
tribution with parameter A = 2. What is the probability that a bulb selected at
random from this class will last more than 1.5 years? What is the probability

that a bulb selected at random will last exactly 1.5 years?

A nonnegative random variable T is said to have an exponential distribution with
parameter A > 0 if the probability density function is

re—M fort >0,
frn = {0 fort < 0. (1.38)
The corresponding distribution function is
l—e™»  fort>0,

FT(’)zlo ) for t < 0 (1.39)

sl T Orfl2)..y.. ) 2.
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1.4.2 The median of a random variable X is any value a for which Pr{X <a} > % and

Pr{X > a} > % Determine the median of an exponentially distributed random
variable with parameter A. Compare the median to the mean.

~Tor exp. distn f
Pd? ﬁo(‘?() ="A é‘%? ;(7)0 A

cox| fru=1- & )“
_\*
9{-1()-: < |
|
wah:@/%um(lﬁﬂ'ﬁ.‘ 7 ‘{ X i >4

Mcaa = ——

o

A -

4 -L 5‘\(-’“&-\ =i Ca l/:

(7»”()(74) 7 il rf(thyj,L
pabil | C DF

AR L | sha =L

= € 7= .. |
.. oz H) ~ = PO

-da - bz ‘M < WG

a2 -Aa S-taz

—" j | L-A ¢ a ~ C“v
oo ‘d S —_-—’;—’ / @ A |

@ M@ : o ~ \ // A
. = a=—te oRd ol

w\f,JA'dh- {')T /L r‘LrX P ()\/ ‘ b/u l,(ff\; "‘("\/— |
,', an / mes {”"’ «/\'-\ ( al A 0.7 ,-\

1.4.3 The lengths, in inches, of cotton fibers used in a certain mill are exponentially
distributed random variables with parameter A. It is decided to convert all mea-
surements in this mill to the metric system. Describe the probability distribution
of the length, in centimeters, of cotton fibers in this mill.
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1.4.4 Twelve independent random variables, each uniformly distributed over the inter-

val (0, 1], are added, and 6 is subtracted from the total. Determine the mean and
variance of the resulting random variable.

Ve Lt /K/i o  Mnirm (0,1)... K= 1 2.,._,,,,/‘2__.‘[ N—
ETX ) =4 (a+h) = _5_(041/, 4

Var (K)o A (b—a)® =L (1-0) s

124
oL /(,Mn Sl /";:," &
d . AR T & 4 Vg S
e L ) ,-::b,{?/ ( -,&/ — b6 —==»\Q
/'-'f' .‘,()I/-’FIL/:- L(,\../"".)‘ ,[;_!C,“:O
— |
/ /r/ // — " 5 4 "',f.'- ,) -0 = -L
V.l‘ o N A e Vol Y "',.
./’"(/ ra/(/l '/)A’/ /I" ~— il Ay 'd!‘/’lf{_:/ S

» v/ P | 0
o
- 3 . i e
= = = == “rur == = m

1.4.5 Let X and Y have the‘]oint normal distribution described in equation (1.47).

What value of o minimizes the variance of Z = aX + (1 —a)Y? Simplify your
result when X and Y are independent.
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1.4.7 Given independent exponentially distributed random variables S and T with
common parameter A, determine the probability density function of the sum
R = S+ T and identify its type by name.



Problems

4.1. Evaluate the moment E[e*?], where A is an arbitrary real number

and Z is a random variable following a standard normal distribution, by
integrating

4o 1
E AL Az —23f2 :

[e ]_L by L dz
Hint: Complete the square —!z2 + Az = —![(z — A)* — A?] and use
the fact that

%

Tl
1=

e z-A2 dZ =1.



4.1 E[e”] J_I dz = ¢ 72:;

4.2. Let W be an exponentially distributed random variable with para-
meter 8 and mean pu = 1/6.

(a) Determine Pr{W > u}.
(b) What is the mode of the distribution?

42 (a) Pr{w::- % = =1 =368....

(b) Mode = 0>~

4.3. Let X and Y be independent random variables uniformly distributed
over the interval [@ —3, @ + 3] for some fixed 6. Show that W = X — Y has
a distribution that is independent of @ with density function

1+w for—1=w<0,
fowW) =11 —w forO0=w=1,

0 for Iw| > 1.

o3z 4 34 J'e—g{z-l}‘ dzb = et

43 X — @ and Y — @ are both uniform over [—1, 1], independent of 6, and W = X — Y = (X — 6)
= (Y — 6). Therefore the distribution of W is mdependent of 6 and we may determine it assuming

6 = 0. Also, the density of W is symmetric since that of both X and Y are.

y

PAW > wh=Pr{X>Y +w}= Z(1-w]. w>0

A*—I}y+w

Sof,(wy=1-w forjeswgl
andf,(W)=1—Iwl for ~-1=w=+1




4.4. Suppose that the diameters of bearings are independent normally
distributed random variables with mean w, = 1.005 inch and variance o;
= (0.003)* inch®. The diameters of shafts are independent normally dis-

tributed random variables having mean u; = 0.995 inch and variance o3
= (0.004)’ inch?.

Shaft Bearing

Let § be the diameter of a shaft taken at random and let B be the diameter
of a bearing.

(a) What is the probability Pr{S > B} of interference?
(b) What is the probability of one or fewer interferences in 20 random
shaft-bearing pairs?

Hint: The clearance, defined by C = B — §, is normally distributed
(why?), and interference occurs only if C < 0.

44 = .010; o7 = (005)', Pric < 0} = Pr{c — < “6((‘1150} = Pr{z< -2} = 0228

4.5. If X follows an exponential distribution with parameter o = 2, and

independently, Y follows an exponential distribution with parameter g =
3, what is the probability that X < ¥?

4.5 Pr{X < Y} = E{E%"“dy}ze"hdx = %



1.5 Some Elementary Exercises

1.5.7 Let X}, X5, ..., X,,-be inde];endent random variables that are exponentially dis-
tributed with respective parameters Aj, Az, ..., An. Identify the distribution of
the minimum V = min{Xy, X2, ..., Xn}.

Hint: For any real number v, the event {V > v} is equivalent to {X; > v, X2 >
V,....,Xp > vh
Given X, ~exp(4)), X, ~exp(4,), ..., X, ~exp(4,) are independent r,vs
To get distribution of V s.t min V=min (X, X,,X;, ..., X )
Letmin V=v, vel
© Pr(VEV)pr(X,>V)pr(X,>V) ... pr(X, >)

— A,V —A,V

=e Ve

YA
Lopr(V>v)y=e

oV~ exp(z A)

.. ©

. 'V 1s exponentially distributed with parameter Z A,

i=1

Problems

5.1. Let X, X,, ... be independent and identically distributed random
variables having the cumulative distribution function F(x) = Pr{X = x}.
For a fixed number £, let N be the first index k for which X, > £ That is,
N=1ifX, > & N=2if X, = £and X, > & etc. Determine the proba-
bility mass function for N.

51 Pr{N> K} =Pr{X,<E... X, <E} = [F(.r;]]“, k=0,1,...

PN =k} =Pr{N>k -1} - PN > &} = [t - FE)|F(E) ", k=1.2....

5.2. LetX,, X,, ..., X, be independent random variables, all exponen-
tially distributed with the same parameter A. Determine the distribution
function for the minimum Z = min{X,, ..., X,}.



52 Pr{Z >z} = Pr{X,>z,....X, > ¢} = Pr{X, > z}-...-Pr{X, > 2}
=e M. e =g 2> 0.
Z is exponentially distributed, parameter nd.
5.3. Suppose that X is a discrete random variable having the geometric
distribution whose probability mass function is
pk) = p(1 — p) fork=0,1,....

(a) Determine the upper tail probabilities Pr{X >k} fork=0,1,....
(b) Evaluate the mean via E[X] = Z,., Pr{X > k}.

s3 Pr{x>k}= 3 p1-p) =(1-p)" k=0,1...

I=k+1

E[x]= ;H{X}k} = 1%.

5.4. Let V be a continuous random variable taking both positive and
negative values and whose mean exists. Derive the formula

= 0
EVI= [l - Fmldv— | F.0)av.
0 -

5.4 Write V= V' — V" when V" = max{V,0} and V" = max{—V,0}. Then Pr{V* > v} = 1 — Fy(v)
and Pr{V™ > v} = F(—v) for v > 0. Use (5.3) on V* and V" together with E[V] = E[V"] — E[V"].
Mean does not exist if E[V'] = E[V ] = .

5.5. Show that

EW) = [ 211 = Fyu)] dy
0

for a nonnegative random variable W.

55 E[W"] =[ P={W2 > :}d: = [1 - FW(J;Hdt = 2y[1 - F,,,(y)]dy by letting y = +/r.

5.6. Determine the upper tail probabilities Pr{V >t} and mean E[V]
for a random variable V having the exponential density

0 forv <0,
frtv) = {)«e"‘" forv =0,

where A is a fixed positive parameter.



56 pr{v>1} = [aeav = e B[V = [ Pr{v>dfde= S [ 2e = <.

5.7. LetX, X,, ..., X, be independent random variables that are expo-
nentially distributed with respective parameters A,, A, ..., A,. Identify
the distribution of the minimum V = min{X,, X,, ... . X, }.

Hint: For any real number v, the event {V > v} is equivalent to
(X, >vX,>v,...,X, > v}

5.7 Pr{V:> v} = PT{X]_ >V X, > V} =Pf{X1 = "'}'“'.'Pr{Xn > V}

T L T

V is exponentially distributed, parameter =%,

5.8. Let U, U, ..., U, be independent uniformly distributed random
variables on the unit interval [0, 1]. Define the minimum V, =
min{U,, U,, ..., U}. :

(a) Show that Pr{V,>v} =(1 —v)'for0=v=1.
(b) Let W, = nV,. Show that Pr{W, > w} = [1 — (w/n)]"for0 = w = n,

and thus
limPr{W, > w} =e™ forw=0.
=
58 Spares | 3 | 2| 1 | 0o |
A | 4 | &
B X I 3 |
O I T D T A
Meanl oz 1 22 | 22 | 21 |
Expected flash ﬁgﬂoperating duration = L + L + L + L_2_ 2 Expected battery oper-
24 24 24 24 A4

ating durations!



5.9. A flashlight requires two good batteries in order to shine. Suppose,
for the sake of this academic exercise, that the lifetimes of batteries in use

are independent random variables that are exponentially distributed with
parameter A = 1. Reserve batteries do not deteriorate. You begin with five
fresh batteries. On average, how long can you shine your light?

On average, you can shine your light for 2 units of time.

Step 1: Identify the Distribution of Battery Failures

The flashlight requires two batteries to operate. Let the lifetimes of the batteries be

X . X;. ..., X5, which are independent and identically distributed (i.i.d.) exponential random
variables with parameter 4 = 1. The time until the first battery failure occurs while the
flashlight is on is the minimum of the lifetimes of the two batteries currently in use. ®

Step 2: Determine the Expected Time Between Failures

If two batteries are in use, each failing at rate A = 1, the time T until the first failure follows
an exponential distribution with a rate equal to the sum of the individual rates:

A = A+ A=2(1)=2
The expected time for one such interval is:

11

E[T] =

A 2

tatal

Due to the memoryless property of the exponential distribution, when one battery is
replaced by a fresh one, the remaining battery in the flashlight acts as if it were new.
Therefore, every interval until a failure occurs (as long as a spare is available) has an
expected duration of 1/2. %

Step 3: Calculate the Total Number of Intervals

The process starts with 5 batteries. The flashlight continues to shine as long as there are at
least 2 functional batteries. Each failure reduces the count of functional batteries by 1: =

1. First failure: 5 batteries — 4 batteries remaining.
2. Second failure: 4 batteries — 3 batteries remaining.
3. Third failure: 3 batteries — 2 batteries remaining.

4. Fourth failure: 2 batteries — 1 battery remaining.
The flashlight stops after the fourth failure because only 1 battery is left, which is
insufficient to power the device. There are 4 intervals of operation. %

Step 4: Calculate the Total Expected Shine Time
The total time T, is the sum of the four independent intervals T}, T5, T3, Ty:
E[Tyal = EITi] + E[T;] + E[T;5] + E[T4]

1 1 1 1
ElTpal =5 +5+5+5=2

]

Answer:

The average time the flashlight can shine is 2 units of time.



2 Conditional Probability
and Conditional Expectation

2.1 The Discrete Case

Problems

1.1. Let M have a binomial distribution with parameters N and p. Con-
ditioned on M, the random variable X has a binomial dlstnbutmn with pa-

rameters M and .

(a) Determine the marginal distribution for X.
(b) Determine the covariance between Xand Y = M — X.

L1(a) Pr{X=k} = Zk;(_NN__p (1-p)"" k!(mmz_ 5 T

= (f}@] (1-3;;0)N-k fork=10,1,...,N.

() E[xv] = E[mx] - E[x]; E{m]-
E[mM*]| = N*p* + Np(1 - p); E[x|M| = M=
E[X] = Nnp; E[X=|M] = M’a® + Ma(l — z;
E{X"] qup + Nr*p(1 — p) + Nap(1 — 7),
E[MX]= {ME[X|M]} = zN*p* + Np(1 - p)]
Coffx.Y] = E[X(M - X)] — E[x|E[M - X] =—Np*x(1 - =)
1.2. A card is picked at random from N cards labeled 1, 2, ..., N, and

the number that appears is X. A second card is picked at random from
cards numbered 1, 2, ..., X and its number is Y. Determine the condi-

tional distribution of X given Y =y, fory=1,2,....

= =y = Vx orl=sy=x=
Pr{X = Ay = y} T+t U] forl<y=x=N.



1.3. Let X and Y denote the respective outcomes when two fair dice are
thrown. Let U = min{X, Y}, V= max{X, Y},andS=U+ V., T=V - U.

(a) Determine the conditional probability mass function for U given
V=nw
(b) Determine the joint mass function for S and T.

forl=u<v==6

13 (a) Pr{U = uIV_= v}*= 3 z

v—1
= z forl=u=v=6
2v—_1 :
13 (b) Pr{s=s T=1t}
tfs 2-3 4 5 6 7 8 9 10 11 12
o L 1 1 1 1 1
36 36 36 36 36 36
1 2 2 2 2 2
= 36 36 36 36 36
2 2z 2 2
36 36 36 36
3 2 2 2
36 36 36
2 2
4 el =
36 36
2
5 _
36

8

1.4. Suppose that X has a binomial distribution with parameters p = }
and N, where N is also random and follows a binomial distribution with
parameters ¢ = ; and M = 20. What is the mean of X?

1.4 E[X|N]=-;i; E[X]=20><%><%=-§-.

1.5. Anickel is tossed 20 times in succession. Every time that the nickel
comes up heads, a dime is tossed. Let X count the number of heads ap-
pearing on tosses of the dime. Determine Pr{X = 0}.

20
15 Pr{x=0}= (%] = .00317.



1.6. A dime is tossed repeatedly until a head appears. Let N be the trial
number on which this first head occurs. Then a nickel is tossed N times.
Let X count the number of times that the nickel comes up tails. Determine
Pr{X = 0}, Pr{X = 1}, and E[X].

1.6 p,{z_v = n} =£%) n=12,...
- Pr{X=KN=n} = (ZI%] 0<k=n
rix-up-3(7]3)

n=1

- (1) 1
Pr{X =0} = .,=1[z) =3
E 4

Prix=1}=3"_ /{%],, = %.

E[kpv] - ¥, Hx]= 1en]-1

1.7. The probability that an airplane accident that is due to structural
failure is correctly diagnosed is 0.85, and the probability that an airplane
accident that is not due to structural failure is incorrectly diagnosed as
being due to structural failure is 0.35. If 30 percent of all airplane acci-
dents are due to structural failure, then find the probability that an airplane
accident is due to structural failure given that it has been diagnosed as due
to structural failure.

30(.85)

L7 Pr{True S.F|Diag. S.F.} = (5] + 703 = 51

1.8. Initially an urn contains one red and one green ball. A ball is drawn
at random from the urn, observed, and then replaced. If this ball is red,
then an additional red ball is placed in the urn. If the ball is green, then a
green ball is added. A second ball is drawn. Find the conditional proba-
bility that the first ball was red given that the second ball drawn was red.



1(2
Pr{BothRed} _  2{3

Pr{Second Red]} 1[3]+ _1_(1]

213 213

L8 Pr{First RedISecond Red} = = %

1.9. Let N have a Poisson distribution with parameter A = 1. Con-
ditioned on N = n, let X have a uniform distribution over the integers
0, 1, ..., n+1. What is the marginal distribution for X?

19 Prix =k} = if’r{}{ = KN = n}Pr{N = r}

n=k—

I S e R D U B
_,;Hr'::ﬁZ nl —,.;,z-f [(n+1)! (n+2)!} K
fork = 0,1,... (Poisson, mean = 1)

1.10. Do men have more sisters than women have? In a certain soci-
ety, all married couples use the following strategy to determine the num-
ber of children that they will have: If the first child is a girl, they have no
more children. If the first child is a boy, they have a second child. If the
second child is a girl, they have no more children. If the second child is a
boy, they have exactly one additional child. (We ignore twins, assume
sexes are equally likely, and the sex of distinct children are independent
random variables, etc.) (a) What is the probability distribution for the
number of children in a family? (b) What is the probability distribution for
"the number of girl children in a family? (c) A male child is chosen at ran-
dom from all of the male children in the population. What is the proba-
bility distribution for the number of sisters of this child? What is the prob-
ability distribution for the number of his brothers?



1.10 A “typical” distribution of 8 families would break down as follows:

Family #1 #2 #3 #4 #5  #6  #7 #8
Children (G} [G} {G}] (G} (B.G} {B.G} (B.B.G} {B,B,B}

(a) LetN = the number of children in a family
1 _ a1
pr{N=1}= > PriN=2} =Pr{N=13}= T
(b) Let X = the number of girl children in a family,
1 7
Pr{x =0} = L prix=1}= 3
(c) Family #8 is three times as likely, and family #7 is twice as likely to be chosen as families #5

and #6. .
Pr{No sisters} = Pr{#B} = % ’

Pr{One sister} = %

Pr{Two brothers} = R.{#S}

~ 9w

Pr{()nc brother} = P,{#7}
2
>

Pr{No brothers} =



2.2 The Dice Game Craps
Problems

2.1. Let X,, X,, ... be independent identically distributed positive ran-
dom variables whose common distribution function is F. We interpret X,
X,, ... as successive bids on an asset offered for sale. Suppose that the
policy is followed of accepting the first bid that exceeds some prescribed
number A. Formally, the accepted bid is Xy, where

N=min{k=1;X,> A}.
Seta=Pr{X, > A} and M = E[X,].
(a) Argue the equation

M=deF(x)+(] - oM
A

by considering the possibilities, either the first bid is accepted, or it
is not.
(b) Solve for M, thereby obtaining
M=a' f x dF(x).
A
(¢) When X, has an exponential distribution with parameter A, use the
memoryless property to deduce M = A + A7,
(d) Verify this result by calculation in (b).

2.1 (a) The bid Xr = x is accepted if x > A; Otherwise, if O = x < A, one is back where one started
due to the independent and identically distributed nature of the bids.

x ifx> A;
Hxapt =2 =1, 0= a

(b) The given equation results from the law of total probability:
E[Xy]= f E[ X yIX, = x] dF(x).

(c) When X is eprneptially distributed the conditional distribution of X, given that X > A, is
the same as the distribution of A + X.

(d) When dF(x) = Ae™dx, then

T oaa dxg. Ay g 13 _ 1
a=e and J:x.le dx—Aa+a_‘:yle ’dy—a[A+I and M—A+I'



2.2. Consider a pair of dice that are unbalanced by the addition of
weights in the following manner: Die #1 has a small piece of lead placed
near the four side, causing the appearance of the outcome 3 more often
than usual, while die #2 is weighted near the three side, causing the out-
come 4 to appear more often than usual. We assign the probabilities

Die #1

p(1) = p(2) = p(5) = p(6) = 0.166667,
p(3) = 0.186666,

p(4) = 0.146666,
Die #2
p(1) = p(2) = p(5) = p(6) = 0.166667,
p(3) = 0.146666,
p(4) = 0.186666.
Determine the win probability if the game of craps is played with these
loaded dice.

2.2 The distribution for the sum is
1
) - r12) -
2 “
p3)=p(11) = 5 pl6)=p(8)= = - (02)
3

p(4) = p(10) =

Pr{Wm}_ = .4924065.



2.3 Random Sums

2.3.3 Suppose that upon striking a plate a single electron is transformed into a number
N of electrons, where NV is a random variable with mean y and standard devia-
tion o. Suppose that each of these electrons strikes a second plate and releases
further electrons, independently of each other and each with the same probabil-
ity distribution as N. Let Z be the total number of electrons emitted from the
second plate. Determine the mean and variance of Z.

p&f- @ -

ot

1 o L ‘

E(f)=pH, vor (§)="7 /),/‘/:,/\/ v
L, /4’;:_ /1,

S (M= P i T ®

N \\\\ ‘\] ‘;—\/ ‘/.\

O Ah A ~Je @

3 ' o

5 8 Tidn fo”_ L

2.3.5 The number of accidents occurring in a factory in a week is a Poisson random
variable with mean 2. The number of individuals injured in different accidents
is independently distributed, each with mean 3 and variance 4. Determine the
mean and variance of the number of individuals injured in a week.

Let us assume that & and N have the finite moments

Elg] = pu, Varlg] = o,

2.29
E[N]=v, Var[N] = 12, (2.29)

and determine the mean and variance for X = £, + .- + &y as defined in (2.22). The
derivation provides practice in manipulating conditional expectations, and the results,

E(X]=uv, Var[X]=vo?+ u’c?, (2.30)
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Problems

3.1. The following experiment is performed: An observation is made of
a Poisson random variable N with parameter A. Then N independent
Bernoulli trials are performed, each with probability p of success. Let Z
be the total number of successes observed in the N trials.

(a) Formulate Z as a random sum and thereby determine its mean and
variance.

(b) What is the distribution of Z?



31(@) v=1*=1, p=p o° =p(l —p)
E[Z]=ip; Var|Z] = 2p(1 - p) + 2p* = 2p.
(b) Z has the Poisson distribution.

3.2. For each given p, let Z have a binomial distribution with parame-
ters p and N. Suppose that N is itself binomially distributed with parame-
ters g and M. Formulate Z as a random sum and show that Z has a bino-
mial distribution with parameters pq and M.

. M 1 n—. M1 " -n
32 pr{z=4k} = ;mpz(l o P (1-4q)"

- (f)(qp)k(l —qp)"" for k=01L...M.



233 Suppose that £, §,, ... are independent and identically distributed with Pr{&; =
+1} = % Let N be independent of £, &7, ... and follow the geometric probabil-
ity mass function

pn(k) = a(l —a) fork=0,1,...,

where 0 < @ < 1. Form the random sum Z =& + --- + &n.
(a) Determine the mean and variance of Z.
(b) Evaluate the higher moments m3 = E[Z3] and my = E[Z*].

Hint: Express Z* in terms of the £’s where i;'fz =l and E[§;§;] = 0.

Ans: ce. Lave

— ?l; _l 1
/ i &
Pr(27<) z =
- 7o)
v/_'I_‘__: E{;) AT_:’?; ,W(/Jkl
TSN U S— l‘//tll_-r,!/_Ll =0
N
g(f:)_—“)z(%)_,L 1204 =..1
c >
and...g2 = Mare (T )= EL T )[BT )]
R W/ N |

N ik =04
/7,‘_./1//\/ ...... f&mﬂ({,{} / ,f/(,é‘j, LAl )t .4,
e E (N A=K T W (V). = 1=

< ! e
4 Z'_— ;T—II‘U?—@J'— 1 ?/—\/ //,YZAV/QPM:E?\
5 /,,—,ﬁ /®¢( X’,;.k) ............. \ ...........
ond Vor(Z ) = o u"’Z’;‘ - \\frx )= 4;3/ ,, /
— {% {4)4,_ 0( ;1’) \@fLth—:EJ;/
o Mot (T )= ;2( I, -
5 1- 1—-a 1—
WO pm0 ot =1 v= T F =5 Hz]=0 valz]= 25

() E[z°]=0 E[z*] = E[N* +2N(N -1)]

-3 (L-a) | l—a]_z(l—a)= (1 - )6 — 5a)

az az a a,2



3.4. Suppose &, &, . . . are independent and identically distributed ran-
dom variables having mean u and variance ¢*. Form the random sum

=&+t &

(a) Derive the mean and variance of S, when N has a Poisson distrib-
ution with parameter A.

(b) Determine the mean and variance of S, when N has a geometric dis-
tribution with mean A = (1 — p)/p.

(c) Compare the behaviors in (a) and (b) as A — .

34(a) E[N|=Var[N] =4 E[Sy]=2u Var[Sy]= 1(;;2 +0?)

(b) E[N]|=2, Var[N]|= % - A1 +2)
E[Sy]|=u Var[Sy]= A(;B + 02) + A2

(c) For large A, Var[Sy] = 4 in (a), while Var[Sy] == 4% in (b).

2.3.5 Toform a slightly different random sum, let &g, £/, . .. be independent identically
distributed random variables and let N be a nonnegative integer-valued random
variable, independent of &, &1, .... The first two moments are

E[&] =, Varlg] =02,
E[N]=v, Var[N]= 12

Determine the mean and variance of the random sum Z = £y + - - - + &n.

e BT )=, Mo ()=
PR BN = BN f= e,
Vo IN44) = Yﬂr()\/).f. Yir(1) — T +.0..—-: vy

i for PR paindem. Sz X—— S 45+ +7,

o= /\/\/—\/-w

E’KX)~/4 (ot), —
--—-—Vw’/)( )= e D)o S p T -://:

3.5 E[z] (1 + g Var[Z] =vo? + u’t



2.4 Conditioning on a Continuous Random Variable*

Problems

4.1. Suppose that the outcome X of a certain chance mechanism de-
pends on a parameter p according to Pr{X = 1} = p and Pr{X =0} =
1 — p, where 0 = p = 1. Suppose that p is chosen at random, uniformly
distributed over the unit interval [0, 1], and then that two independent out-
comes X, and X, are observed. What is the unconditional correlation co-
efficient between X, and X,?

Note: Conditionally independent random variables may become de-
pendent if they share a common parameter.

Cof X, X, | = E[X,X,] - E[x,]E[x,] = %

4.2. Let N have a Poisson distribution with parameter A > 0. Suppose
that, conditioned on N = n, the random variable X is binomially distrib-
uted with parameters N = n and p. Set Y = N — X. Show that X and Y
have Poisson distributions with respective parameters Ap and A(1 — p)
and that X and Y are independent.

Note: Conditionally dependent random variables may become inde-
pendent through randomization.



42 Pr{x=iY=j} =1{r{X=i,N=z-Lj} =Pr{X=i]N=i+j}Pr{N=i+j}

=(i o= a3

_ l(a;»)"e**’} [[’*(1 —P)""A(”)]] iz

il il

(e

it

prix=i} = iP,{X= LY =j}=
2 G

!
and Pr{X = i,Y = j} = Pr{x = i|Pr{y = j} forall ; ;

Pr{i’=f} N




2.4.3 Let X have a Poisson distribution with parameter A > 0. Suppose A itself is

random, following an exponential density with parameter 6.

(a) What is the marginal distribution of X?
(b) Determine the conditional density for A given X = k.
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ity density function fx y(x,y). We define the conditional probability density fi
fxy(x|y) for the random variable X given that Y =y by the formula

fxpy (xly) ey e >0,
fr(»

unction

(2.36)
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4.4. Suppose X and Y are independent random variables having the
same Poisson distribution with parameter A, but where A is also random,
being exponentially distributed with parameter 6. What is the conditional
distribution for X given that X + Y = n?

44 Pr{Xz I,Y-_-]} = %Elﬂje_(z'ﬁ:ﬂ)"dl

. =(i+j][ : ;J Pj=o.

= I 2+6RK2+86

Pr{X=i,N=n}=[?IE—?_—§ z—iﬁj 0<i=n.
Pr{N =n}= (2 ie)[z ie)g['s] B (5%79_ 2 ie}n’ n=0.
Pr{X =N =n) =(’:J[%J 0=<i=n

4.5. Let X and Y be jointly distributed random variables whose joint
probability mass function is given in the following table:

X
-1 0 1
-1/ 35 § 0
y 0|0 5 3
1|3 0 4

plx,y) =Pr{X=x,Y =y}

Show that the covariance between X and Y is zero even though X and ¥
are not independent.

45 PriX =0,Y = 1} = 0 =Pr{X = 0})Pr{Y = 1} so X and Y are NOT independent.
E[X]=E[Y]=0, Coyx, Y] = E[XY] = % +_% — -29- = (.



46. LetX,, X, X,, ... be independent identically distributed nonnega-
tive random variables having a continuous distribution. Let N be the first
index k for which X, > X,,. Thatis, N=1if X, > X,, N= 2if X, = X, and
X, > X,, etc. Determine the probability mass function for N and the mean
E[N]. (Interpretation: X;, X,, . . . are successive offers or bids on a car that
you are trying to sell. Then N is the index of the first bid that is better than
the initial bid.)

4.6 Pr{N > n) = Pr{X, is the largest among {X,,..., X,}} = 11
, o

has the same chafge to be the largest. Or, one can integrate Pr{N > n} = J:[l - F(x)]n f(x)dx =
— [t - F) 1 - F(x)] = [yay = - i -

1 1 1
Pr{N=n}=Pr{N>n—1}—Pr{N>n}= —5— 1 = n(n+1)-

E[N]|=3_ Pr{N>n} = Z‘)n i =

since each random variable

2.4.7 Suppose that X and Y are independent random variables, each having the same
exponential distribution with parameter . What is the conditional probability
density function for X, giventhat Z=X+Y =z?

AL P (x2) — PX AN o Ry = f’/q/ )
Xz #(2) ()l Xy "
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;/XN &'f (d/ T éf (AN A("f’"x%
ek AN s B E 5
Ea w42 0).... . L. equels 1R denflg £p. b, 32
Z 76&“ it - 1 IBV«C 0_4;24“....59- s Xz
Bl K @O g A= KeEXE [3)
S g ;,.4,,‘,fu¢: (2 and(3) s (L) afe JL........
o P/&J— HBE- -m--‘(?—) ?mﬂ-— e e/““ '%:sacs%

1 )(IZ s ,,,,,,,emgaa:ﬁ,

4.7 fyz(x,2) = d’e™ for0=x=z
| 4

f-. z(x z) _ate™ 1
fx]z(xlz) fz(Z) T dPre ™ P 0<x<z

X is, conditional on Z = z, uniformly distributed over the interval [0, z].




4.8. Let X and Y have the joint normal density given in I, (4.16). Show
that the conditional density function for X, given that ¥ =y, is normal
with moments

p
Mxy = py + X
and

O'xy=0'x'¢1_p2.

4.8 The key algebraic step in simplifying the joint divided by the marginal is
2 2
Y iy 1 X~ Hx X~ Ux § Y Uy Y — Uy
x,y)— | —— =
- (252] -2 )
__1 X—px | _ (Y~
1 - Qz Ux ay

—(1_92 X *




2.5 Martingales*

2.5.2 Let Uj, U,,... be independent random variables each uniformly distributed
over the interval (0, 1]. Show that X =1 and X, =2"U,---U, forn=1,2,...
defines a martingale.
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253 Let S§o=0, and forn> 1, let S, =& + -+ + &, be the sum of n independent
random variables, each exponentially distributed with mean E[¢] = 1. Show that

X, =2"exp(=S,), n=>0

defines a martingale.
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2.5.4 Let&|, &, ... be independent Bernoulli random variables with parameter p, 0 <
p<1.Showthat Xo=1and X,, =p~"&,---&,,n =1, 2, ..., defines a nonnega-
tive martingale. What is the limit of X,, as n — o0?
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Problems

5.1. Use the law of total probability for conditional expectations
E[E(X|Y, Z}|Z) = E[X|Z] to show
E[X,.)Xo, . . ., X,] = E[E{X,..lXo, ..., X, }|Xo, 0, XD

Conclude that when X, is a martingale.

5.1 Following the suggesfion
EXeafXos - %] = B[ XX o X Jo, o
= E[X,ulXo, ... X, | = X,
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5.2. Let U, U, ...be independent random variables each uniformly
distributed over the interval (0, 1]. Show that X, = 1and X, = 2"U, - - - U,

forn =1, 2, ... defines a martingale.
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53 LetS,=0,andforn=1,letS, = g + --- + g, be the sum of n
independent random variables, each exponentially distributed with mean
E[e] = 1. Show that

X, =2"exp(—=S,),n=0
defines a martingale.

53 EX,lx,.... x| = E.[Ze"f"*‘X,, x,,]
= X, E2e™] = X,.
5.4. Let £, &, ... be independent Bernoulli random variables with

parameter p, 0 < p < 1. Showthat X, =land X, =p™ & --- §,n =1,
2, ..., defines a nonnegative martingale. What is the limit of X, as n—?

=]

54 E[X,|Xo, ... X, | =E[X,, = X.,]

p

- X,,E[g’;“ =X, lim,,. X,=0.



5.5 (b) -PI'{X,, = N for some n = 0|X, = } =

5.5. Consider a stochastic process that evolves according to the follow-
ing laws: If X, = 0, then X, ,, = 0, whereas if X, > 0, then

X. = {X,, + 1 with probability
X, — 1 with probability 3.
(a) Show that X, is a nonnegative martingale.
(b) Suppose that X, = i > 0. Use the maximal inequality to bound
Pr{X,= N for somen = 0|X, = i}.

Note: X, represents the fortune of a player of a fair game who wagers $1
at each bet and who is forced to quit if all money is lost (X, = 0). This
gambler’s ruin problem is discussed fully in III, Section 5.3.

oo B

L
N N’

(In fact, equality holds. See III, 5.3)



3 Markov Chains: Introduction
3.1 Definitions

3.1.1 A Markov chain Xp, X1, ... on states 0, 1, 2 has the transition probability matrix

0 1 2

0{f0.1 0.2 0.7
P=1(09 01 O
2(10.1 0.8 0.1

and initial distribution pg = Pr{Xp =0} =0.3,p; =Pr{Xo =1} =04, and p2 =
Pr{Xp = 2} = 0.3. Determine Pr{Xo =0,X, = 1, X, = 2}.




3.1.2 A Markov chain Xp, X|, X2, ... has the transition probability matrix

0 1 2
0.7 02 0.1
0 0.6 0.4j.
05 0 05

0
P=]
2

Determine the conditional probabilities
PriXc=1,X3=1|X, =0} and Pr{X,=1,X=1|Xy=0}.

{Il)

porapd TV
w&?() O?CLO‘
p=i| o &

_ux =S '
G pr )X’/i4’X i A g Plxx”"X.j o
= priks LT i '}
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. Nl Y /)fo/? B /}VZL
i _ s X_,

— /212/\/ { i)( ff f”Z/\, ;[}m/ fa}o,

: 2) =0z
— P P =ob(s2) =0 4



Solution. (1) By definition of the conditional probability, we have

P{X;=1X;=1X, =0}
P{X; = 0}

P{X,=1,Xs=1|X; =0} = (3.1.10)

For the nominator in the right-hand-side of the latter, again by the formula of the condi-

tional probabiliry, we have (after rearranging terms)

P{X;=1,X0=1X, =0} =P{X; = I‘X-l =0, X, =11P{Xy;=1,X, =0}
(3.1.11)
By the Markov property (3.1.1), the first term in the right-hand-side of (3.1.11) simplifies
fo

P{Xy = 1|X; = 0, X, = 1} = P{X; = 1|X, = 1}, (3.1.12)

while again by the conditional probability formula, the second term of the right-hand-side
of (3.1.10) sarisfies

P{X,=1X, =0}

B{X2=1]X =0} = — 55—y

(3.1.13)

Combining the latter formulas (3.1.10), (3.1.11), (3.1.12) and (3.1.13), we obtain

P{Xo=1,X:=1X1 =0} =P{X; =1|Xo = 1} P{Xsp = 1

X = U} = P Por.

Looking at the given transition matrix:

0 1 2
0/07 02 01
P=14910 06 04

we infer that P{Xy = 1, X3 = 1|X; = 0} = P11 Py = (0.6)(0.2) = 0.12.

Another short solution using the formula (3.1.4):

By definition of the conditional probability, we have

P{X;=0,Xy=1Xs=1}

P{X, =1,X3=1/X; =0} =

P{X, =0}
_ P{X, =0}.PyPy
- P{X, =0}

= POl-Pll:
— (0.2)(0.6) = 0.12.

(2) For the second required quantiry, we have

P{X,=0X,=1X,=1}

]P{Xl :11X221|_X0:U} =

F{X, = 0}
_ P{Xo=0}PyuPs
P{X, = 0}

= FoPu,
(0.2)(0.6) = 0.12. W



3.1.3 A Markov chain Xo, X1, X3, ... has the transition probability matrix

0 1 2

0jj0.6 03 0.1
P=1|03 03 04]j.

2104 0.1 05

If it is known that the process starts in state Xo = 1, determine the probability
PriXo=1,X; =0,X, =2}.

Let Pr{Xo =i} = p;.

Pr{Xo =io, X1 =iy,..., Xpn = in}
= PiyPiy.i, "'an—z-l'n—lp

in—1.in*

wpriX,=LX, =0,X,=2{=pP,P, ., p=pr{X,=1}=1
=1(0.3)(0.1)

~opr{X,=LX =0,X,=2}-0.03

Solution. Using Formula (3.1.4), we obtain

]P{JYD = 1,){'1 = 0,){2 = 2} = 'plplgp[]g. (3 l. 14)

From the given data, since it is known that the precess starts in the state Xo = 1, this

means that this event is certain and thus its probability is equal to 1, so for the initial state

n
o)}

we have p1 = P{ Xy = 1} = 1, while from the transition matrix P:

0 1 2
0/06 03 01
P= 1103 03 04
2\04 01 05

we see that Pyo = 0.1 and Pig = 0.3. Substituting the obtained values in formula (3.1.14),
we obtain PIXn=1. X1 =0. X5 =2} =01 PiaPro = (11.(0.3).(0.1) = 0.03. W



Ptx =1)=1
If it is known that the process starts in state Xg = 1, determine the probability
PI‘{X() = I,X] = O,Xz = 2}

et xmena=dy=P p 0, = 1001 (2) 2 003

3.1.4 A Markov chain Xp, X|, X2, ... has the transition probability matrix

0 1 2

0f0.1 0.1 0.8
P=1(02 02 0.6]|.

21103 03 04

Determine the conditional probabilities
PT{X] = 1,X2 = 1|X0 =0] and Pl‘{Xg = 1,X3 = ]|X| =0].

Markov property is that

Pr{Xns1 =Jj1Xo =0, ..., Xn—1 =in_1, Xy =i}
= Pr{Xy 1 =j1Xn =1} (3.1

for all time points n and all states ig, ..., iy, ,].

n+1 . .
P{:’ = Pr{X,+1 =J|X, = i}.

limit our discussion to this case. Then, Pf;-‘"‘H = Pj; is independent of n, and Pj; is
the conditional probability that the state value undergoes a transition from i to j in one
trial. It is customary to arrange these numbers P;; in a matrix, in the infinite square
array

PriXpr1=J1, .- . Xnem =imlXo =0, ..., Xn = in}

. . . (3.9)
= Pr{Xp+1 =J1,---, Xn+m = Jjm|Xn = in}

for all time points n, m and all states ig, ..., iy,Jj1,--..,Jjm- In other words, once (3.9) is
established for the value m = 1, it holds for all m > 1 as well.



First, to find Pr{X, =1, X, =1|X, =0}

Pr{X, =1 X, =1X, =0}

=Pr{ X, =1]X, =1.X, =0}.Pr{X, =1|X, =0} Conditional Prob. Property
=Pr| X, =1|X, =1} Pr{X, =1|X, =0} =P, P,, Markov definition
=0.2(0.1)

=0.02

Second, to find Pr{X, =1, X, =1|X, =0}

Pr{X, =1 X, =1|X, =0]

=Pr{X; =1X, =1.X, =0} Pr{X, =1|X, = 0} Conditional Prob. Property
=Pr{X; =1X, =1} Pr{X, =1]X, = 0} = P,,P,, Markov definition
=0.2(0.1)

=0.02



© 3.4 A Markov chain Xg, X, X2, ... has the transition probability matrix

V% et | X e ed
0o 1 2 pixts

- Xyus =1 %=l
olor o1 os] =7 $x, 1 X =0 . . %5 ¢ $x=1
_ P=1}02 02 06}.- f"’j_ré.;n.&, f'i".-' | Kawel
] 2[03 03 04f f, P o= (2300 =e
Determine the conditional probabilities

] PriX;=1,X2=1Xg=0} and Pr{Xs=1.X3=1|X, =0).

—_?5‘! —_"l IK——‘ xﬂa=ﬂ’s *‘ ?ixl:l h‘xc‘:ﬂl
(S ' -
C-""’..‘! waey Lt
—9<yx -1 | ?\_n[?\ x PG A =\ \.7‘*5703
1(_\2_ l ey | 3
- . A - = {:_D*‘l} (g.l-) = 0.elL

= Pox =1 | X, =0 X =03 % PoX=1 \ X, =03
LJ_‘,..\D‘:, weavlL,©-

= Poxg=d VR NSk P x| ¥ =e3

= ?iu %< P = (e2)(9\) =001

- |

P‘f_x."l";"hﬁ"} ~ P{!L--”)l,ﬂ,k,- o3 P{x.=l|x.=o}=(’$x‘_=l‘t'=l~§ ?‘j_ﬁ:llx.:-'}:m P.' 2 (s.3)(0,1) =0 02

P{.";“'l"f' h(‘:t}-. ?.[s(Iﬂ lY.I_-. L= D}P{ xz=] \x':;;:” 4’=¢ l.(ﬁ ,} P{x’n)x'g.} = f" fo‘ = lo.-q(., 1) =002



3.1.5 A Markov chain Xp, X, X, ... has the transition probability matrix

0o 1 2

0103 0.2 0.5
P=1(05 0.1 04
2]05 02 03

and initial distribution pp = 0.5 and p; = 0.5. Determine the probabilities

PriXo=1,X;=1,X=0} and Pr{X;=1,X,=1X3=0).

3.1.5 A Markov chain Xp, X}, X3, ... has the transition probability matrix

o 1 2
03 02 05
05 01 04

05 02 0.3N‘ P AL 'S
Lt

and initial distribution pp = 0.5 and py = 0.5. Determine the probabilities

0
P=
2

@ e
Xo=1.X1=1.X:=00 and PriX;=1.X2=1.Xa=0).

@ P'i}(.-.-l X, =\ . '}Kl:og
- f % ? - (o-%)[_al) (_O.t:) =2 02%

! I le

@’Fi"‘i.=": Ry =} r Ky=ol
= P P Po= o)len (08) = oeem

P4 x=1} X =218 piX=13 + PSeX=t )X =3 Pax-3

1 P + 7 £,

11 ! LA

L.I} [p_l-';) + LO-G—-] ( 0-5) T opSH4 p.15% -:@

P4 X=15

)

pg_i;-‘-l, =1, %20} =P f, ﬂ. = (g) (088 =0.028 PI: r{l._: 3=0.5
PS Xzl Azl x.‘=o} =Pf By Py = Co-18) (e )(n5) = 0.007F f=pSxa%= P{r=l2,=28plr 20

P,: P{(,ﬂ‘}"?{xl:llx.:;lﬂ*.‘ o+ P{l.:n lx,=3P (rezi) = le.5)+ P,y (e-5) = (o.l)(t-‘)-&lml)l..’)—:;_.‘!i



Problems

3.1.1 A simplified model for the spread of a disease goes this way: The total popu-
lation size is N = 5, of which some are diseased and the remainder are healthy.
During any single period of time, two people are selected at random from the
population and assumed to interact. The selection is such that an encounter
between any pair of individuals in the population is just as likely as between
any other pair. If one of these persons is diseased and the other not, with prob-
ability & = 0.1 the disease is transmitted to the healthy person. Otherwise. no
disease transmission takes place. Let X, denote the number of diseased persons
in the population at the end of the nth period. Specity the transition probability
matrix.

[k][s—kJ
. 1A 1
11 Bs=LP, =a~D— 2 k=1,2,3,4

P, = 0, otherwise.



3.1.2 Consider the problem of sending a binary message, 0 or I, through a signal
channel consisting of several stages, where transmission through each stage is
subject to a fixed probability of error «. Suppose that Xy = () is the signal that is
sent and let X,, be the signal that is received at the nth stage. Assume that {X,}
is a Markov chain with transition probabilities Pog =P =1 —« and Py =
Pjp=a,where0 <o < 1.

(a) Determine Pr{Xp = 0, X; = 0, X = 0}, the probability that no error occurs
up to stage n = 2.
(b) Determine the probability that a correct signal is received at stage 2.

Hint: This is Pr{Xp = 0,X; = 0,X; = 0} + Pr{Xo = 0,X, = 1, X2 =0).

The transition probability matrx can be written as

(i) The probability that no error occurs up to stage n=21is given as follows.
po=prX,=0)=1
Pr{Xo =0.X,=0.X, = 0} = P Foo

=lx(l-a)x(l-a)
=(1-a)*

(ii) The probability that a correct signal is received at stage 2 is given as follows.

Pr{X,=0X, =0X,=0}+Pr{X, =0.X, =1 X, =0}

= pPoFooFoo + PofoiFlo
=(l-a) +a’
=1-2a+2a’
) o (
@ pi)(uza . X <02 ?—:Q\\I-E ‘(\
\ o e
=P P, P =W (l-x)0-x) =) -2x 4’
Q F"z)(’:ﬂ . K'-_a . K.,_:ng + T ‘LK'—;Q/ X, =1, x =0}
-f P P PP e,
= =2z xpat (Gl WY
= l- 2K + 2 >

&) P{ 1=, x =%,z F = Po By B = NUI=4U=9) = (1-d)” = [-2d 44’

b) p{x":a} = Py, =o % e, x,=0F + PLX 2 2 X 21, %36} =P, P P th F,, P.= W)™+ () 422 J-2ar2a®

12 () Pr{X,=0,%=0,X,=0}=pR =1(1 - a) =(1-a).

(b) Pr{X, = 0,X, = 0} = BoBy + ByBo = (1 —a) +a>.



3.1.3 Consider a sequence of items from a production process, with each item being
graded as good or defective. Suppose that a good item is followed by another
good item with probability e and is followed by a defective item with probabil-
ity | —«. Similarly, a defective item is followed by another defective item with
probability 8 and is followed by a good item with probability 1 — 8. If the first
item is good, what is the probability that the first defective item to appear is the
fifth item?

Solution. Label the event “defective production”™ by the state 0, and the event “good pro-
duction” by the state 1. So the entries of the transition marrix (conditional probabilities)
are as follows:

P[]D:.SZ Pglzl—.ﬁl Pm::l—&‘; PM:O:.
Now, by definition of the conditional probability and using the Formula (3.1.4) , we obtain

P{Xy = LXs = LXs = L Xy = 0|X, = 1} = PG =1X=1 X =1 X =1 X =0}

P{X, =1}
_ P{Xl = 1}P11P11P11P10
P{X, =1}
= PPy,
= a*(l—a).

Remark: Observe that this Markov chain has the following transition probability matrix:

0 1

P— 0 I} 1-5
1\l -« o

A reverse choice of the state labels 0,1 is also possible. B

13 Pr{Xz =G, X, =G, X,=G,Xs = D|x, = G} = PcPp = a*(1 - a)



3.1.4 The random variables &, &2, ... are independent and with the common proba-
bility mass function

k= 0 1 2 3
Prié=k}= 0.1 03 02 04

Set Xo =0, and let X,, = max{£,, ..., &} be the largest & observed to date. Deter-
mine the transition probability matrix for the Markov chain {X,,}.

Poo Por Po2 Pos
Py Py P2 Pp3
Py P2 P P

Po Py Pp P

For transition probability matrix of a Markov chain

The elements of first row are given by

{X,=2}=p,=02
P,;=Pr{X,=3}=p,=04

The elements of second row are given by

P, =0 where X' cannot decrease
Py =Pr{X,=1X,, =1} =Pr{£<1}=0.1+0.3=04

1

Pa=Be{X, =X, =1} =Pefg = 3} -

P,= Pr{Xﬂ =2x,

5

Pr{&=2}=

The elements of third row are given by

P,,=P,; =0 where X cannot decrease

P,=Pr{X, =2|X, =2}=Pr{é<2}=0.1+03+0.2=06
P, =Pr{X,=3x, , =2}=Pr{é=3}=04

The elements of tourth row are given by

P,,=P,,=P,, =0 where X, cannot decrease

P, =Pr{X, =3x, =3} =Pr{£<3}=0.1+0.3+02+04=1

The transition probability matrix will be of the form

0 1 2 3

0j0.1 03 02 04
If 0 04 02 04
21 0 0 06 04
3| 0 0 0 1
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3.2 Transition Probability Matrices of a Markov Chain

3.2.1 A Markov chain {X,} on the states 0, 1, 2 has the transition probability matrix

0 1 2
0.1 02 0.7
02 02 06
06 0.1 0.3

0
P=1
2

(a) Compute the two-step transition matrix PZ.
(b) What is Pr{X3; = 1|X, =0}?
(c) What is Pr{X3 = 1|Xp = 0}?

L o-\ ’
/m o-\ 0'7; Ooq ot B |°'é
F = o-r 2= ) 0‘6 &k {0'.3

v)
r©
[s}
D

4 313 "ég P
/3 =9 .3 o s pY55 |
| ‘) ) Yo o4 ‘
| 2 !



Solution. (1) We calculate the square of the matrix P:

0 1 2
0.1 02 0.7 0.1 02 0.7 0 /047 0.13 0.40

P?=102 02 06] 02 02 06|= 1]042 014 044
0.6 0.1 0.3/ \06 0.1 0.3 2\0926 017 057

(2) From (1), we have
0 1 2
0 /047 0.13 0.40
P‘l _
— 11042 014 0.44
2\0.26 017 0.57

58

Thus, we see that P[ X3 = I{Xl =0] = P =0.13.
(3) We calculate the cubic power of the matrix P:

0 1 2
0.1 02 07 047 0.13 040 0 /0313 016 0527

PP=PP>=[02 02 06| ]042 014 044 | = 1 |p334 0156 051
0.6 0.1 0.3 0.26 017 0.57 2\0.402 0.143 0.455

It follows that P[X3 = 1| Xy = 0] = P = 0.16. W



3.2.2 A particle moves among the states 0, 1, 2 according to a Markov process whose
transition probability matrix is

o 1 2
|
0jo0 = =
2 2
1 1
P=1j- 0 -—|.
2 2
21]0
2 2

Let X, denote the position of the particle at the nth move. Calculate Pr{X, =
0lXo =0} forn=0,1,2,3,4.

P:.;” = Pr{Xpin = j| Xm = i}.

Ans:
At n=0

priX, =0|X,=0} =Ly =1
At n=1
pri{X, =0|X, =0} =P =0
At n =2

pr{Xz = O|XO = 0} =P



P'=PP

0 05 05][0 05 05
05 0 0505 0 05
05 05 0105 05 0
0.50 025 025
=025 050 025

025 025 050

~priX, =0|x, =0} =B, =05
atmn=3

priX,=0|x, =0} =F;

P =pPF*

[0 05 05][050 025 025
=05 0 05025 050 025
|05 05 0025 025 050

(025 0375 0375
=037 025 0373
|0.375 0375 025

s pr{X, =0|X, =0} =F;, =025
Finally,at n =4

priX,=0/x, =0}=F;

Pt=p*p?

(050 025 025][050 025 025
=025 050 025)/0.25 050 025
(025 025 050|025 025 050
[0.3750 03125 03125

=|0.3125 03750 03125

| 03125 03125 03750

pr{X, =0|X, =0} =B} =0375
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3.2.4 A Markov chain Xg, X|, X3, ... has the transition probability matrix

0 1 2

0j0.6 03 0.1
P=1103 03 04|.

2104 0.1 05

If it is known that the process starts in state Xo = 1, determine the probability
Pr{X; =2}.

Solution. First, observe that, from the given data, since it is Known that the precess starts
in the state Xg = 1, this means that this event is certain and thus its probability is equal
to 1, so for the initial state we have py = P{Xy = 1} = 1. It follows that py = P{X, =
0} = 0and po = P{ Xy = 2} = 0, because py +py +p2 = 0+ 1 4+ 0 = 1. Consequently,

using Formula (3.1.17), we obtain

2
P{X2=2} = m Dy =0xD3 +1xPy +0x g =1 (3.1.18)
k=0

So, we need only to calculate the entry P1(22) of the square P? of the matrix P :

0 1 2
0.6 0.3 0.1 0.6 0.3 0.1 0

PP= (03 03 04]]03 03 04]= 4 0.35
04 01 0.5 0.4 0.1 05 2

Substituting the obtained entry Pl(g) in (3.1.18), we obtain

P{X, =2} = P2 =035 N

1,zl)(aslj-P’(’\a:'_( I 3 Ao 523

po, prok=td ’f’iéx

z| '
lj ;EZF,’EL/PI ; Fq’//‘ (|> o3 o 033
7, P’ZX'L " fy[xaﬁlj: ‘11 2 o\t
/ CJK"L ﬁ¢ a’é 0'3 a"‘f u]
0.6 ©3 el o3 03 ° PL _03%

05 = z}




3.2.5 A Markov chain Xy, X1, X3, ... has the transition probability matrix

0 1 2

0j0.1 0.1 0.8
P=1|02 02 0.6f.

2103 0.3 04

Determine the conditional probabilities

PriX3 =1|X; =0} and Pr{X;=1|Xp=0]}.

Solution:

0.27 0.27 0.46
Pi(Xy="1|Xy = 0) = B2 =027 0.24 024 052

0.21 021 0.58

P2 =

P.(X, = 1|X, = 0) = PZ = 027

T g
«) Pr z‘?(:sf"\\ x\"“%
= R \ \
oL
= E"\ o o‘%—x A a'?s‘.nntL
= 0-27F +.:Lﬁ_

(W itRsur oliasal Aﬁ Aties . 0- T
. N
\O) PV i_X,\_—;1‘X0-.:O’§

=f, — o7 '



(2)

P2Xa=1 | X =0} = Poo= 7 = o7

-y

P {X3=f Ix=a = E:' S A ApEpe I"':lh--l tete0.2d  =e7
(1" Py bl

e,

f%xl:l f;(l’:o'g =F:; - ﬁ P‘ = Jou gt -.{] [:;’S = oelteorte-24 =0.27

fow P

3.2.6 A Markov chain Xy, X1, X2, ... has the transition probability matrix

0 1 2

0103 0.2 05
P=1(05 0.1 04
2405 02 03

and initial distribution pp =0.5 and p; =0.5. Determine the probabilities
Pr{X, = 0} and Pr{X; = 0}.

1) - ;p?“{)‘f2 =0} =p’r{X2 =O|XU =0}pr{X0 =0}
+g‘)1r‘{}f2 :0|Xn :l}p?’{XU :1}
. pr{X, =0} =P3F,+ PP, . F,=05, F,=05



(03 02 05]03 02 05
P*={05 01 0405 01 04
(0.5 02 03]/05 02 03
(044 0.18 0.38

=/0.40 0.19 041

(040 0.18 0.42

- pri{X, =0} =(0.44)(0.5)+(0.4)(0.5)
=0.42

i) * pr{X,=0}=pr{X, =0|X, =0}pr{X, =0}
+pr{X3 =D‘X0 =1}pr{X0 =1}
=PyP,+B,R, B,=05 F=05

(03 02 05][044 0.18 038
P’=105 0.1 04/ 040 019 041
(0.5 02 03]/040 0.18 0.42
(04120 0.1820 0.4060
=(0.4200 0.1810 0.3990
0.4200 0.1820 0.3980
L pri{X, =0} =(0.412)(0.5) +(0.42)(0.5)
~0.416




3.2.6 A Markov chain X, X}, X2, ... has the transition probability matrix

\ 18
0 | 2 ?“ o \le 1 .18 e
0lo3 02 05 Tl er L
P=1[05 0.1 04 .
M .42
) 05 02 03 ?z‘ﬁ-p”;s ?2)“5'.'5 =18 y;

and initial distribution pg =0.5 and p; =0.5. Determine the probabilities
Pr{X; =0} and Pr{X3; = 0}.

il

P, 9% =08 = P.9X =0 | %3 ¥ RT3 + p 9x ~0 | XS ¥ P2XAD

(L)) 2
P  J - S,

le

= (o4 (25) 4 (09) (o.5)

= 68.22 + 92 = o042

P, L% =03 - b= VX, =0} % 2K 4 L IX e \ XL w R I X, =N

) ) M1z -ifr =l
3
= Pcu Fn + ?|, ?I P - T e 121 . 121 }
=(e.qiz) (25) 4 (e42) (o5) e:le N

= o.Yi¢

?{x}: o} = Pt =o|x a o3P (reze) + P{l‘_-ﬂ')(.-ll Plre=) = P:. (e5)+ P': (©:5) =-44)(a0) e (24)(0.5) > 2 42

Pi’;“} = P{x,avl X 20% Plx,=0)4 ?{x,eul x,= i3 Pla_=p)= \“o o5+ f- Co:5) = (o duof] +Lo4ef(=f) = 2. 416

0 1 2
“€4 ol =30 . 4|2 el . 4.¢
0103 02 05 2
P=1/05 0.1 04 P=PP= ot oy ..qJ ?’=f Prelo 42 = ey
5 0.5 0.2 0.3 0.4 ot o4 0.42 o. b2 o-38¢
P P§r=R
and initial distribution pp=0.5 and p; =0.5. Determine the probabilities
Pr{X; = 0} and Pr{X3 = 0}.

2

?{xf 6% = P{1 =o|x .= P (r,=0) + r{x;-olx.-ll Plre=1)=P,, (6.5) + P,: 5) =@ 4)(s) ¢ (1A)(0.5) 22142

Pix’-§= P{x)m/ X,-G-i P(x,‘b)-\ P‘i"f"l x'-|} ?(x'ﬂ): ?;o .(0-5)4- ?l,. (s.5) = (o-4u\(e-§) +L-.4q(.~§7 zo.4l6




Problems

3.2.1 Consider the Markov chain whose transition probability matrix is given by

o 1 2 3
0/0.4 03 02 0.1
_1]0.1 04 03 02
“2[03 02 01 04
3[02 0.1 04 03

Suppose that the initial distribution is p; = ﬁ for i=0,1,2,3. Show that
Pr{X, =k} = }I,k =0,1,2,3, for all n. Can you deduce a general result from
this example?

2.1 Observe that the columns of P sum to one. Then p®=1/4 for i = 0,1,2,3 and by induction
5 . .

AW U ) WIS

Je=0 - -

3.2.2 Consider the problem of sending a binary message, 0 or |, through a signal
channel consisting of several stages, where transmission through each stage is
subject to a fixed probability of error «. Let X be the signal that is sent, and
let X,, be the signal that is received at the nth stage. Suppose X, is a Markov
chain with transition probabilities Pog = P;; = | —ea and Py = Pjp =a, (0 <
a < 1). Determine Pr{Xs = 0|Xp = 0}, the probability of correct transmission
through five stages.

22 BY) = (1 - a) +10(1 - ) a? + 5(1 — a)a* = %-[1 +(1- 2.«;:)’}

3.2.3 Let X, denote the quality of the nth item produced by a production system
with X,, =0 meaning “good™ and X, = | meaning “defective.” Suppose that
X, evolves as a Markov chain whose transition probability matrix is

0 1
0.99 0.01
0.12 0.88

0
1

What is the probability that the fourth item is defective given that the first item
is defective?
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v 1 %
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“""'G){ZXS =4 .«1}::: F o= 0 B8 Y8
E8eY8.lh

LS. rfu M,@ thot RAruetR, fiom. i hebecie, |
v‘Aéem is. deﬁe,euue, ....... SO - |

m)'ﬁ,.. ly toe. A«AI@ N ,emmé Ceme. 5. deécum
Jr..f‘f'»#ém 15 %oa/ Le

fr[,{?, !/)( r‘ﬂ? p — 40243

=.2.43.. Y

Solution. Actually, we are asked to calculate ]P’[Xg = I{XU = 1} =7. So, we use iterations

of the transition matrix:

0 1
p?— 0.99 0.01 0.99 0.01 _ 0 {09813 0.0187 ‘
0.12 0.88 0.12 0.88 1\ 02244 07756

and

P PPl 0.99 0.01 0.9813 0.0187 0 /09737 0.0263‘
0.12 0.88) \0.2244 0.7756 1 Vostse 06us
It follows that P[X3 =1|Xo = 1] = P = 0.6848. W

23 PO = 684772 =



3.2.4 Suppose X, is a two-state Markov chain whose transition probability matrix is

0 |
o | — o
- B

Then, Z, = (X,—1,X,) is a Markov chain having the four states (0,0), (0, 1),
(1,0), and (1, 1). Determine the transition probability matrix.

0
T

2.4 (0,00 (0,1) (1,0) (11)
(00} « 1-a 0 0
(0,1)f o 0 1-8 B8
LO)| «¢ 1-a 0 0
(L)l o 0 1-8 B

3.2.5 A Markov chain has the transition probabifily matrix

0 1 2

0107 0.2 0.1
P=1]03 05 0.2}

2 0 O l

The Markov chain starts at time zero in state X = 0. Let
T = min{n > 0; X, = 2}

be the first time that the process reaches state 2. Eventually, the process will
reach and be absorbed into state 2. If in some experiment we observed such a
process and noted that absorption had not yet taken place, we might be interested
in the conditional probability that the process is in state 0 (or 1), given that
absorption had not yet taken place. Determine Pr{X3; = 0|Xg, T > 3}.

Hint: The event {T > 3} is exactly the same as the event {X3 # 2} = {X3 =
OjU{X3=1]}.

25 Pr{X; = 0}, = 0,7 >3} = R.(;)/(POE) + p;,‘f}) — 6652.



3.3 Some Markov Chain Models

3.3.1 Consider a spare parts inventory model in which either 0, 1, or 2 repair parts are
demanded in any period, with

Pri, =0} =04, Pr{{,=1}=0.3, Pr{§ =2}=0.3,

and suppose s =0 and S = 3. Determine the transition probability matrix for
the Markov chain {X,,}, where X, is defined to be the quantity on hand at the

end-of-period n.

_6_!___.__'_03"_“' =s=0 ; S‘#B
;;a"rﬂ- vadoas For A:‘ “e

[ T
rd {1 2 3
KInl‘: - ‘; 03 03 47
0 i PR
e 0 0
0.3 0.3 oY 0
| b 03 oY
"-’AI/ .2 0 3 0.3 Or‘f
2 0 7]
3 0

l” ?:ﬁ E}EJ'“ ﬁﬁfﬁf( ”"i

S (G )= T:?(
0
9,1-]”/(?;'”3) F
b "ff?“’-r }qpes | ,_,f,,q;,-r)-v.?
TG =0\ o) Do
£,= p(=3) =2 ’ =3)=0
- V(? o | Bemp T
3-1 = Ff nij _ F:_: &3___#(3;* "'ﬂ)""ﬁff
B ==



Solution. Here, the possible values of X,, are S = 3, 2. 1, 0, —1. So, invoking the

inventory model, we obtain:

P{¢, 1 =i —j}, if 0 <i <3, (without replenishment),

Pl.v:]P’A\—n :‘A\,n:. = f
AL {P{sm::a—.j}. ifi <0

( replenishment),
Thus, the corresponding transition probability matrix is:

-1 0 1 2 3
—-1/0 0 03 03 04

0 0 O 03 0383 04
P= 4 |63 08 dd 0§ o
2 0 0.3 0.3 04 0
3 0 0 0.3 03 04

3.3.3 Consider the inventory model of Section 3.3.1. Suppose that § = 3. Set up

the corresponding transition probability matrix for the end-of-period inventory
level X,,.

The transition probability matrix is given by

-1 0 1 2 3
10 0 0.1 04 05
00 0 01 04 05
P= 101 04 05 0 0
210 0.1 04 05 0
30 0 01 04 05
where,

‘Ej =Pr {Xn+1 = u? "}{n = E}
Pr(&  =3—j). i<0

Pr(& ., =1—7). 0<:<3 without replenishment

replenishment
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3.3.4 Consider the inventory model of Section 3.3.1. Suppose that S = 3 and that the
probability distribution for demand is Pr{ =0} = 0.1, Pr{§ =1} =04, Pr{¢ =
2} =0.3, and Pr{§ = 3} = 0.2. Set up the corresponding transition probability
matrix for the end-of-period inventory level X,,.

The transition probability matrix is given by

2 -1

-2

o= O
S © © © © o

Lad

where,

-P-a_i' = PI‘ {IY:’,H = j
_{ Pr(¢é ., =3-7). 1<0

Tad

-2

o © o o o O

0 1
02 03
02 03
02 03
0.4 0.1
03 0.4
02 03
X, =i}

2
0.4
0.4
0.4
0
0.1
0.4

-
2

0.1
0.1
0.1
0
0
0.1

replenishment

Pr(& [ =1—7). 0<2<3 without replenishment

Pix, 2 dlxz=id =R ;= P{f.z3ik . 14°

PR £t
. Pi6T I3 -p{% -} = o
= Pig, =1-% =g, = F =

t|-1= P{&n‘l:z—(-l)} = F{%ntl‘ 5} =°

l’{{.“f i-i} ,0ci g3




Pro

3.3.1

3.1

3.3.2

blems

An urn contains six tags, of which three are red and three are green. Two tags
are selected from the urn. If one tag is red and the other is green, then the
selected tags are discarded and two blue tags are returned to the urn. Otherwise,
the selected tags are resumed to the urn. This process repeats until the urn
contains only blue tags. Let X,, denote the number of red tags in the urn after
the nth draw, with Xo = 3. (This is an elementary model of a chemical reaction
in which red and green atoms combine to form a blue molecule.) Give the
transition probability matrix.

0 1 2 3

0of 1 0 0 0]
b1k 2 0 o0
2fo = o
3o o & 2

Three fair coins are tossed, and we let X denote the number of heads that
appear. Those coins that were heads on the first trial (there were X| of them)
we pick up and toss again, and now we let X, be the total number of tails,
including those left from the first toss. We toss again all coins showing tails,

and let X3 be the resulting total number of heads, including those left from the
previous toss. We continue the process. The pattern is, count heads, toss heads,

count

tails, toss tails, count heads, toss heads, etc., and Xo = 3. Then, {X,} is a

Markov chain. What is the transition probability matrix?

32

W N = O

w O O o O
ol Al O O
R S © N
op apb vl = W



3.3.3 Consider the inventory model of Section 3.3.1. Suppose that unfulfilled
demand is not back ordered but is lost.
(a) Set up the corresponding transition probability matrix for the end-of-
period inventory level X,,.
(b) Express the long run fraction of lost demand in terms of the demand dis-
tribution and limiting probabilities for the end-of-period inventory.

33(@) 0 1 2
ol 4 5

P=1{.5 S 0

21.1 4 S

(b) Long run lost sales per period = (1) @, = .0444 ... .

3.3.4 Consider the queueing model of Section 3.4. Now, suppose that at most a single
customer arrives during a single period, but that the service time of a customer
is a random variable Z with the geometric probability distribution

PriZ=kl=ca(l—a)*! fork=1,2,....

Specify the transition probabilities for the Markov chain whose state is the
number of customers waiting for service or being served at the start of each
period. Assume that the probability that a customer arrives in a period is g and
that no customer arrives with probability 1 — B.

3.4 Pr{Customer completes service | In service} = Pr{Z = k!Z = k} =qa.
By =B, Bo=1-8, P =581-q
Py =(1-Bla, BL=(1-B)1-a)+ap, izl

3.3.5 You are going to successively flip a quarter until the pattern HHT appears,
that is, until you observe two successive heads followed by a tails. In order to
calculate some properties of this game, you set up a Markov chain with the
following states: 0, H, HH, and HHT, where 0 represents the starting point, H
represents a single observed head on the last flip, HH represents two successive
heads on the last two flips, and HHT is the sequence that you are looking for.
Observe that if you have just tossed a tails, followed by a heads, a next toss of
a tails effectively starts you over again in your quest for the HHT sequence.
Set up the transition probability matrix.



3.5 0 H HH HHT
o |+ 3 0 0

p. HIJ|F 8 % 0
HH {0 0 1 L

HHT| 0 0 0 1

3.3.6 Two teams, A and B, are to play a best of seven series of games. Suppose that
the outcomes of successive games are independent, and each is won by A with
probability p and won by B with probability 1 — p. Let the state of the system
be represented by the pair (a, b), where a is the number of games won by A,
and b is the number of games won by B. Specify the transition probability
matrix. Note that a + b < 7 and that the entries end whenever a =4 or b = 4.

36 Fop)as)=1—p a=3b=2
Pia,b],(n+l.b) =P a= 2! b=3

‘ﬁa,a],dwau =p b=3
'Fiaj],Bwiru =1l-p a= 3

PA wins, A wins Pzwm,sm = 1.
-

3.3.7 A component in a system is placed into service, where it operates until its fail-
ure, whereupon it is replaced at the end of the period with a new component
having statistically identical properties, and the process repeats. The proba-
bility that a component lasts for k periods is a4, for k=1,2,.... Let X,, be
the remaining life of the component in service at the end-of-period n. Then,
X, = 0 means that X, ;| will be the total operating life of the next component.
Give the transition probabilities for the Markov chain {X),}.

3.7 Pﬂ,.i: L% for.k = 1,2,-”-
Poo=10
Poa=1 h=1

3.3.8 Two urns A and B contain a total of N balls. Assume that at time t, there were
exactly & balls in A. At time ¢+ I, an urn is selected at random in proportion
to its contents (i.e., A is chosen with probability k/N and B is chosen with

probability (N — k)/N). Then, a ball is selected from A with probability p or

from B with probability g and placed in the previously chosen urn. Determine
the transition matrix for this Markov chain.



k N-—-k
38 Foo-1=4|—=| Poynn=0pD N

| k N—k
P = —_— + —
k.k N AN

3.3.9 Suppose that two urns A and B contain a total of N balls. Assume that at time 1,
there are exactly k balls in A. At time ¢+ 1, a ball and an urn are chosen with
probability depending on the contents of the urn (i.e., a ball is chosen from
A with probability k/N or from B with probability (N — k)/N). Then, the ball
is placed into one of the urns, where urn A is chosen with probability k/N or
urn B is chosen with probability (N — k)/N. Determine the transition matrix of
the Markov chain with states represented by the contents of A.

k) N-k
N N
2

2
P k + N—-k
“EOAN N
3.3.10 Consider a discrete-time, periodic review inventory model and let &, be the
total demand in period n, and let X,, be the inventory quantity on hand at the
end-of-period n. An (s, 5) inventory policy is used: If the end-of-period stock
is not greater than s, then a quantity is instantly procured to bring the level up
to S. If the end-of-period stock exceeds s, then no replenishment takes place.
(a) Suppose that s=1,5=4, and X9 =5 =4. If the period demands turn
outtobe § =2,8,=3,§3=4,84=0,&=2,66=1,§7=2,and §5 =2,
what are the end-of-period stock levels X,, for periodsn=1,2,...,8?
(b) Suppose &, &3, ... are independent random variables where Pr{§, =0} =
0.1,Pr{§, =1} =0.3,Pr{§, =2} =0.3,Pr{§,=3}=0.2,and Pr{§, = 4} =
0.1. Then, Xy, X|. ... 1s a Markov chain. Determine P4 and Pqq.

39 Py =B =



310 =4

3 g’
2
S=
0
-1
0 1 2
E =2 3
(@ n =1 2
X, = 2 -1




3.4 First Step Analysis

3.4.1 Find the mean time to reach state 3 starting from state O for the Markov chain
whose transition probability matrix is

0 1 2 3

004 03 02 0.1
P_l 0 0.7 02 0.1
21 0 0 09 o1

3 0 0 0 1



f) L /‘("L o ! % 3
ol oY 0.3 0-7—0"
F:—:}_‘ (| 0 0-1 0-2:1 ;
2l ¢ ¢ 0'09 WI‘ [)fd_{
al o 0
A
: ik
e r=E [’rlxo ] :
L' = /xz‘
d.r/ﬂ_ A:’,OII'L 031/ 2
can Cirm€
Hon
< va/” (/‘b
-5 T PY +hoe
= Y= T’ £, %
) 4 ; 13
¥ = l-;—f;ol{,-r“’.'f ll‘/.
= (-r- 6,‘{?!1)}/‘{“" f;: z
. ‘/ '
o 49 ycg.,..a.yu;.,-oz% ((f}
> 4= 0L
el 3)
ce l+09%

' 3
or T e3 . & wé
o & sols. wders £ L 1 () g™

"c{‘ 140vg +3TT

o 8% b . (Z:_,(‘;—;—’-:—"r

-, . - "L}h
0N e ) & ;“’4’



Solution. This four state Markov chain has a single absorbing state at i = 3. So, in a
similar way as in (3.2.6), the law of total expectation can be applied to obtain similar
equations related to the mean time to absorption depending on the starting state. Since, we
have vy = E[T|Xo = 3] = 0, the first step analysis equations for v; = E[T|Xo = 1], i =
0, 1, 2, are

vo = 1+ (0.4)vo+ (0.3)vy + (0.2)va + (0.1)(0)

vy = 14 (0)vg+ (0.7)v1 + (0.2)ve + (0.1)(0).
vy = 14 (0)vg+ (0)vy + (0.9)vy + (0.1)(0).

Thus, multiplying by 10 and simplifying, we get the system
GUO — 3”01 == 2‘02 = 10

3”01 == 2‘1..'2 = 10

Vg = 10

which results in vg = vy = vo = 10. Whence the mean time to reach state 3 starting from

state 0 is equal to vy = 10. B



3.4.2 Consider the Markov chain whose transition probablity matrix is given by

0 1 2

of 1 0 O
P=1]0.1 06 03].

2 0 O 1

(a) Starting in state 1, determine the probability that the Markov chain ends in

state 0.
(b) Determine the mean time to absorption.

}/753.7.1 /o.la_i p 1 2

avsgof 1 0 0
=1 [ 04 (04)03
o 1
1!L5/1z ?
r"\'
-.::0{X = Y
a) U= p’[)(r d
w
w=f, + i

Solution. 7) As above, put v = P{Xp = 0|Xy = 1}.Therefore, using (3.2.1), we obtain
w=(1)(0.1) + (u)(0.6) + (0)(0.3). Then u = 1 = 0.25.
2) Put v =E[T| Xy =1]. Soby(3.2.5) we have v =1+ (0.1)(0) + (v)(0.6) + (0)(0.3).

Then v = % =251

Thus, we obtain the equation
U=+ [u, (3.2.1)

which gives
(0% v
U = - =




3.4.3 Consider the Markov chain whose transition probability matrix is given by

0 1 2 3

of 1 0 0 O
P_ 1{0.1 0.6 0.1 02 -

2(02 03 04 0.1

3 0 0 0 1

(a) Starting in state 1, determine the probability that the Markov chain ends in
state 0.
(b) Determine the mean time to absorption.
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w Consider the Markov chain wh,pse transition probability matrix is given by
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(a) Starting in state 1, determine the probability that the Markov chain ends in
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(b) Determine the mean time to absorption. “* "+
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(i) It's an absorbing Markov Chain.

Markov Chain Diagram



0.1 06 0.1 02
02 03 04 01
o 0 0 1

b = O

(]

u, =pr{X; =0|X, =1} fori=1..
and v, =E[T|X,=1] fori=1.2.
(1)

Uy = Py + Pl + DU,

Uy = Py + Pyt + Pyl
—

u, =0.1+0.6u, +0.1u,
u, =0.2+0.3u, +0.4u,

f—
4 -0y = M)
3u, —6u, =-2 (2)

Startmg m state 1. the probability that the Markov cham ends m state 0 1

= =8
oy _um_zl

~ 038
(1) Alo. the mean tume to absorption can be found as follows

v =1+ p, v, + Py,

v, =1+ p, v, + p,0,

—



v, =1+0.69 +0.1v,
v, =1+ 0.3y, + 0.4v,

—
4v,— v, =10 (1)
3u, —6v, =—10 (2)

Solving (1) and (2), we get

oy =10
U =1,=73

33

3.4.6 Consider the Markov chain whose transition probability matrix is given by

0o 1 2 3
of 1 0 o0 o
1{0.1 04 0.1 04
2102 0.1 06 O.1]
3l 0 0 0 1

(a) Starting in state |, determine the probability that the Markov chain ends in
state 0.
(b) Determine the mean time to absorption.

Ans
0o 1 2 3
0 0 0 0
P_lD.l 04 0.1 04
2002 01 06 0.1
3ilo o o0 1
u, = pr{X; =0|X, =1} fori=1.2.

and v, =E[T|X,=1] fori=12.

(1)



Uy = Py + Pty + Praldy
Uy = Doy + DUy + Pryliy

—

u, =0.1+ 0.4y +0.1u,
u, =0.2+0.1y, +0.6u,

—
6u, —u, =1 (D
U —4u, =—2 2

Solving (1) and (2), we get
U= and 4y =3
Starting in state 1, the probability that the Markov chain ends in state 0 1s
U =y =3
(1) Also, the mean time to absorption can be found as follows

v =1+py + Py,
v, =14 py1y + Py,

=

v, =1+0.4y, +0.1v,
v, =1+0.1z, +0.6v,

—

61, — v, =10 (1)

v —4v, =—10 (2)

Solving (1) and (2), we get v, =1y, :%

L L2
y=5 and ), =3

.1, =1, =37 is the mean time of absorption.
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Problems

3.4.1 Which will take fewer flips, on average: successively flipping a quarter until
the pattern HHT appears, i.e., until you observe two successive heads followed
by a tails; or successively flipping a quarter until the pattern HTH appears? Can
you explain why these are different?

410=0 1=H 2=HH 3=HHT

0 1 2 3
of ¢ L 0 0
AL 0 1 1
340 0 0 1
1 1
V0=1+' '2"V0+'é"vl v0=8
1
v1=1+§v0+'§v2':? v,=6
1
Vz=1+EV2 p‘2=2
0=0 1=H 2=HT 3=HTH
0 1 2 3
o]z 3 0 0
1fo x 1 0
2|3 5 0 3
3]0 0 0 1
1 1
VQ=1+EVO+EVI Vo=10
1 1
vl=1+-2—vl+'2—vzb V1=8
_ 1
v2=1+§"'v° V2=6




3.4.2 A zero-seeking device operates as follows: If it is in state m at time n, then at
time n + 1, its position is uniformly distributed over the states 0, 1,...,m — 1.
Find the expected time until the device first hits zero starting from state m.
Note: This is a highly simplified model for an algorithm that seeks a maxi-
mum over a finite set of points.

Vi =1 'r’]=l
4.2 1 1
v2=1+§v1 v2=1+5
1 1 1  1(3 1 1
vi =1+ -y + —v Vi=1+—-+—|=|=1+=+ =
’ 3!t 3?7 7 3 3[2] 2 3
z
17 1 1
Vm=l+_v1+—"2+""+—"vm_1
m m m
Solve to get v, =1+-1-+-1+--—+1~Lom
" 2 3 m s
Note:wﬁ=landw,-j=j+1fori>j.

3.4.3 A zero-seeking device operates as follows: If it is in state j at time n, then at
time n+ 1, its position is 0 with probability 1/, and its position is k (where
k is one of the states 1,2,...,j— 1) with probability 2k/j%. Find the expected
time until the device first hits zero starting from state m.

4.3 We will verify that v,,f‘-—-z{m; III + -;— e F %) 3solvesv, =1+ E"_I 2j » Change

2

variables to V. = kv.. To show: V, =2(k+ 1{1 + % + -+ %)——3]{ solves V,=m+ —
m

(W + - 4 V,,,_l). Using the given V,, use sums of numbers and interchange order as follows:

m=1k

.».Z.IV" Zl?_‘;z(k + 1)— - 32k
2 )
_ ,,z %{m(m; 1) (1; 1]] 3'"(’" 1
Then,
. —MZ_',IV:: —o(m+ 1);%_ 3m + 2(mm+ Do o

as was to be shown.
As in Problem 4.2, v,, ~ logm.



3.4.4 Consider the Markov chain whose transition probability matrix is given by

0 1 2 3

of 1 0O 0 0
P=l 0.1 02 05 02
2/0.1 02 0.6 0.1
3)0.2 02 03 03

Starting in state Xo = I, determine the probability that the process never visits
state 2. Justify your answer.

4.4 Change the matrix to

0o- 1 2 3

- oft o o0 o
a1 2 5 2

200 0 1 0

3l2 2 3 3

and calculate the probability that absorption takes place in State O:

wo =.1 + 2uy + 2w | |1y = 2115
Uy = .2 + 2wy + 3uy | Wy = .3462

3.4.5 A white rat is put into compartment 4 of the maze shown here:

shock

It moves through the compartments at random; i.e., if there are k ways to leave
a compartment, it chooses each of these with probability | /k. What is the prob-
ability that it finds the food in compartment 3 before feeling the electric shock
in compartment 77



45 1 2 3 4 5 6 1
ilo £+ o L 0 o0 o0
20t o + o0 1 0 0
340 0 1 0 0 0 0
aft o o o L o0 I
sfo ¢+ ®» &+ o L1 o
6jo o 1+ 0o I o o©
710 o 0o o 0o o 1
w=% =% [us=p
un=1 ug=3%

3.4.6 Consider the Markov chain whose transition matrix is

01 2 3 4
Olg p 0 0 O
llg 0 p 0 O
P=2|g 0 0 p Of,
3lg 0 0 0 p
4410 0 0 0 1
where p + ¢ = 1. Determine the mean time to reach state 4 starting from state 0.

That is, find E[T|Xp = 0], where T = min{n > 0; X,, = 4}.

Hint: Let v; =E[T|Xo=1i] for i=0,1,...,4. Establish equations for
VO VI eens v4 by using a first step analysis and the boundary condition v4 = 0.
Then, solve for vg.



46 vo=1+qgwv, +py,
v=1+gvy +py, g=1-p
v2=.1+qvo+pv3 E
V3=1+qu
givesvo=(L+qu)(1 +p+p*+p) =1 +p+p°+p’) +v(l - p’)
SO
b = I+p+p*+p* _ 1-p°
Co1-(1-pY) P(1-p)

3.4.7 Let X, be a Markov chain with transition probabilities P;;. We are given a
“discount factor” 8 with 0 < 8 < 1 and a cost function c(i), and we wish to
determine the total expected discounted cost starting from state i, defined by

hi = E|:Z B"c(X,)|Xo = f} .
n=(0

Using a first step analysis show that h; satisfies the system of linear equations

hi=c(i)+ B Z Pi;h;  for all states i.
J

4.7 The stationary Markov transitions imply that iﬁ"c(X ,]X =L X, = j} = Bh; while
n=1
E[ﬁ“c(Xo Jx. = i] = c(i). Now use the law of total probability.

3.4.8 An urn contains five red and three green balls. The balls are chosen at random,
one by one, from the urn. If a red ball is chosen, it is removed. Any green ball
that is chosen is returned to the urn. The selection process continues until all
of the red balls have been removed from the urn. What is the mean duration of
the game?



48 0 1 2 3 4 5
oflt. o o o o ©
1y ¥ o 0 o0 ©
200 2 & @0 o0 o
3jlo 0o L L o0 o
4o o o £ 2 0
sfjo o o o £ 2

X, =#of rg;(_i ba].ls in use at nth draw.
| 5 7 . 8
=4+ =+2+ —+ — =118
vs =4 2 2 4 5

3.4.9 An urn contains five red and three yellow balls. The balls are chosen at ran-
dom, one by one, from the urn. Each ball removed is replaced in the urn by a
yellow ball. The selection process continues until all of the red balls have been
removed from the urn. What is the mean duration of the game?

49 0 1 =2 3 4 5
0] 1 0O 0 0 0
1{t Z o 0 0 O
200 2 &£ 0 0 O
3)jo o 2 £ 0 O
40 0 o0 £ & 9
sfjo o o o 3 2

X, = # of red balls in use.

L_8,8,.8,8,
1 2 3 4

Ln| oo
I

18 - 18266....
5

3.4.10 You have five fair coins. You toss them all so that they randomly fall heads
or tails. Those that fall tails in the first toss you pick up and toss again. You
toss again those that show tails after the second toss, and so on, until all show
heads. Let X be the number of coins involved in the last toss. Find Pr{X = 1}.



4.10 Let X, be the number of coins that fall tails in the n## toss, X, = 5. Make “1” an absorbing state.

;ﬁ 0 1 2 3 4 5
01 0 0 0 0 0

10 1 0 0 0 0
P2t 5 0 0 0 0
)k 1 b o0 0

e & 5 & & 0

s5j4 £ 2 1 5 L

2 32 32 2 32 R

o Us = .7235023041...

3.4.11 An urn contains two red and two green balls. The balls are chosen at random,
one by one, and removed from the urn. The selection process continues until
all of the green balls have been removed from the urn. What is the probability
that a single red ball is in the urn at the time that the last green ball is chosen?

4.11 Label the states (x, y) where x = # of red balls and y = # of green balls, “win” = (1,0), “lose” =
(02). Q.0)).

2,2) 1,2) (2,1) ,1) win lose

2,2)| o 1 1 0 0 0
@2yl o 0 0 i 0 i
2.1 o 0 0 i 0 1
anf o 0 0 0 i 1
win 0 0 ] 0 1 0
lose 0 0 0 0 0 1

1

U, o=
(2.2),1'9! 3



3412 A Marlm:c:r chain Xy, X1, X7, ... has the transition probabiﬁty matrix

0 1 2

0103 02 05
P=1|05 0.1 04
2 0O O 1

and is known to start in state Xo = 0. Eventually, the process will end up in

state 2. What is the probability that when the process moves into state 2, it
does so from state 1?

Hint: Let T = min{n > 0; X,, = 2}, and let
i = PI'{XT...] = 1|Xg =1} fori=0,1.

Establish and solve the first step equations

in= 0.32:(} + 0.23] '
21 =04+4+0.5p+0.1z;.
4.12 0 1 _ wifi lose
0.3 2 0 S
1 [.5 .1 4 0 -U =_8_
win| 0 0 of® " "o T 53
1

| 1
losel O 0 0

3.4.13 A Markov chain Xy, X, X, ... has the transition probability matrix

0 | 2

0103 0.2 05
P=1|05 0.1 04
200 O ]

and is known to start in state Xp = 0. Eventually, the process will end up in
state 2. What is the probability that the time 7 = min{n > 0; X,, = 2} is an odd
number?



4.13 Use the matrix

. o 1 210 1 2
oo o o133 2 s
1lo o o]ls5 1 a4
200 _0_110 o 0
l3 2 sjo0o o o
ls 1 4]0 o o
240 0 o0 }j o0 o 1

Up.» = .67669. ..

3.4.14 A single die is rolled repeatedly. The game stops the first time that the sum of
two successive rolls is either 5 or 7. What is the probability that the game stops
at a sum of 57

4.14 The long but sure way to solve the problem is to set up the 36 X 36 transition matrix for the
Markov chain Z, = (X,_,, X,), making states (x, y) where x + y = 5 orx + y = 7 absorbing. However,
all that is important prior to ending the game is the last roll, and by aggregating states where possibie,
we get the Markov transition matrix. ‘

lor2 3ord4 Sor6 5 7
A o2l : 4 1 1 1
3ord| ¢ 1 i 5 ¢
Sor6f + : T 0 i
5 0 0 0 1 0
7 0 0 0 0 1
Us=2 U;=2 U, =18
Pr{s before7 } = L(Uys + Uss + Uss ) =

3.4.15 A simplified model for the spread of a rumor goes this way: There are N =5
people in a group of friends, of which some have heard the rumor and the
others have not. During any single period of time, two people are selected at
random from the group and assumed to interact. The selection is such that an
encounter between any pair of friends is just as likely as between any other
pair. If one of these persons has heard the rumor and the other has not, then
with probability @ = 0.1 the rumor is transmitted. Let X, denote the number of
friends who have heard the rumor at the end of the nth period.

Assuming that the process begins at time 0 with a single person knowing
the rumor, what is the mean time that it takes for everyone to hear it?



4.15 1 2 3 4 S
1(.96 04 0 0 0
2k O 94 06 0 0
31 0 0 94 06 0
44 0 0 0 96 4
54 0 0 0 0 1
y =1331

3.4.16 An urn contains five tags, of which three are red and two are green. A tag is
randomly selected from the urn and replaced with a tag of the opposite color.
This continues until only tags of a single color remain in the urn. Let X, denote
the number of red tags in the urn after the nth draw, with Xp = 3. What is the
probability that the game ends with the urn containing only red tags?

416 0 1 2 3 4 5
ojlr o o o o0 o0
12 o 8 0 0o o0
2l0 4 o 6 o0 0
30 0o 6 0 4 0
440 0 0 8 o0 2
sfe o o o0 o0 1
Uy = 1.



3.4.17 The damage X, of a system subjected to wear is a Markov chain with the
transition probability matrix

0 ] 2

0107 03 0
P=1| 0 06 04].

2000 O 1

The system starts in state 0 and fails when it first reaches state 2. Let T =
min{n > 0; X, = 2} be the time of failure. Use a first step analysis to evalu-
ate ¢(s) = E[s] for a fixed number 0 < s < 1. (This is called the generating
function of T. See Section 3.9.)

417 Let gs) = E[s’"}Xo - i] for F="0,1
Then

¥y

au(s) = o 704(5) + 30
) = fom(5) + 4]

which solves to give

afs) =

wls) =3 fs.ﬁsJ(l fs.:rs}




3.4.18 Time-dependent transition probabilities. A well-disciplined man, who smokes
exactly one half of a cigar each day, buys a box containing N cigars. He cuts
a cigar in half, smokes half, and returns the other half to the box. In general,
on a day in which his cigar box contains w whole cigars and h half cigars, he
will pick one of the w + h smokes at random, each whole and half cigar being
equally likely, and if it is a half cigar, he smokes it. If it is a whole cigar, he
cuts it in half, smokes one piece, and returns the other to the box. What is the
expected value of T, the day on which the last whole cigar is selected from
the box?

Hint: Let X,, be the number of whole cigars in the box after the nth smoke.
Then, X, is a Markov chain whose transition probabilities vary with n. Define
vn(w) = E[T|X, = w]. Use a first step analysis to develop a recursion for v,(w)
and show that the solution is

2Nw+n+2w z“’:l
k!

va(W) = w1l

k=1

whence

N
EIT) = vo(N) = Z

4.18 The transition probabilities are: If X, = w, then X, =w w.pr. ih
. w

(andk—)h— 1) or

X,u=w—1 wpr. '_"’_k (and 2 — h + 1) where h = 2N — n — 2wis the number of half cigars in
w

the box.

The recursion to verify is
2

(W) = () + v — 1)

This is straight forward, and easiest if one first does the algebra to verify

aus(#) = va(w) +

"-* v,,ﬂ(w - 1} = v,,(w) + W



3.4.19 Computer Challenge. Let N be a positive integer and let Z), ..., Zy be inde-
pendent random variables, each having the geometric distribution

k
]
Pr{Z=k}=(§) , fork=1,2,....

Since these are discrete random variables, the maximum among them may be
unique, or there may be ties for the maximum. Let py be the probability that
the maximum is unique. How does py behave when N is large? (Alternative
formulation: You toss N dimes. Those that are heads you set aside; those that
are tails you toss again. You repeat this until all of the coins are heads. Then,
P 1s the probability that the last toss was of a single coin.)

h N-1
N 1Y 1|
4.19 e N .
Pr=5 ‘?:,[2][ (ZJ]
As a function of N, this does NOT converge but oscillates very slowly (cycles < log N) and very slightly

about the (Cesaro limit) 1 .
2log2




3.5 Some Special Markov Chains

3.5.1 The probability of the thrower winning in the dice game called “craps” is p =
0.4929. Suppose Player A is the thrower and begins the game with $5, and
Player B, his opponent, begins with $10. What is the probability that Player A
goes bankrupt before Player B? Assume that the bet is $1 per round.

Hint: Use equation (3.42).

'P ) p i =%5 #*“"e’e”r‘ .
S $.{o/$(5'

\

e

Solution. Here, plaver A’s initial fortune is i = 5 and the total of fortunesis N = 5+10 =

15, the craps isp = 04929 and g =1 — p =1 — 0.4929 = 0.5071. Thus by the formula,

we have

0.5071\5% _ (0.5071\15
uy =P {Xn = U|X } = (0'4929) (f'dg%g) ~ 071273 1
1— (D.Sﬂrl)l"’




3.5.2 Determine the gambler’s ruin probability for Player A when both players begin
with $50, bet $1 on each play, and where the win probability for Player A in
each game is
(a) p=0.49292929
(b) p=0.5029237

(See Chapter 2, Section 2.2.)
What are the gambler’s ruin probabilities when each player begins with

$500?
0-5070707f goo 8.G 0 7T /o71 . ’O:—_ 0, k"q 2(:( qu C\
'[ —
| 0807677 {®) )
T ==
(6“(‘? 'LQlQ’L“} % O o
590*:,1 __;
= 12%65%9.552 - 1. G22¢s xie _
_Lgnas X V'\= leoo
= 0o XY Y12 2.8 @QR=M
0. 1919%2
- ©.002 R789%
u; = Pr{X, reaches state O before state N|Xp = i}
N-—-i 1
N whenp=¢q = X
~ | @p' = @m® (342)
qrp Ll when p # q.

1 —(g/p)N



Problems

3.5.1 Asaspecial case of the successive maxima Markov chain whose transition prob-
abilities are given in equation (3.34), consider the Markov chain whose transi-
tion probability matrix is given by

0 l 2 3

0| ap a a as
P_ 1[0 ao+a az az
2100 0 ap+a)+az ai

3‘ 0 0 0 |

Starting in state 0, show that the mean time until absorption is vp = 1/a3.
51 vy =1+ agw, +awy, + ayv,
vy =1+ (a.;, + al)vl + a,v,
v, =1+ (a.;.,+ a; + az)vz
1 1

T T Tlmrarm) @ T

3.5.2 A component of a computer has an active life, measured in discrete units, that is
arandom variable T, where Pr{T =k} =ax fork=1,2,.... Suppose one starts
with a fresh component, and each component is replaced by a new component
upon failure. Let X, be the age of the component in service at time n. Then, {X,}
is a success runs Markov chain.

(a) Specify the probabilities p; and g;.

(b) A “planned replacement” policy calls for replacing the component upon
its failure or upon its reaching age N, whichever occurs first. Specify the
success runs probabilities p; and g; under the planned replacement policy.

52() po=a, g=1-4 =(az +a; +...
Pr = ak+1/(ak+l + Qrea +---) fork=1.

®) pp=4a, g=1-a,
Pi ﬂtﬂ/(ﬂkﬂ + a4 +°")s G=1—p, fori=k<N-1
Pn-y =1 s

The above assumes instantaneous replacement.



3.5.3 A Batch Processing Model. Customers arrive at a facility and wait there until
K customers have accumulated. Upon the arrival of the Kth customer, all are
instantaneously served, and the process repeats. Let &g, &1, ... denote the arrivals
in successive periods, assumed to be independent random variables whose dis-
tribution is given by

Priéy =0}=a, Pri&=1}=1-a,

where 0 < o < 1. Let X, denote the number of customers in the system at time n.
Then, {X,} is a Markov chain on the states 0, 1, ..., K — 1. With K = 3, give the
transition probability matrix for {X,}. Be explicit about any assumptions you
make.

53 0 1 2
Of a 1—a 0

P=1 0 a l1—-a
2i1-a O a

3.5.4 Martha has a fair die with the usual six sides. She throws the die and records the
number. She throws the die again and adds the second number to the first. She
repeats this until the cumulative sum of all the tosses first exceeds 10. What is
the probability that she stops at a cumulative sum of 13?

5.4 After reviewing (5.8), set up the matrix

o 1 2 3 4 5 6 7 8 9 10 13 ~13
ofe 2 ¢ 1 1 1 L o0 0 0 O : 0 0
1o 0o % + &£ &£ L X 0 0 0,0 0
2o 0 0o & 4 &+ r 3 t 0 00 O
3 o o o L 1t t 1 L L 0[]0 O
4fo o o o o + ¥ 1 1 L L]0 O
sfo o o o o o : 1 3t 1 tlo ¢
6o o o o o o o 2 1 1 lo 2
70 o o o o o o o & L L } 12
gfo o o o o o 0o o 0o %+ 1,1t %
9o o o o o o0 0o o0 0 o0 ;i ¢
0fo_o-0 0 0 0 0 0 0 0 0% 3
3fo0 o o o o o o0 o o0 o O]l 1 O
~13jo0 o o o o o o o o o olo 1




3.5.5 Let {X,} be a random walk for which zero is an absorbing state and such that
from a positive state, the process is equally likely to go up or down one unit.
The transition probability matrix is given by (3.38) withrp =1 and p; =¢; = %
fori > 1. (a) Show that {X,} is a nonnegative martingale. (b) Use the maximal
inequality in Chapter 2, (2.53) to limit the probability that the process ever gets
as highas N > 0.

55 If X, =0, then X,,, = 0 and E[X,,,X,=0]=0=X,IfX,=i>0then X, =i £ 1,each w.
pr. + so E[X,,)X, = i] =i = X,. So {X,} is a martingale. If X, = i, then Pr{max X, = N} =

X i o . ; i
-E%-! =¥ by the maximal inequality. Of course, (5.13) asserts Pr{max X, =N } ~ N



3.8 Branching Processes*

3.8.3 Suppose a parent has no offspring_ with probability % and has two offspring with

probability % If a population of such individuals begins with a single parent and
evolves as a branching process, determine u,, the probability that the population
is extinct by the nth generation, forn=1,2,3,4,5.

Solution. The recursion (3.4.8) specializes to

1 1 s 14 (up_1)?
§+§[un—1) == 72 .

Beginning with uy = 0, we successively compute the probabilities:

Up =

ug = 0, uz = 0.695,
up = 0.5, ug = 0.742,

us = 0.625, uy =0.77

o

We see that the chances are % that sich a population will die out by the 5t generation. B

Problems

3.8.1 Each adult individual in a population produces a fixed number M of offspring
and then dies. A fixed number L of these remain at the location of the parent.
These local offspring will either all grow to adulthood, which occurs with a
fixed probability B, or all will die, which has probability I — 8. Local mortal-
ity is catastrophic in that it affects the entire local population. The remaining
N =M — L offspring disperse. Their successful growth to adulthood will occur
statistically independently of one another, but at a lower probability « = pg,
where p may be thought of as the probability of successfully surviving the dis-
persal process. Define the random variable & to be the number of offspring of a
single parent that survive to reach adulthood in the next generation. According
to our assumptions, we may write & as

E=vi+va+---+ww+(M-N)O,

where ©, vy, va,..., vy are independent with Pr{vy =1} = a,Pr{ivy =0} =1 —
o, and with Pr{® = 1} = B and Pr{® = 0} = 1 — 8. Show that the mean number
of offspring reaching adulthood is E[¢§] = a/N + (M — N), and since o < B, the
mean number of surviving offspring is maximized by dispersing none (N = 0).
Show that the probability of having no offspring surviving to adulthood is

Prie =0} = (1 —a)V(1 - B)

and that this probability is made smallest by making N large.



8.1 No adults survive if a local catastrophy occurs, which has probability 1 — 8, and if independently,
all N dispersed offspring fail to survive, which has probability (1 — a)”. Another example in which
looking at mean values alone is misleading.

3.8.2 LetZ=73",_, X, be the total family size in a branching process whose offspring
distribution has a mean . = E[£§] < 1. Assuming that Xo = 1, show that E[Z] =

/(1= p).
8.2 A first step analysis yields E[Z] = 1 + u E[Z] whence E[Z] = 1/(1 — u), z < 1.

3.8.3 Families in a certain society choose the number of children that they will have
according to the following rule: If the first child is a girl, they have exactly one
more child. If the first child is a boy, they continue to have children until the

first girl, and then cease childbearing.
(a) Fork=0,1,2,..., what is the probability that a particular family will have

k children in total?
(b) Fork=0,1,2,..., what is the probability that a particular family will have

exactly k male children among their offspring?
8.3 Possible families: GG GB BG  BBG BBBG. ..
Probability: 1 1 1 L ..
ILet N = Total children, X = Male children

(a) PriN=2}==, Pr{N=k}= [%J for k = 3.

|
Hlw

(b) Prix =1} %- Pr{X=0}=%, Pr{X=k}=[l] , kz 2

3.8.4 Let (X,} be a branching process with mean family size x. Show that Z,, = X, /"
is a nonnegative martingale. Interpret the maximal inequality as applied to {Z,}.

X, =uz,] = ;%ﬂx =Z,.Suppose Z, = X, = 1.

84 Ez, |7, 2] = #,—KIE[‘EI + +Ex,



4 The Long Run Behavior of
Markov Chains

4.1 Reqular Transition Probability Matrices

4.1.1 A Markov chain Xp, X1, X2, ... has the transition probability matrix

0 1 2

00.7 0.2 0.l
P=1| 0 0.6 04f.
2105 0 05

Determine the limiting distribution.

Solution. We aim to calculate the limiting distribution @ = (my, ™, m). First, observe
that
07 0 05
PT=102 06 0
0.1 04 05

So, referring to Equations (3.5.1)-(3.5.2), (in the matrix form (3.5.3)), we obtain

0.77g +0my +0.5m = mg (3.5.12)
0275 4+ 0.6my +0my = m (3.5.13)
01mg +0.4m +-05m = m (3.5.14)
mo+m+m = 1 (3.5.15)

We arbitrarily strike out (3.5.14) and simplify the remaining equations to get

3mg — bme = 0, (3.5.16)
2mg — 4wy = 0, (3.5.17)
Mg+ L+ = 1 (3.5.18)

From (3.5.16) and (3.5.17), we get 1 = %ﬂ'[], Ty = %?’I’U. Substituting in (3.5.18), we get

10 5 6
T = 57, M1 = 57, T2 = 57- W



Let 7 =(m,,m,x,)be the limiting distribution

2
V= Z;rrkij, 7=0.12
k=0

2
and D 7, =1

k=0

—

7, =0.7m,+0.57,
-, =0.67, (1)

7, =027, +0.67,
s =057, (2)

VI, m 4, =1 (3)
. by substituting (1) and (2) in (3)
we get 1, +0.57, +0.67, =1

g —10
"30_21

. _ 10y _ 5 _ 10y _ 6
S =0.5(30) =31, T, =0.6(37) =

. The limitting distribution is 7 = (7,.7,.7,) =(10/21.5/21.6/21)

J(o = _’To ?Bo + -“_\ Plo =t -n-'L_ P’).c = 0.7 T, 4 0§ T

_ 2 3 = 5
-Tr-.__ _5—“0 - ‘S__n' 77‘
_n-‘,: °‘7--rr° + a'é-[T| ’
_IT) = %TT" = _\—':Ta
. 5

-T‘_L: B_'\'ﬂ'a + o.‘1'\T\ + a-S‘\\_.L

To+ T 4+ T =

\e S (< R
o o T Mot 75 o |
2
le W":‘
=2



“_'-“.P_.Hl', 0.+ w =07 v 0m,

{ {
= T,0, 4T\ 4mh, = 02l 40l®, 2204w, 2ean, = B=La, aosm, = lz(';]:)- o

W,'; Tr‘P-l-' T‘.Plz H'\" fu-:-O-I Tr_-e o-4 il_ldo-;ﬁ.. =7, =0 Wp 4 2,25 !,_-.% f,

2! (e
W.+‘rl7“p=' -2 Tr.)*%_ﬁ,"%fn ‘l‘)'(—.hozl -.'7".'-‘-{7

4.1.2 A Markov chain Xp, ); 1, X2, ... has the transition probability matrix

0 ] 2

0/0.6 03 0.1
P=1[03 03 04|.

2104 0.1 05

Determine the limiting distribution.
Answer
Let 7= (m,.7.7,) be the limiting distribution
=
Ty =0.6a; +0.37, +0.47,
My =03m, +0.3m +0.11,
7y = 0.1y + 0.4m + 0.5,
Ty + 1+, =1

Solvmg the following equations

4my—3m —4m, =0 (1)
3?‘(,3—?5‘1'1+F£’1=0 LE:I
;’To"‘ ﬂ—1+ﬂ—2=1 (3}

By solvng equations wsig Cramer’s rule. we get

4 -3 -4 0 -3 —4
A=[3 -7 1|=-66.A,=|0 -7 1|=-31
11 1 1 1 1
4 0 —4 4 -3 0
A=]3 0 1|=-16.A,=3 -7 0|=-19
1 1 1 1 1 1
A, A,
cm=F=d. m=3=. m=3=8

.. The limitting distribution is 7 = (7. 7. 7,) =(31/ 66,16/ 66.19/ 66)

Y od



Solution. Same method of the latter example, vields 7y = % m = %’ Ty = %_ [ ]

Determine the limiting distribution. =, g m

‘no.‘:]t_f" + 1T, fw-}\'l'lfh =0y, 4037, +o4T, 0:4T, -3, —0.4M, =©
..4];_—--"(.—.4:1, Xt

W3, —e 7T el Ty, =

e ) > o-l[.na.qw'...;'r;_-_.
edf, + 0.4M —0:{M,=0

MWl +%h +8Y =z e3rroimanin

T2 ol t WA 4%, B, 2 ot 40w 4087,
To+ T + T, =

TT;-i-T("'rT,_:'[ T,+m ¢ 2|
.4 o3 ~e.q
e | o q o .4
1 '

l =&-l6 to-l§- a.,ﬂ-— [~o-2 w3 —0.lt] 20274929 20,46 20
]

o 0.3 -e.4 ot O ed g e} .
027 ¥ |z 8,213 3 T s N N CNT
M= Q. 31 -&_(C o & 12
L 73 "-'-4-(5 - e



1] | 2
ofos 03 01
P=1[03 03 04).
(04 01 05
Determine the limiting distribution.
Tr G.GTD + ‘0-'5'“" 4 b_‘f'n"
M= 227, 4+ .27, +2.tT,
M, = e, oMW 4 =STW,
My + Ty M, =}
4 =3 - Y 4
e =7 1 5
1 I 3 .
Lo -5 - =] ,_'3,
o =7 i o -7
) | 1 1 |
) o -4 ]
3 o 1 1
) ) | |
« -3 > g
% =77 2 5

=" ]

- o— W 9'1“'1
°T .66
L :‘i = & 1LY
S
T -7 _ o 2378l
T e
e I, - 3T, —8YT =o
"-37'[. - "7.“"' . | T, ==
e. | T, + .MM, - =5, =0
Y T T, =)
= 2
-7 = -8 —% - 12 + 9 -
| -28 = -¢&c
= —%  -28 = -7
o
o
= —\L -4 = =&
|
=3
.__T — —'1'8 .1 cr _ -9




4.1.3 A Markov chain Xp, X 1, X2, ... has the transition probability matrix

o 1 2
0.1 0.1 038
02 02 0.6].
03 03 04

0
P=1
2

What fraction of time, in the long run, does the process spend in state 1?

v 1 Z

0 of o1 0%
P"""' { 0L o-% 0-b

2 03 03 04

wooom T

ot Haouon ﬁ;"ﬁm i i N cloer 1
(GG ; ~ 3
foa..t/?o,ﬂ./l et 4 7 T //

Ios: i
- Zzg’ngéf
=0

/"‘]:0 = 7];=0,{15'+0-17f{-+o-377;_
0'9”;=0~‘17’l_"f'0"3,€ (ng

. (9= T 3=
ﬂfo(,fsg 7[,‘;:9./1[+0-277I-1-0-377:.
gﬂg, 37}’-{-—07”‘—"0 (X l'd
ﬁT g7 +3T J

/? ‘F+T*W ]

Seluirg @ 1@ (wm =0
AaAVOQ B S el

C’E_J)
O+?)A3 = 127 )377-,3[:;""
't'ﬂ‘-t—m-’3 ’> -




Solution. According to the above secondary interpretation of the limiting distribution, and
using the same method as in the previous examples, we see that the long run fraction of

time that the process spends in state 1 is T = 13—3

What fraction of time, in the long run, does the process spend in state 17

W,=2mp,+T, e'.c- T, Plo = ol + 02 43T, 0.98, ~*1M - 037, 20 6gf, ~°UT-3IN:p
W= 'vr +w, ¥, 4"7)'-” = e\ T, $OT W, o3, = ol fig=e-d M 403 T, =¥ = ot M=o B W re) W =0
\T{.-.‘T_Q“-Irﬂ', . Wb, ¢ sl mepelm woam, ol 0.6 06T, =& Myt W+ Wy =1
ﬁﬂ'r f"'rv'r-,_':[ ﬁ.*ﬂ‘.-rﬁ-’_‘f
q -0 .mi\
ol ot w3l gz g g as .
‘l \ s ? 3 -0, 3
o ~®1 .o} ) o .o ) -l
bo-‘ ® Lol .3 T-e3 A=l-.| ° 03 =-0'3 a.z o0l  —vL -I__. ~o7
vy [ 1 \ L Y ro
3 3 1
- ™" =2 — Z —
o=, Yoy nEh
What fraction of time, in the long run, does the process spend in state 17
s
=2l W, & o2 W =+ 23T, :
°q M, —o1 W - o3IW =,
™ = o T, + =z Wi e BT, =
20T, —~ 8.g N x93, =o
M, =e8w + 2.6 T N
2z v =5 o.g‘q‘ 'S .G'“‘ __.C,TY‘ — o
™ =
ST SN M, o+ T 4w, =1
\ -2 2 { -8
O = Y48 += Y -
2 - —¢ 2 ‘ — G +48 +24 4 €9+ -
= 12 o
| | ( \ 1
| o
\ 2 3
o, g o
g o _ _
b = 2Y 4 ¢- 3
| ! \ \ )
Lo 2



4.1.4 A Markov chain Xp, X, X5, ... h;s the transitior-l probabiiity matrix

0 1 2

003 0.2 05
P=1(05 0.1 04}.

2|05 0.2 03

Every period that the process spends in state 0 incurs a cost of $2. Every period
that the process spends in state | incurs a cost of $5. Every period that the
process spends in state 2 incurs a cost of $3. What is the long run cost per
period associated with this Markov chain?

Solution. First, we calculate the limiting distribution @ = (mg, 71, 72). For, observe that

0.3 05 05
PT=102 01 02
05 04 0.3

So, referring to Equations (3.5.1)-(3.5.2), (in the matrix form (3.5.3)), we obtain

0.3mg + 0.5m +0.5my = mp,

021 +0.1m +02m = .,

0.5mg + 04wy +03m = o,
To+m+m = 1

We arbitrarily strike out (3.5.21) and simplify the remaining equations to get

—Tmg+ 5my +5my = O,
2mg — 91y + 2my = 0,
mo+mt+m = 1

Multiplying (3.5.25) by —2 and adding the resulting equation to (3.5.24), we get w1 =

2
11"

Then, multiplying (3.5.25) by —5 and adding the resulting equation to (3.5.23), we get

o = 5. Now, substituting the obtained values in (3.5.25), we obtain 7y = 135

Next, invoking Formula (3.5.11), we see that the long run mean cost per period is equal to

5 y 5.
Mean cost = (%) (2) + (%) (5) + (1J332> ()= % =



0 \ T
of 03 o2 05
P' {| 05 ol 0-Y
.| 05 o2 03
{ 3 @
T % m
X ot 0 T=0
ﬁ%‘n&lfr(u"wrﬂ'o“ ?/ “ = jTr.ro;Tr_'_ogﬂ, @
Ans o ﬂ‘zl@ TT; DIEQOI’HD_'OLTE’ )
ey e wl G
S ? ﬁ':Tc-f M i
1 %Nn mean Qtl'rvr unt P,,,‘Oc/ and @ = 7!&—;?,—5[[;_—_—0 10)
= ey o 215—91T,+ﬂr1=o ®
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5 -5
4 =32
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-5
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A
‘.5
DO= 0\'9 & :.__-55
\\i !
ST
D. = 1 0() 2 ="2'1

4
0
N
0

Determine the limiting distribution for the process.

Solution. Using the same method as in the above examples, we obtain wy = 50> M1 =
5 — ——1
55> M2 = 9g. T3 = 55- M

10



4.1.8 Suppose that the social classes of successive generations in a family follow a
Markov chain with transition probability matrix given by

Son’s class
Lower Middle Upper
E Lower || 0.7 0.2 0.1
ANEr'S Middle| 0.2 06 02
class
Upper | 0.1 0.4 0.5

What fraction of families are upper class in the long run?

Answer
Let 7 =(m,.7.m,)be the limiting distribution

—

7, =0771,+027 +0.17,
7, =02x,+0.67 +0.41,
7, =0.1r,+027 +0.57,
T, + 1+, =1

Solving the following equations

37,—2m,— 7,=0 (1)
Ty +2m —51,=0 (2)
Ty+ m+ m,=1 (3)

By solving equations usmg Cramer’s rule, we get

3 -2 -1 0 -2 -1
A=|l 2 5|=34 A,=|0 2 5|=12
1 1 1 1 1 1



3 0 -1 3 2 0

A =1 0 =5|=14. A, =1 2 0/=8
1 1 1 1 1 |
'TDZ%D:% ﬁ'l:%l:% "Tz:az_%

. The limitting distribution 18 7 = (7,.7,.7,) =(6/17.7/17.4/17)

. In the Jong 1, approximately 23.53% of families are upper class.

T,
What fraction of families are upper class in the long run?

TL =1, ?ﬂ"\"ﬂ" ﬂ.+u'; Pw'.z OIM, rto-2T +0:V Ty 25 03, —0+ 2/ 0V T 52 03 My~02f~e| Tow

'rr"_“-.Pu' + T, Y“ +4 ﬂ,r“ = 02 f,reb W 4o AT =20 .AT, 40 4T, 20 =D [0y, + 027, =0 £ =0

= T+ “-f.r*“zpu 2oAT, 0.1 roo§ M > oW ap.2m —0f T, 20 T+ Hrm =l

03 -e2 -o. |
LN 0.2 ~e-5 | =3 -2 o 2
A7 ( \ I — o-l2 +el4 +to.00=0.34 o= blol ul-‘l. : = a0l to.o2 ~o-ol ﬂ": ‘_t:_i_i-

Solution. Adopting the same notations as in Example 3.36, and proceeding in the same

manner as in the solution of Example 3.42, we obtain w9 = % |

Problems

4.1.1 Five balls are distributed between two urns, labeled A and B. Each period, an
urn is selected at random, and if it is not empty, a ball from that urn is removed
and placed into the other urn. In the long run what fraction of time is urn A

empty?

L1 Let X, be the numbej of balls in Urn A. Then {X,} is a doubly stochastic Markor chain having 6
states, whence lim Pr{X, =0LX, =i} = .



4.1.2 Fiv-e Balls are distributed between two urns, labeled A and B. Each period, one
of the five balls is selected at random, and whichever urn it’s in, it is moved to
the other urn. In the long run, what fraction of time is urn A empty?

1.2 Let X, be the number of balls in Urn A.

0o 1 2 3 4 5

olo 1 0o o0 o 0
1t o ¢ ? 0 0

2

p_2f0 2 0 % 0 0
3o 0o 2 0 2 0
4lo 0o o &£ o I
slo o o o 1 o
T=1=% M=m=% Mm=r5=5

|..|

&
mII

e



4.1.3 A Markov chain has the transition probability matrix

o 1 2 3 4 5

Oflary o2 a3 a4 as ag
1j1 0 0 O O O
pP_ 20 1 O O O O
30 0 1 0 0 Of
410 O O 1 0 O
50 0 O O 1 O

where o; > 0,i=1,...,6,and a| + --- + ag = 1. Determine the limiting pro-
bability of being in state 0.

1.3 The equations for the stationary distribution simplify to:

::0=(a, ta, tagtatast o (Za,-=1)

m= (o +a+a+astagn
= (o:3 +astas+ 616)7::0
;= (a4 +as + as)xg
om= (as + ag)m
= s = AT
1= (Zz=lkak)7t0
o 1 1

" ¥ ke,  Meanofadistribution

4.1.4 A finite-state regular Markov chain has transition probability matrix P = || P;;||
and limiting distribution 7 = ||7r;||. In the long run, what fraction of the tran-
sitions are from a prescribed state k to a prescribed state m?

1.4 Formally, one can look at the Markor chain Z, = XX, and ask for lim,,_,_ Pr|Z, = (k,m)} =
lim Pr{X, = k,X ., = m} = m, P,



4.1.5 The four towns A, B, C, and D are connected by railroad lines as shown in the
following diagram:

: ®) ©

Figure 4.1 A graph whose nodes represent towns and whose arcs represent railroad lines.

Each day, in whichever town it is in, a train chooses one of the lines out
of that town at random and traverses it to the next town, where the process
repeats the next day. In the long run, what is the probability of finding the train

in town D?

1.5 A B C D
1

alo 1 o0 1

1 1 1

p=Blz 9 3 3

C|O 1 0 0
1] 1

Dl 3 0 0
?..-

=% M=% =% =%

Note: myope o # arcs at NODE.

4.1.6 Determine the following limits in terms of the transition probability matrix
P = ||P;|| and limiting distribution 7= = ||7;|| of a finite-state regular Markov

chain {X,}:

(@) limg— o0 PriXny1 = jlXo =i}

(b) lim,— oo Pr{X, =k, Xu+1 =j|Xo = i}.
(©) limyo oo Pr{X, ) =k, X, =j|Xo = i}.

16 lim Pr{X,., = jlx, =i} =z,
lim Pr{X,, =k, X,y = ;1X =i} = Py



4.1.7 Determine the limiting distribution for the Markov chain whose transition
probability matrix is

- O

(=]
o
S M= W

S N -
— W =
S N

LT my = 19: h = 1397 752 191 753=i19-

4.1.8 Show that the transition probability matrix

O 1 2 3 4
|
0j0 - - 0 O
2 2

I l
If-= 0 = 0 O
2 2
I 1 1
P=2- - 0 = O
3 3 3
I I
310 0 = 0 =
2 2
410010
2 2

is regular and compute the limiting distribution.

18 P° has all positive entries. _
T =.2529 m=.2299 m= 3103 m=.1379 m = .0690



4.1.9 Determine the long run, or limiting, distribution for the Markov chain whose
transition probability matrix is

0O 1 2 3
ofo0 o 1 O
1o 0 0 |1
Pyl 111
4 4 4 4
11
310 0 - =
2 2

1 4

19 m=m=%5 m =" =1

4.1.10 Consider a Markov chain with transition probability matrix

popr p2 "t PN
PN Po P - PN-I

P=||PN-1 PN PO - PN-2||,
P1 P2 pP3 - PO

where0 <pg < landpg+p + -+ +pny = 1. Determine the limiting distribution.

1.10 The matrix is doubly stochastic, whence

for k=0,1,...,N.

Ry =

N+1

4.1.11 Suppose that a production process changes state according to a Markov process
whose transition probability matrix is given by

0o 1 2 3
0[03 05 0 02
_ 105 02 02 ol
~ 2002 03 04 0.1

3)0.1 0.2 04 03

It is known that 7| = % =0.3140 and 7y = 38719 =0.2137.

(a) Determine the limiting probabilities mp and 3.

(b) Suppose that states 0 and 1 are “In-Control” while states 2 and 3 are
deemed “Out-of-Control.” In the long run, what fraction of time is the
process Qut-of-Control?

(¢) In the long run, what fraction of transitions are from an In-Control state to
an Out-of-Control state?



L11 (a) 7= o =.3087 7y = = =.1636
(b) m, +my =35 =.3773.
(©) m(Py + Py) + m(Py, + Pys) = 1559

4.1.12 Let P be the transition probability matrix of a finite-state regular Markov chain,
and let IT be the matrix whose rows are the stationary distribution . Define

Q=P-1I
(a) Show that P" = IT + Q".
(b) When
1 1
)
2 2
pf! I 1
4 2 4
o L 1
2 2

obtain an explicit expression for Q" and then for P".

L2 () IP=PI == Then @*=(P-IDP - =P -TIP- AIT + 12 = P - IL.
Similarly, [IP" = PTI ="' =M and 0" = (P-TI )P - I1) = P"** —1I.

A6 %&)" -

(b) Q"=— 0 0

o ()

4.1.13 A Markov chain has the transition probability matrix

0 1 2

0(04 04 0.2
P=1]06 02 0.2].

204 02 04

After a long period of time, you observe the chain and see that it is in state
1. What is the conditional probability that the previous state was state 27 That
is, find

lim Pr{X,_, =2|X,=1}.

n—o00

”2P” -6>;'2 1714 m=% m=]

113 lim Pr{x -1 =2JX, -1} =

Ky
h
¥
Ky
I
Rlo



4.2 Examples

4.2.5 From purchase to purchase, a particular customer switches brands among prod-

=
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ucts A, B, and C according to a Markov chain whose transition probability

matrix is
A B C
Al0.6 02 0.2
P=B|0.1 0.7 0.2.
clo.1 0.1 08

In the long run, what fraction of time does this customer purchase brand A?
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In the long run, what fraction of time does this customer purchase brand A? T,
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Problems

4.2.1 Consider a discrete-time periodic review inventory model (see Chapter 3,
Section 3.3.1), and let &, be the total demand in period n. Let X,, be the inventory
quantity on hand at the end of period n. Instead of following an (s, §) policy, a
(g. Q) policy will be used: If the stock level at the end of a period is less than
or equal to ¢ = 2 units, then Q = 2 additional units will be ordered and will be
available at the beginning of the next period. Otherwise, no ordering will take
place. This is a (¢, Q) policy with g =2 and Q = 2. Assume that demand that is
not filled in a period is lost (no back ordering).

(a) Suppose that Xo =4 and that the period demands turn out to be & =3,
& =4,63=0,&4 = 2. What are the end-of-period stock levels for periods
n=1,273,47

(b) Suppose that &), &, ... are independent random variables, each having the
probability distribution where

Kk = 0 1 2 3 4
Prie=k= 0.1 03 03 02 0.

Then, Xo, X),... i1s a Markov chain. Determine the transition probability
distribution and the limiting distribution.
(c) In the long run, during what fraction of periods are orders placed?

21

—_
b
W
'Y

th

Period

I
w
h'{m
Il
A
Ure
Il
(=]
g
Il
o

3

¥

/
0
. LOST SALES
0 T 2 3 4
(a)Xo=4 Xl=1 X2=0 X3=2 X‘=2
0 01 2 3 4
ole 3 1 o0 o
13 3 3 1 o
b
® p_ 201 2 3 3 4
303 3 3 1 0
4af1 2 3 3 1

21 (¢) my + m + m, = 3559 + .2746 + .2288 = 8593



4.2.2 A system consists of two components operating in parallel: The system func-
tions if at least one of the components is operating. In any single period, if
both components are operating at the beginning of the period, then each will
fail, independently, during the period with probability «. When one component
has failed, the remaining component fails during a period with a higher prob-
ability 8. There is a single repair facility, and it takes two periods to repair a
component.

(a) Define an appropriate set of states for the system in the manner of the Reli-
ability and Redundancy example and specify the transition probabilities in
terms of o and B.

(b) When o =0.1 and g =0.2, in the long run what fraction of time is the
system operating?

2.2 State is (x,y) where x = # machines operating and y = # days repair completed.

(2,0) (1,0 (L1)  (0,0) (0,1)
20| 1-a) 2a1-a) 0 at 0
Q,0f o 0 1-8 0 B
@ P=@1)| @-58 B 0 0 0
(0,0) 0 0 0 0 1
(0,1 0 1 0 o 0

(1) Tpgy + gy + Myay = 6197 + .1840 + .1472 = .9508.

4.2.3 Suppbse that a prodt_Jction process changes state according to a Markov process
whose transition probability matrix is given by

0 1 2 3
002 02 04 02
1{05 02 02 0.1
2(02 03 04 0.1
3[0.1 02 04 03

(a) Determine the limiting distribution for the process.

(b) Suppose that states 0 and 1 are “In-Control,” while states 2 and 3 are deemed
“Out-of-Control.” In the long run, what fraction of time is the process Out-
of-Control?

(c) In the long run, what fraction of transitions are from an In-Control state to
an Out-of-Control state?

23 (a) m = .2549; m = 2353; =, = .3529; m, = .1569
(b) @ + =, = 5098
(€) m(Py + Pg)+ m(Py, + Pp) = 2235.



4.2.4 A component of a computer has an active life, measured in discrete units, that
is a random variable £, where

k
Pr{§ =k}

1 2 3 4
0.1 03 02 04

Suppose that one starts with a fresh component, and each component is replaced

by a new component upon failure. Let X,, be the remaining life of the component

in service at the end of period n. When X, = 0, a new item is placed into service
at the start of the next period.

(a) Set up the transition probability matrix for {X,}.

(b) By showing that the chain is regular and solving for the limiting distribution,
determine the long run probability that the item in service at the end of a
period has no remaining life and therefore will be replaced.

(c) Relate this to the mean life of a component.

24 2

N}

O = O W
el = B e
(o T n I s B = SO W8



4.2.5 Suppose that the weather on any day depends on the weather conditions during
the previous 2 days. We form a Markov chain with the following states:

State (S, S) if it was sunny both today and yesterday,

State (S, C) if it was sunny yesterday but cloudy today,
State (C, S) if it was cloudy yesterday but sunny today,
State (C, C) if it was cloudy both today and yesterday,

and transition probability matrix

Today’s state
$,5 (.0 (G, (GO

(5,8 || 0.7 0.3 0 0
P_ (S,.0) 0 0 0.4 0.6
(G, 9] 0.5 0.5 0 0
(C,C) 0 0 0.2 0.8

(a) Given that it is sunny on days 0 and 1, what is the probability it is sunny on
day 57
(b) In the long run, what fraction of days are sunny?

2.5 (a) P2 sy + Pl es = 3421 + 1368 = .4789.
(b) My + myy = 25 + .15 = A40.

T - =7 T L= _ -
l'.) I . L =» T, = e
N, = e 3
= S W —_— = 1
! ] _'T ~ - —‘.P—F-‘I-— EF'ITD_.-. 5 ?ﬁﬂ__.ag-h—;
Fﬁq_ = U-L‘. .-'-7\1 +~= 1 —qg
"ﬁ% = ©. & W, 4 =.7 Ty =5 —T\'E = a. G X o.CT, 3 T
— e - = (=]
=. L
A
M, + o6T, « =7, + =N =1

%UW'\F‘“*\J days = T,+ T, = .25 C_a.ﬂ)tﬂ-iE] = ol



4.2.6 Consider a computer system that fails on a given day with probability p and
remains “up” with probability g = 1 — p. Suppose the repair time is a random
variable N having the probability mass function p(k) = B(1 — B)*~! for k =
1,2,..., where 0 < B < 1. Let X,, = | if the computer is operating on day n and

X = 0if not. Show that {X,;} is a Markov chain with transition matrix

0 1
Ol B
I{p g

and @ = 1 — B. Determine the long run probability that the computer is operat-
ing in terms of «, B, p, and g.

2.6 To establish the Markov property and to get the transition probability matrix, use Pr{N = nIN =
n} =p. 3

F

__B_
p+p

m

4.2.7 Customers arrive for service and take their place in a waiting line. There is a
single service facility, and a customer undergoing service at the beginning of a
period will complete service and depart at the end of the period with probability
B and will continue service into the next period with probability « = 1 — 8, and
then the process repeats. This description implies that the service time 7 of an
individual is a random variable with the geometric distribution,

Prin =k} = Ba*~! fork=1,2,...,

and the service times of distinct customers are independent random variables.

At most a single customer can arrive during a period. We suppose that the
actual number of arrivals during the nth period is a random variable &, taking
on the values 0 or | according to

Pri§, =0} =p
and
Pri{, =1}=g=1—p forn=0,1,....
The state X,, of the system at the start of period n is defined to be the num-
ber of customers in the system, either waiting or being served. Then, {X,} is a
Markov chain. Specify the following transition probabilities in terms of «, 8, p,

and q : Poo, Poy, Po2, P1o. P11, and Pj;. State any additional assumptions that
you make.

27 Py=p, Pyu=q=1-p; Py,=aq
P,=ap+fq;, P,.,=pp foriz1.



4.2.8 An airline reservation system has a single computer, which breaks down on any
given day with probability p. It takes 2 days to restore a failed computer to
normal service. Form a Markov chain by taking as states the pairs (x, y), where
x is the number of machines in operating condition at the end of a day and y is 1
if a day’s labor has been expended on a machine, and O otherwise. The transition
probability matrix is

To state S (L0) 0.0) (O.1)
From state
)
(1,0) q p 0
P=(0,0) 0 0 1.
0,1 1 0 0

Compute the system availability (; oy for p =0.01,0.02, 0.05, and 0.10.

28 M) = Tz
p=.01 02 .05 10
Tan = 9804 9615 9091 8333

4



5 Poisson Processes

5.1 The Poisson Distribution and the Poisson Process

5.1.1 Defects occur along the length of a filament at a rate of L = 2 per foot.
(a) Calculate the probability that there are no defects in the first foot of the
filament.
(b) Calculate the conditional probability that there are no defects in the second
foot of the filament, given that the first foot contained a single defect.

————————

e
X{’)?'*:‘L X(I/ 9*52_

Solution.

S . . . iy —2(1) s yO ;
1) Direct calculation gives P{X (1) =0} = '346,2@’— =e 2,

2) We are asked to calculate P{X(2) — X(1) = 0|X[1) = 1}. We have

P{X(2) — X(1) =0, X(1) = X(0) =1}
P{X(1) =1} '

P{X(2) - X(1)=0|X(1) =1} =

By the independence of X (2) — X (1) and X(1) — X(0) = X (1), we get

P{X(2) — X(1) = 0}P{X (1) = 1}
P{X(1) =1} ’
6_2{1}[2{11)0 L

= OT\ =¢ .1

P{X(2) — X(1) =0

X(1) =1}




5.1.2 Let px = Pr{X =k} be the probability mass function con‘espondving to a Poisson
distribution with parameter A. Verify that po = exp{—A}, and that p; may be

computed recursively by px = (A/k)pr—1.

Give. g:/}/‘[}(r_kj% /oa‘/f.fa‘h(ﬁj
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5.1.2 Let py = Pr{X =k} be the probability mass function corresponding to a Poisson
distribution with parameter A. Verify that pp = exp{—A}, and that p;y may be
computed recursively by py = (A/k)pi—. Poe? - Rze 2,2

-
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5.1.3 Let X and Y be independent Poisson distributed random variables with param-
eters « and B, respectively. Determine the conditional distribution of X, given
that N=X+Y =n.

A,,; X /Dor.r.fn- (X), Yoz Polﬂrm (/gj
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S.1.3 Let X and Y be independent Poisson distributed random variables with param-
eters  and B, respectively. Determine the conditional distribution of X, given
that N=X+Y =n.

A~ feissen(e) Y~ Poisjon(B) N=%K+¥=n AxY~ Poissen (w+p)
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5.1.4 Customers arrive at a service facility according to a Poisson process of rate A
customer/hour. Let X(7) be the number of customers that have arrived up to
time f.
(a) Whatis Pr{X(r) =k} fork=0,1,...?
(b) Consider fixed times 0 <s <. Determine the conditional probability
Pr{X(t) = n + k|X(s) = n} and the expected value E[X(1)X(s)].
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5.1.5 Suppose that a random variable X is distributed according to a Poisson distribu-
tion with parameter A. The parameter A is itself a random variable, exponentially
distributed with density f(x) = #e~%* for x > 0. Find the probability mass func-
tion for X.

= pPb 5.1.5 ?LS )lS
ity oo £
fexlN) = —57—

e fnaf’)\ls '
a1 o 19(% a® "

=L ‘/zg"g%’
Then H(%) = = /7;7) (+0

o xt P>, -
- T (et
,/"ﬁ/ °,T‘( gt
I /&i ’d;6l1‘
“ re @9 Comps L.
P 4 - —Sun
e “\‘/
’ F'I-I—B

s F// =91,--
3 ;%j tS'ge- zﬂ mass‘#” "e”rX

Hll))'-" *"e“ en=ge’

- R o .
3-(x1= J $xAN) d) = Jv ":F‘ .0 '-ol IN= -‘-I WP ar A ug(d))  du<l+9)dA )= ;:—9

= Lo O
(IAG)"'” r“ )= ZH»O)"' 7 Lt (18~

")F(’qh ‘le (H.) tu% = "_ )ulJu e l"l =

Pr{X=k}=(1—p)p* for k=0,1,... wherep=1/(1 +6).



5.1.6 Messages arrive at a telegraph office as a Poisson process with mean rate of

3 messages per hour.
(a) What is the probability that no messages arrive during the morning hours

8:00 A.M. to noon?
(b) What is the distribution of the time at which the first afternoon message

arrives?
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5.1.7 Suppose that customers arrive at a facility according to a Poisson process having
rate A = 2. Let X(¢) be the number of customers that have arrived up to time ¢.
Determine the following probabilities and conditional probabilities:

(a) Pr{X(1) =2}.

(b) Pr{X(1) =2 and X(3) =6}.
(c) Pr{X(1)=2|X(3) =6}.

(d) Pr{X(3) =6|X(1) =2}.
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5.1.7 Suppose that customers arrive at a facility according to a Poisson process having PLx(5*) -x()2KY
rate 5_2 Let X () be the number of customers that have arrived up to time ¢. Y—KE
Determine the following probabilities and conditional probabilities: = Qdk‘—"

(a) Pr{X(1)=2}. '
(b) Pr{X(1) =2 and X(3) =6}.

(c) Pr{X(1) =2|X(3) =6}.

(d) Pr{X(3) =6|X(1) =2}. ”
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5.1.9 Let {X(z); t > 0} be a Poisson process having rate parameter A = 2. Determine
the following expectations:

(a) EX(2)).
() E[(X(1))?].
(©) EIX(1)XQ)].
For - Poissom process S Xce); ¢ 710
£ [ X1 ]=2t and Var[ X(t)] =Nt

@ E[ X]=21=2,
E[Keu]= 209= 4, A=

W 7o et =[S X077] ) .
| V%X(n[]sgfzxw}} [E_mef]
2 =E[ [N %

EI_/ZX(U]t]—; 2+ 4 =6

:/*F\'nﬁ&r-&&m £ (b)
E[fX(/),?ﬂ —E[Xw]E [X1] LE[Xu]]

s RS =,65w pb5l-4 p8
(c)E[X(:) X(z)]
_E[Xw]E (X + g (X
— 2(¥)+2 ,-.-10./5“_/)55,,4 p-22¥

5.1.9 Let {X(1); t > 0) be a Poisson process having rate parameter A = 2. Determine

the following expectations: -
@ EXQ)). £ peol=an
b) E{{X(D)}°].

(b) E[(X(1)}?] Vg

(c) E[X(1)X(2)).
0) £ [xail =20 = 4
) £ [x0®) = vOr )+ & al) = i) + () = 24 426
¢) E [xap w2l = (b 2)t0+ )y = &+2=10

IR 'h‘;()t-u):)\iﬂ-&)t, o<t from 5.14
?



5.1.9 Let {X(r); t = 0} be a Poisson process having rate parameter A = 2. Determine

the following expectations:

@) EXQ)). Ex9)=At
b) E[{X(1)}*].

() E[(X(1))?] e

(¢) E[X(1)X(2)).

Elntey) = 26D ="

E[x® xiil= T es + 2

D) E[__x m‘} = Vi) + ({ Q((nl)l-: 1(2) 4 (20) = 24426

D E[xL-)x(z)]:'ls(_l’c ) w204y = e

s (e +)
5.1.9 Let {X(r); > 0} be a Poisson process having rate parameter A = 2. Determine
the following expectations: £ [x W=
(a) E[X(2)]. )
(b) E|{X(D)}7].
[ ] VLM})]-—_-, M

(c) EIX(1)X(2)].
O) £ [xell = 20=4
W) E %) = vx0) 4 G all) = (06) + (0)* = 24 426
€) E [xepw2)) =(ay* ()4 () = #2110

EIxAxC) = ol +) s A 65425 , o<hct from 1.1.4



Problems

5.1.1 Let &, &, ... be independent random variables, each having an exponential
distribution with parameter A. Define a new random variable X as follows: If
& >1,then X =0; if & <1 but & + & > 1, then set X = 1; in general, set
X=kif

S +-+& =<1 <&+ + &+ &y

Show that X has a Poisson distribution with parameter A. (Thus, the method
outlined can be used to simulate a Poisson distribution.)

Hint: & + -+ & has a gamma density

k k-1
e ™ forx>0.

A
0 =G

Condition on & + - - - + & and use the law of total probability to show
l
PriX =k} = f[l = F(I = x)] fi(x) dx,
0

where F(x) is the exponential distribution function.
1.1 Following the hint: ;’

—ali-x lk k-1 _ lk —A _ j.k —4
P = L e G e

5.1.2 Suppose that minor defects are distributed over the length of a cable as a Pois-
son process with rate «, and that, independently, major defects are distributed
over the cable according to a Poisson process of rate 8. Let X(7) be the number
of defects, either major or minor, in the cable up to length 1. Argue that X(z)
must be a Poisson process of rate « + .

1.2 The number of defects in any interval is Poisson distributed, from Theorem 1.1, and the numbers
of defects in disjoint intervals are independent random variables because it’s true for both major and
minor types.



5.1.3 The generating function of a probability mass function py = Pr{X = k}, for
k=0,1,..., is defined by

o0
gx(s) = E[SX] = Zpksk for |s] < 1.
k=0

Show that the generating function for a Poisson random variable X with mean
[ is given by

k
13 gx(s) = i%sk =g ¥ i% = e He" = e_”{l_’}, ISI < 1.
=0 K =0 K .

5.1.4 (Continuation) Let X and Y be independent random variables, Poisson dis-
tributed with parameters « and B, respectively. Show that the generating func-
tion of their sum N = X + Y is given by

gn(s) = e~ @A),

Hint: Venfy and use the fact that the generating function of a sum of indepen-
dent random variables is the product of their respective generating functions.
See Chapter 3, Section 3.9.2.

14 g,.,»(S) - E[s,nr] - E[ sst]
- E[SX]E[s"] (using 11, (1.10), (1.12)).

= gx(s)er (s)

In the Poisson case (Problem 1.3)

gN(.s?) e o P R R (Poisson, 8 = a + f3).

5.1.5 For each value of h > 0, let X(h) have a Poisson distribution with parameter

Lh. Let py(h) =Pr{X(h) =k} fork =0, 1, .... Verify that
1 — po(h
lim L() =A, orpo(hy=1—-Ah+o(h);
h—0 h
h
im 2% _ . orpi(h) = M+ o(h):
h—0 h
h
;}‘_rf})[%) =0, orpa(h) =o0(h).

Here o(h) stands for any remainder term of order less than h as h — 0.



1,22 1933
1-p.(h - A — ZAhR"+ =A'h
15 (a) Pu()=1 e _ 2 3!
h h h

=]~ llzh + ilshz- cee = Lash—0.
2 3!
h —ih
(b) pl( ) _ Ahe =le™ 5 lash—0.
o _h
h) 1123126"“'
(©) pzh =2 - =%12k3""‘—->(]ash-—>0.

5.1.6 Let {X(¢); t > 0} be a Poisson process of rate A. For s,¢ > 0, determine the
conditional distribution of X (), given that X(t + s) = n.

1.6 Pr{x(s) =k X(t+s)= n} = Pr{X(z) =k, X(t+5) - X(t)=n— k}
(lt)ke_” (ﬂ.s)“-k e ™
Kt (n—k)

n—i

(,1,);::‘*‘ [s]
Pr[X () = k'X (c+5)= "} - [ l(r- + s)]"(’:-:(‘f‘?

n! .

- p k n—k
T ()] (eemi- )
kAt+s]\t+s t+s

5.1.7 Shocks occur to a system according to a Poisson process of rate A. Suppose
that the system survives each shock with probability e, independently of other
shocks, so that its probability of surviving k shocks is . What is the proba-
bility that the system is surviving at time ¢?

e—is

o had e At y -
1.7 Pr{Survive at time z} = ZPr{Sunrive k shocks}Pr{k shocks} = ZG" f——k(l—) = M),
k=0 k=0 -

5.1.8 Fin(i the probat;ility Pr{iX(r) = l‘:3, 5, ...} that a Poisson process having rate A
is odd.



18 e =1+ A1+ %(u)zf l,(,u) + II(,u) e

Ht-aek S - L + 43 -

%(e“—e )=Ar+—().t) (:Lr) + -

gt g 2o-)

5.1.9 Arrivals of passengers at a bus stop form a Poisson process X(¢) with rate A = 2
per unit time. Assume that a bus departed at time ¢ = 0 leaving no customers
behind. Let T denote the arrival time of the next bus. Then, the number of
passengers present when it arrives is X(7T'). Suppose that the bus arrival time
T is independent of the Poisson process and that T has the uniform probability
density function

1 forO<r<l,
0 elsewhere.

fr( = l

(a) Determine the conditional moments E[X(T)|T = t] and E [{(X()}*|T =1].
(b) Determine the mean E[X(T)] and variance Var[X(T)].

19 (a) E [X(T)]T = r] =it E[x(:rﬂ:r = :] = At + 1%~

(b) E[X(T)]= [[at= Z2=1 when 2=2.

E—X(T)z] = [(ar+ 222)ar = %,1 + %12.

Var| X(T)| = E[;(T)z] - E[x(1)] = %-,1 - %,12 : %.1’

1 4
= =i+ —1*=— wh =2.
5 B 3 when A=2



5.1.10 Customers arrive at a facility at random according to a Poisson process of
rate A. There is a waiting time cost of ¢ per customer per unit time. The cus-
tomers gather at the facility and are processed or dispatched in groups at fixed
times T, 2T, 3T, .... There is a dispatch cost of K. The process is depicted in
the following graph.

Number of customers waiting

-

Figure 5.1 The number of customers in a dispatching system as a function of time.

Time —»

(a) What is the total dispatch cost during the first cycle from time O to time T?

(b) What is the mean total customer waiting cost during the first cycle?

(¢) What is the mean total customer waiting + dispatch cost per unit time
during the first cycle?

(d) What value of T minimizes this mean cost per unit time?

110 (a) K ‘ -

(b) cE er(r)dt] =c Lrltdt = %mﬂ.

1 1
AC.= =| K+ =AcT?
(9] T( 2'J.C'I' }
d 5 2K
d) — AC.=0=T* = _|—.
@ 77 = J c
Note: In (a), could argue for Dispatch Cost = K I{X (T ) > 0} and E[Dispatch Cost] = K(l —e )
5.1.11 Assume that a device fails when a cumulative effect of k shocks occurs. If

the shocks happen according to a Poisson process of parameter A, what is the
density function for the life T of the device?

1.11 The gamma density

lkxl:—le—lx

fk(x}_ W x>0



5.1.12 Consider the mixed Poisson process of Section 5.1.4, and suppose that the
mixing parameter © has the exponential density f(8) =e~? for 6 > 0.
(a) Show that equation (5.3) becomes

N
PriX'(n=j} = (l;-H) (I_-H)’ forj=0,1,....

(b) Show that

: j+k+1
r s xrf : j+k ik 1 )JH-
PriX'() =j, X'(t+s)=j+k}=""" | ¥s*| —— ‘
r{X'(1) =j, X (t+5) =j+k} (})s(l oy

so that X'(r) and the increment X'(z 4+ s) — X’(r) are not independent random
variables, in contrast to the simple Poisson process as defined in Section 5.1.2.

112 (a) Pr{X’(z) = Ic} = _L' E%i e~do

k
= fk—l [o et aq

%(1 i ;]k(l n JL x‘e _’dx.
(1 ir)t[1 i J (See I, (6.4)).

() Prix(t) =i x(t+s)=j+k} = 5(9‘1 " { 9‘);’ e *do

(iR e Y s Y[ 1
# Jl+s+t)(t+s+t) 1+s+1t)

W

i




5.6 Compound and Marked Poisson Processes

5.6.2 Shocks occur to a system according to a Poisson process of intensity A. Each
shock causes some damage to the system, and these damages accumulate. Let
N(t) be the number of shocks up to time ¢, and let ¥; be the damage caused by
the ith shock. Then

X =Y +--+¥nu

is the total damage up to time f. Determine the mean and variance of the total
damage at time ¢ when the individual shock damages are exponentially dis-
tributed with parameter 6.

Consider the compound Poisson process Z(f) = 2, Y,. If A > 0 is the rate
for the process X(7) and w = E[Y,] and »* = Var[¥,] are the common mean

and variance for ¥, Y,, . . ., then the moments of Z() can be determined
from the random sums formulas of II, Section 3.2 and are
E[Z(D)] = Apt; Var[Z(r)] = A(»* + i)t (6.2)

Et‘ﬁ:l""g U&(tﬂ.}: '#_

F Y Ne:=%t Vay[Nw) = M

E Ix(t)- 5 2

Vv [x(¢)) - {&'}\& + — 2t



Problems

5.6.1 Suppose that points are distributed over the half line [0, 00) according to a Pois-
son process of rate A. A sequence of independent and identically distributed
nonnegative random variables Y, ¥5, ... is used to reposition the points so that
a point formerly at location Wy is moved to the location Wy + Y. Completely
describe the distribution of the relocated points.

6.1 Nonhomogeneous Poisson, intensity

A(t) = AG(¢). To see this, let N(r) be the : :
number of points % ¢ in the relocated N
process = # points in A. _ _ |

I3

5.6.2 Suppose that particles are distributed on the surface of a circular region accord-
ing to a spatial Poisson process of intensity A particles per unit area. The
polar coordinates of each point are determined, and each angular coordinate
is shifted by a random amount, with the amounts shifted for distinct points
being independent random variables following a fixed probability distribution.
Show that at the end of the point movement process, the points are still Poisson
distributed over the region.

6.2 The key observation is that, if © is uniform or [0, 27), and Y is independent with an arbitrary
distribution, then ¥ + © (mod 2x) is uniform.

5.6.3 Shocks occur to a system according to a Poisson process of intensity A. Each
shock causes some damage to the system, and these damages accumulate. Let
N(z) be the number of shocks up to time ¢, and let ¥; be the damage caused by
the ith shock. Then

X(l')=Y1+“'+YN(;)

is the total damage up to time 7. Suppose that the system continues to operate as
long as the total damage is strictly less than some critical value a, and fails in
the contrary circumstance. Determine the mean time to system failure when the
ingividual damages Y; have a geometric distribution with Pr{Y =k} =p(1 —
P, k=0,1,....



6.3 From the shock model of Section 6.1, modified for the discrete nature of the damage process, we
have

k= 1569 1)

_ % 1+ 55 E o) | (e o9)
- % 1+ 'ilp(l ~p) [.=I[ . i: k]P"“”

- % 1+ ga p1-p) (1 - )‘*“] (See L. (621))

= %1 + I‘E’p}

5.6.4 Let {X(2);t>0} and {Y(#);t > 0} be independent Poisson processes with
respective parameters A and . For a fixed integer a, let T, = min{t > 0; Y (1) =
a} be the random time that the Y process first reaches the value a. Determine
Pr{X(T,) =k} fork=0,1,....

Hint: First consider £ = X(T;) in the case in which a = 1. Then, & has a
geometric distribution. Then, argue that X(7,) for general a has the same dis-
tribution as the sum of a independent £s and hence has a negative binomial
distribution.

6.4 One can use the results of I, Section 5.2 or, since T, is exponentially distributed, x

o) =) - [EL v

L (11_!‘][%;)& k=0,1,... (Seel, (64))

T, has a gamma density and a similar integration applies. See the last example in 1I, Section 4.

5.6.5. Let {X(¢);t>0} and {Y(¢);t> 0} be independent Poisson processes with
respective parameters A and p. Let 7 = min{r > 0; Y(¢) = 1} be the random
time of the first event in the Y process. Determine Pr{X(7/2) =k} for k =
0,1,.

6.5 1Tis exponentially distributed with rate parameter 2, whence

k _a
o) E
. k
= =[ 24 ]( A ] k=01,... (Seel (6.4))
A+2u \A+2u

5.6.6 Let W, Wy,...be the event times in a Poisson process {X(¢);t > 0} of rate A. A
new point process is created as follows: Each point Wy is replaced by two new
points located at Wy + X and Wy + Yj, where X, Y|, X, Ya,... are indepen-
dent and identically distributed nonnegative random variables, independent of
the Poisson process. Describe the distribution of the resulting point process.




6.6 Instead of representing W, + X, and W, + Y, as district points on a single axis, write them as a
single point (W, + X, W, + Y,) in the plane. The result is a nonhomogeneous Poisson point process
in the positive quadrant with intensity = -

i) = A px — w)(y — u)d

where f(-) is the common density for X, Y.

5.6.7 Let {N(¢);t > 0} be a Poisson process of intensity A, and let Y1, Y>,... be
independent and identically distributed nonnegative random variables with

cumulative distribution function
G(y)=y" forO<y<l.

Determine Pr{Z(t) > z|N(t) > 0}, where
Z®)=min{Y;, Y2, ..., YN}

Describe the behavior for large .

6.7 Refer to Exercise 6.3.

-t _ ok

P]"{Z(I) > zIN(t) >0} = %—:—;:L*—*; 0 < z< 1.
Let Y(¢) = t/°Z(¢). For large ¢, we have

2 {¥(t) > {w () > o} = Pr{Z(I) > %‘N(t) > 0}'




5.6.8 Let {N(f);t >0} be a nonhomogeneous Poisson process of intensity A(f),
t> 0, and let Y}, Y,,... be independent and identically distributed nonnega-
tive random variables with cumulative distribution function

G(y)=y* forO<y<]1.

Suppose that the intensity process averages out in the sense that

t

1
lim —[k(u)duzé?.
—oo t
0

Let

Z@® =min{Yy, Y2, ..., YN }-
Determine

lim Pr [r'/"Z(z) > z].

6.8 Following the remarks in Section 1.3 we may write N(f) = M[A(f)] where M(?) is a Poisson process

of unit intensity.
Priz(t)> 2} = Pr{min[Y, ..... YM[A(,“] > z}
i - exp{—G(z)A(t)} = o:xp{-—z‘z A(t)}.

Pr{ez(s) > 2} = Pr{z(;] > ?Z;}

- exp{—z" A_(‘)}T, e, 2> 0 (Weibull

t

5.6.9 Let W), W5, ... be the event times in a Poisson process of rate A, and let N(¢) =
N((0, 1]) be the number of points in the interval (0, t]. Evaluate

N(1)

E| Y W)?

k=1

Note: Ele (W) =0.



6.9 To carry the methods of this section a little further, write N(dr) = N{t + df) — N(f) so N(dr) = 1
if and only if t < W, =< ¢t + dt for some W,. Then

Son) = [n(an) so

k=1

Erz(?(% ]’] - E[ j:x’N(dx)] = [[2E[N(ax)]

k=1

= 2y = 22

Af Xdx =

5.6.10 A Bidding Model Let Uy, Us, ... be independent random variables, each uni-

formly distributed over the interval (0, 1]. These random variables represent
successive bids on an asset that you are trying to sell, and that you must sell
by time ¢ = I, when the asset becomes worthless. As a strategy, you adopt a
secret number 8, and you will accept the first offer that is greater than 6. For
example, you accept the second offer if U < 6 while U, > 6. Suppose that the
offers arrive according to a unit rate Poisson process (A = 1).

(a) What is the probability that you sell the asset by time ¢z = 1?

(b) What is the value for 6 that maximizes your expected return? (You get
nothing if you don’t sell the asset by time t = 1.)

(c) To improve your return, you adopt a new strategy, which is to accept
an offer at time ¢ if it exceeds 0(t) = (1 —1)/(3 — r). What are your new
chances of selling the asset, and what is your new expected return?

610 (a) Pr{Sellasset} =1— ™).

=

(b) Because the offers are uniformly distributed, the expected selling price, given that it is sold,

is 1+86
-——~—2 .
E[Remm] = #[1 - e_(H)]

= 6* = 2079 maxE[Return] = 330425

(©) Pr{Se!] in (t, 1+ dz]} e [1 - B(t)]dt.

| chmm] _ £{1 +29(‘)]exp{—ﬂl - a(u)]du}[l — ()] as

= %J:(Z - t}dt = %—, a miniscule improvement over (b).

dt 1



6 Continuous Time Markov Chains

6.1 Pure Birth Processes

6.1.1 A pure birth process starting from X(0) =0 has birth parameters Ao =1,
A1 =3,12 =2, and A3 = 5. Determine P,(t) forn=0,1, 2, 3.

“Ans O

\ | oL
@ n=tgys =" N

2% . e a2
,..W;sej VPR

T
Gye =2,-2
59‘1, f'{:




LA I w
/ \r\ 7/ /
: ” (”"
by = 2 (%:”'),\ \ e
v
I ¢
Bl‘ » (’ _?)(X'J{ ) ./
9= 8,. — Tr TR
i
n

1/0 5[’3‘
¥ Solwre i of uﬂwM’k
i Ve g s, B
/),),)'l— [ﬂ, o g, ,')E
fff) o + B_Z’/—’ = JI
Solution.

Py(t) = e, (using (4.2.10))
Pi(t) = 1e_t—le_s't, (using (4.2.11))

Py(t) = 3 (18_t + —e73 — Ee_Qt) , (using (4.2.12)—(4.2.15))

Py(t) = 6 (%e‘t + ie_gt — %e_gi — ie_m) . (using (4.2.12)-(4.2.15)).1



6.1.5 Using equation (6.10), calculate the mean and variance for the Yule process
where X(0) = 1.

n-/ -
L) =p(1-f) , f=C

M{in [X /f/]—: 4// = <

%r/ﬁ?ﬁﬁ- L)( (t/ :7 = %é
- At
f =

== ———'—“T
&=\ i

Solution. Using Equation (4.2.16), we see that P, (t) is the geometric distribution with p =

e Pt (ie. P,(t) ~ Geo(e ™). We know that for a geometric distribution X ~ Geo(p),

we have E[X] = —;) and Var[X] = l—p_gg. Thus, since here we have p = e=Pt, we see that
1—e bt
E[P.(t)] = ot and Var[P,(t)] = —eE |



Problems

6.1.1 Let X(r) be a Yule process that is observed at a random time U, where U is
uniformly distributed over [0, 1). Show that Pr{X(U) =k} = pk/(ﬁk) for k =
1,2,...,withp=1—e"P.

Hint: Integrate (6.10) over t between O and 1.

+)
, Pty I f;}r/w\'y’/
b proa ; :
7‘7/7/ /‘:;f: ﬁ/n I, el
el [(1-¢
ﬁ({/ = 7 ;

4/5/(
fk k=1
4k] =
fr’[}(“// Fk _g
ohc =17 /



6.1.2 A Yule process with immigration has birth parameters Ay = a+kpB for k =

0,1,2,.... Here, a represents the rate of immigration into the population, and
B represents the individual birth rate. Supposing that X (0) = 0, determine P,,(r)
forn=0,1,2,....

Aohye oAy = ,8“[%1% + 1}{% +n-— 1)

(%0 = )+ A — ) = B 1) &
(A = A (Aess — ) = B*7(n ~ k)t
P, (;) =Ageeeee gn_lgo B, e~
ala a .
— [E]{E * 1] ..... (E tr 1) —a| B —B k
- nl 2 (<)
- :} E +n- 1 —ar -5 n _ '
=18 (l—e ) forn=201,...
n

Note: S 2,(z) = 1 using I, (6.18)(6.20).
n=0 -

6.1.3 Consider a population comprising a fixed number N of individuals. Suppose
that at time # = 0, there is exactly one infected individual and N — | susceptible
individuals in the population. Once infected, an individual remains in that state
forever. In any short time interval of length h, any given infected person will
transmit the disease to any given susceptible person with probability ah + o(h).
(The parameter « is the individual infection rate.) Let X(t) denote the number
of infected individuals in the population at time ¢ > (. Then, X(¢) is a pure birth
process on the states 0, 1, ..., N. Specify the birth parameters.

1.3 The probabilistic rate of increase in the infected population is jointly proportional to the number
who can give the disease, and the number available to catch it.

-~
4

A =ak(N—- k), k=01,...,N.



6.14 A new product (a “Home Helicopter” to solve the commuting problem)
is being introduced. The sales are expected to be determined by both
media (newspaper and television) advertising and word-of-mouth advertising,
wherein satisfied customers tell others about the product. Assume that media
advertising creates new customers according to a Poisson process of rate « = 1
customer per month. For the word-of-mouth advertising, assume that each pur-
chaser of a Home Helicopter will generate sales to new customers at a rate of
6 = 2 customers per month. Let X(#) be the total number of Home Helicopter
customers up to time f.

(a) Model X(r) as a pure birth process by specifying the birth parameters Ay,
fork=0,1,....

(b) What is the probability that exactly two Home Helicopters are sold during
the first month?

14 (a) A, =a +0k=1+2k

U
'(b) .Pz(f)—zgf “'EE +--8-E

1 - 1 _
P(l)=—e' - =P + —e° =.0688.
6.1.5 Let Wy be the time to the kth birth in a pure birth process starting from
X(0) = 0. Establish the equivalence

Pr{W > t, W2 > t+ 5} = Po()[Po(s) + P1(s5)].

From this relation together with equation (6.7), determine the joint density for
W, and W>, and then the joint density of S = W, and §| = W; — W).



1.5 The two possibilities X (w,) = O or X(w,) =1 give us

Pr{W, > w, W, > w,} = Pr{X(w) = 0, X(w,) = 0} + Pr{X(m) = 0, X(w,) = 1}
= fﬁ(“’l)ﬂl(“’z - W1) +Po(“’1)P1(W2 - “’1)

3 =g~ 4 Aoe—low;[ll i;‘o e-lo(wz—w,} + T i 11 e—l.(w,—w:)]

— 2 ’ ’
= ‘[:l ‘Ez fw;ﬂg (Wl Wy }dw, » de,

whence

Forsro (wl";z) = a%a% Pr{W, > w;, W, > wz} = Jghetmg il )

Setting So= W, 5 = Wy = wy (Jacobean = 1) fos(50.5) = (Age™ )(i_l,e"‘”‘ )

6.1.6 A fatigue model for the growth of a crack in a discrete lattice proposes that the
size of the crack evolves as a pure birth process with parameters

A= (1+k)?” fork=1,2,....

The theory behind the model postulates that the growth rate of the crack is
proportional to some power of the stress concentration at its ends and that
this stress concentration is itself proportional to some power of 1 + k, where k
is the crack length. Use the sojourn time description to deduce that the mean
time for the crack to grow to infinite length is finite when p > 1 and that, there-
fore, the failure time of the system is a well-defined and finite-valued random
variable.

16 E[S,]=(1+k)" EW.]=3(1+k)" <o wheng>1.

Crask =
Size —

L]
—
i
—
L]
Ll
——

gV




6.1.7 Let Ap, A, and A, be the parameters of the independent exponentially dis-
tributed random variables Sy, S|, and S7. Assume that no two of the parameters
are equal.

(a) Verify that
Pr{So > 1} = e,

Al - Ao —Art
Pr{iSo+ S| >t}= ——e M0 — ™M1
{So+ 81> 1} PP ey

and evaluate in similar terms
Pr(So+S1 + 52 > 1}.
(b) Verify equation (6.8) in the case that n = 2 by evaluating
Py(t) =Pr{X(t) =2} =Pr{So+ S1 + S2 > t} — Pr{So + S| > 1}.
17 (a) Pr{So < t} =1 — ™ Pr{s, >t} =™
Pr{s, + S8 e = 1 e getrax = 1 - e - (ﬁ)a"-‘[l - e‘{"“"']
=1- Zi}ﬂ—q-e‘*l' - Al—j_‘ge%‘ =1-Pr{s, +5,>1}.

Pr{So +85 +85, < f} = .[;{1 - -——Ao—e_l‘(‘_x) - "—j‘;—-e_jo(‘-l)}he_hxdx

Ao — 4 b — A
C _ 2-0112 e-ﬂ.,: _ 111112 c-—lot _ /10-11 e—j,_(.
(%0 — &)1 — 1) (4 = 20){(22 — %) (% = 2 )(4 — 1)
Ao, 4 e e Aok
b) Blt) = ¥ e
® B G m ) o dea) e h)h k)

_ A e — A okt ’
(40 — &) (4 — %)
-]

e 4 Ay

e '10]}3-2 ) —Aq)l(ﬂq )" -Az]l(zl = Az]”_w]'



6.1.8 Let N(r) be a pure birth process for which

Pr{an event happens in(z, t + h)|N(?) is odd} = ah + o(h),
Pr{an event happens in(z, t + h)|N(r) is even} = Bh + o(h),

where o(h)/h — 0 as h | 0. Take N(0) = 0. Find the following probabilities:
Po(r) =Pr{N(r) is even}; P (t) = Pr{N(t) is odd}.

Hint: Derive the differential equations
Py(H) =aP (1) — BPo(r) and P|(1) = —aP\(t) + BPo(1)

and solve them by using Po(f) + P (1) = 1.

1.8 Equations (1.2) become

) = 821

Pot) = 0Puaa(t) = BBualt) = a[l - Pm{t)] = BPocr(t)

Polt) = a— (@ + B)Puca(t)

Let Onea(£) = £°Prp  (t), then Q... (t) = a € and since Q,,..(0) = 1, the solution is Q.,., (1) =

B a+B)e _ et __a B sy
a+ﬁ+a+ﬁe( and P, (t)=e Qeven () a+ﬁ+‘a+ﬂe .

6.1.9 Under the conditfons oF Pr;)Biem 6:8,ldetermine E[N(1)].

1.9 Equations (1.2) become

N

i) = ~BA()

P,;(:) BE.(t) + abu-u(t), n=2,46,...
Ft) = —aB.(t) + BPs(t) n=135,...

Multiply the n th eclixatmn by n, sum, collect terms and simplify to get
M(t) = a Baslt) + BBanlt) =+ (B — @) Poca(t).

and (See Problem 1.8 above)

_ _2a8 B—a) B _ a8y
M(I)_a+ﬁ‘+(ﬁ+a1a+ﬁ][l ¢ }




6.1.10 Consider a pure birth process on the states 0, 1, ..., N for which A = (N —k)A
fork=0,1,...,N.Suppose that X(0) = 0. Determine P,(r) = Pr{X(r) = n} for
n=0,1, and 2.

‘; .

1.10 Itis easily checked through (1.5) that P,(t) = [’: )e"”"‘“‘(l ~ e™™)", by working with Q,(¢) =
P, (t) = (N](l —e™) Q)= 1; Q.(t) = Aoy ‘[,'e*‘Qn_l(x)dx (From (1.5)).
n

6.1.11 Beginning with Py(r) = e~*' and using equation (6.5), calculate P, (z), P2(1),
and P3(¢) and verify that these probabilities conform with equation (6.7),
assuming distinct birth parameters.

Ay -y ' - Ao gt
L1 Bt) = Age™ | e e dx = o e + B g
) ! =k Al
= e_l‘!‘ ! _L.e')-r‘ '10 e—lox 2 X
Alf) =4 L[Ao—a, i ]“’1 =
= Lo, - e + : e
dg = Ay YAz = 4n) (4 = 20 J(A2 — 46)

: {(i %)taq %) - Ao)tzo - Aq)}ew

and
e -11)1(11 %) T —Ao)}zo %) & _12;(31 %)

—igx

B(f) = Wae""‘ﬁ[(g - x,)l(a, =y L Ao)tiz %)

o -az)”_-"’]""x‘“
- '1"“’[(@ NN }—ao)(zq i R s % i»11)(»1o mrn
"B oL)n izq)(% i SR Py /) 113)(«12 —xs)ew]

6.1.12 Verify that P,(1), as given by (6.8), satisfies (6.5) by following the calculations
in the text that showed that P (t) satisfies (6.5).



_ 2] Ao —Ax Ao Aoz | LAz x
1.12 _Pz(t)—lle i L[ﬁe + me A :Iea dx

_ el % 1 (1 _ Arna) 1 : (1 _  Are=22)r
"“’*"-'f[(zo—z,)(ai—zi)k‘ ) )]

—

e-llr e-.tzt ] ) —

""“[(a, - ei(xz ") (a-Ak-%)  (o-h)h-H)

(20—11)1(11 ) T @—ao)bo—zz) B (ao-zq;(zl—af,)'

Note




6.1.13 Using (6.5), derive P,(t) when all birth parameters are the same constant A and
show that

n,—At
P, (1) = (Ar)"e

n=01,....

Thus, the postulates of Section 6.1.1 serve to define the Poisson processes.
E—
(/ﬂ'g f;e_ q"%odld/ E.? It
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At ° @

dBw _ APy ~NOW, n=42 - )

At n-i O
ekt L birt# faﬁfmafﬁf dfé—"fﬁ- same Gt

' oo o (0) e
il iniviad G X n _NE

-~ 14 2 T
(shaw @p{t)s M e, a=hTs
nP 5 aa.cy
8 | (Polsrw Fr— -
o

, Nwo) =9 ”’”t,;‘,?y))”‘ )
e 1 g BET
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Derive a general formula for P, (t) in case when all birth parameters are

equal to the same constant A.
Solution. Using the saume method as in Equations (4.2.6) to (4.2.15), put Q,(t) = e\ P, (t), 1

0, 1, ...By(4.2.5), we have
Po(t) = e |,

Then, we see that
Qo(t) = eMPy(t) = eMe™ = 1.

Also, as in (4.2.7), we see that
Q::{tj - FA!AR:—l(tJ - ’\Qn—l(t)-

It follows that Q| (t) = AQy(t) = A\, whence Qy(t) = At. But Q,(t) = eMPy(t), and

therefore we obtain
Py(t) = Me |

()\f)z. Likewise, se obtain

Similarly, Q5(t) = A2t, whence integrating to get Qo(t) = %
= Tlr()\t)”.

Qs(t) = ﬁ(,\f)_‘*. Continuing in this way, we see that Q,(t)
It follows that e* P, (t) = Q,(t) %(z\t}”. Hence we obtain

/\tn, At
Pﬂ(:)=(3—:‘, n=0,1,...|
T:

This is just the formula of Poisson distribution with parameter A\t. We conclude that the

postulates of Definition 4.12 serve to define Poisson processes. B

113 Let Q,(t) = é“P,(f). Then Qi) = 1 and (1.5) becomes Q.(f) = 4 Q,.1(¢) which solves to give
A" _ (Ao)ye™
and B,(r) = —-nT"-

() = At; Q) =3(M)... O (1) = o



6.2 Pure Death Processes

6.2.1 A pure death process starting from X(0) =3 has death parameters po =0,
(1 =3, 2 =2, and 3 = 5. Determine P,(t) forn=0,1,2,3.

& (N=3)=> ff‘ﬁ)ff'/-st (T)
 Fe = =
et ,-/'('t
4
62D L, 2 e
7 u[A,.
2D=> L&) L ~ A —~







{75%; = 1-[ﬁr¢) +/;/f/+g/fjj
/V"
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@), @)+ §
frr = 1- [({//LC (L{U/e ”4;6 )
v L = 1+5é’?’5—5€~ " f‘:
“hom s [he "
o s €ty € ¥

(@AM - = -

20 ") (-8) (KR

J

e (/2 WY gd

f__"’?/ (/@j(ﬂ, -7

B = (4 st STt ST e

Solution. Using Equation (4.2.18) with N = 3 and ps = b, we get

Now, using Equation (4.2.19), we see that Py(t) = pg(Agge 2" + Agoe™#3Y) | where

Ao o, Ass are given by Equation (4.2.20). So we obtain Ays = S % and Ass =

. Ha—p2
Py(t) =5 (18_% — %6_5‘) :

H3—p2

Similarly, Equation (4.2.19) yields Py(t) = pops (A1,1e7#1" + Ag 167" + Ay 1e7)  where
1 _

(pa—p1)(pa—p1)

_1 -1 @ _ 1 _
> Apg = s y——— and Azq = G i) = 5 Which vields

= %, which yields

Aqq, Agy, Agqare given by Equun'on (4.2.20). Subsrmuing we get Ay =

Finally, we use the unity-sum of probabilities 1o get

Bo(t) =1 — Pi(t) — Pa(t) — Ps(t). B



Problems

6.2.1 Let X(r) be a pure death process starting from X(0) = N. Assume that the
death parameters are w1, it2,..., un. Let T be an independent exponentially
distributed random variable with parameter 6. Show that

N
PriX(T) =0} =] |

i=1

Mi
pi+6

2.1 Using the memoryless property (Section I, 5.2)

Pr{X(T) = 0} = Pr{T> Wy} = lef{T> WiT>W...} = ﬁ(}%‘é}

=1

6.2.2 Let X(r) be a pure death process with constant death rates u; =6 for k=
1,2,....N.If X(0) = N, determine P,(¢t) =Pr{X(t) =n} forn=0,1,..., N.

2.2 PN(I) =™

Py.i(t) = 0re™
I)N_# e'”‘/(N - n)! forn=12,...,.N

B(r) = (e
Blr)=1 éﬂ(r}

6.2.3 A pure death process X(r) with parameters w1, i3, ... starts at X(0) =N and
evolves until it reaches the absorbing state (. Determine the mean area under
the X (r) trajectory.

Hint: Thisis E[W, + W+ .- + Wy].

2.3 Refer to Figure 2.1 to see that Area = Wy +...+ W,
N
Hence E[Area] = E[Wy] + ...+ E[W;] = NE[Sy] + (N — 1)E[Sp_] +...+ E[S]] = ¥ —.

n=1*n



6.2.4 A chemical solution contains N molecules of type A and M molecules of type
B. An irreversible reaction occurs between type A and B molecules in which
they bond to form a new compound AB. Suppose that in any small time interval
of length h, any particular unbonded A molecule will react with any particular
unbonded B molecule with probability 8k + o(h), where 6 is a reaction rate. Let
X(t) denote the number of unbonded A molecules at time ¢.

(a) Model X () as a pure death process by specifying the parameters.
(b) Assume that N <M so that eventually all of the A molecules become
bonded. Determine the mean time until this happens.

2.4 (a) py = NMO

v = (N - 1)(M - 1)6

" =k(M—— (N k})e, k=0,1,...,N.

1

® wl- Setsl- S

k=1 k=1

%E{ (M—IN)k - (M—N}[;I—N+k)

o(M — N){i% - iM'_ }v+ k}
1

6.2.5 Consider a cable composed of fibers following ‘the breakdown rule K[l =
sinh(/) = 5 (¢! —e ') for > 0. Show that the mean cable life is given by

I

{1ogN — log M + log(M — N)}

1

i . i k L\
— 2N k/N N

A f {xsinh(L/x)}dx.
0



2.5 Breakdown rule is “exponential breakdown”.

— i V2] o [AL
b=k k} ksinh k]
N N 1 dx .
EIWN]:Zik _nhliv_[_, =§; ¥ sml = _;r_-__:j'o__é (Riemann approx.)
i N RIN * x

6.2.6 Let T be the time to extinction in the linear death process with parameters
X(0) = N and « (see Section 6.2.1).

(a) Using the sojourn time viewpoint, show that

(b) Verify the result of (a) by using equation (6.15) in

E[T] = f Pr{T > t}dt = / (1 — Fr(n))dt.
0 0

Hint: Lety=1—e %,
26 (a) E[T] = Efwy] = g{E[Sk]= -}g-};

1 —e"‘“)N]dr = é‘[:[l - y”]ldTyy

l'|"1_‘+...‘l'——1—.
273 N

(®) E[T] = [ Pr{T>t}dr = j:[l —g(:)]d:= f[1 -

= éj:[l +y+y + 4y dy = %[l +



8 Brownian Motion and Related

Processes
8.1 Brownian Motion and Gaussian Processes

8.1.1 Let {B(t);t > 0} be a standard Brownian motion.
(a) Evaluate Pr{B(4) < 3|B(0) = 1}.
(b) Find the number ¢ for which Pr[B(9) > c|B(0) =1} =0.10.

~—

e o SA <3 B0 (e B)=(0.84132. ...
'0{2 Z Prown. SND.. Talbds.
d:) /);fj&Q) >C; B(o)~1j= 0-40....

A pr f a( 8-S !8/0)_. 4 f =0l |

g Bl c[ B{o) 1f = 30.ﬁﬁ......._._.._......._...ﬂf]ﬁlﬁf.ﬁﬁﬁlﬁﬂfﬁfffﬁ -

—

,, C‘P(CBI . 05{)
. ( “82 /7 w,éy S’ND m .

S

2 C. 3{4 28?.)_,.1 45




Solution.
(a) Takingt =4, s =0, x = 1, y = 3 in Formula (5.1.2), we obtain
P{B(4) <3|B(0) =1} = P{B(0+4 <3|B(0) =1},
3—1
= ¢| —— | =D(1) =0.8413.
(57) -o0

(b) Observe that
P{B(9) > ¢|B(0) =1} = 1—-P{B(9) <c|B(0) =1} =0.10

- 1-9 (C\;gl) = 0.10.

c—1
P = 0.90.
( V9 )
From the table of the normal distribution, we infer that

c—1
NG

It follows that

= 1.282,

whence, we obtain the desired value:

c=4846. N



8.1.2 Lét {B(1); t = 0} be a standard Browilian 'motic.m éﬁd c > 0 a constant. Show that
the process defined by W(r) = cB (t/cz) is a standard Brownian motion.

Ansi......
z'&vfﬁ(ﬂ Bltjf;;a-’.r 74-/'0.,\‘.<+ .
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8.1.5 Determine the covariance functions for the stochastic processes
(@ U@)=e"'B(e*), fort>0.
b)) Vio=1-nB@t/(1-1), forO<t<].
(¢) W(t) =tB(1/t), with W(0) =
B(?) is standard Brownian motion.
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Problems

8.1.1 Consider the simple random walk
Sn=&++&. So=0,

in which the summands are independent with Pr{f = +1} = % In Chapter 3,
Section 3.5.3, we showed that the mean time for the random walk to first reach
—a < 0 or b > 0 is ab. Use this together with the invariance principle to show
that E[T] = ab, where

T =T,p=min{t > 0; B(t) = —a or B(t) = b},

and B(?) is standard Brownian motion.

Hint: The approximate Brownian motion (8.11) rescales the random walk in
both time and space.

11 Let T, =min{t=0; B,(t)=-a or B,(f)zb]
= min{r =0; S[,u] = —m‘; or S["‘I = b}
1

n

min{kzo; S, =—avn or skgb&}

E1,]=~[aln]pn] (111, Sections3)

—ab as n— oo,



8.1.2 Evaluate E[e*®™")] for an arbitrary constant A and standard Brownian motion

B(r).
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Solution.

Observe that

(x 212 _1a% /OO Az 1 _12
dr =e 2 e >
o 21

-

Making the variable change y = Virinthe right-hand-side integral of the latter, we obtain

3 Mtdy =1.

]

On the other hand, referring to formula (5.1.3) of the density function, we obtain

o ]_ 1.2
E [¢*B® 2/ Ve 3V /gy,
[ } o v 27t v

Combining the two latter formulas, we obtain
_ 1,2
I IE[ )\B(t]] -1

It follows that
142
E [eABm] =2V N

LY
uBeginmm1=f‘%e?("‘r)dx e ["e*f" e2 dx
27

1 z“’.‘ —_— 1 1‘ f I A 1 2
—e? f:e"’ 1 ﬂdy et E[em()] SO E[(:MU:|=3?l
J n'

2

8.1.3 For a positive constant €, show that
B(t
Pr[l—i)—l > e] =2{1 — d(e 1)

How does this behave when t is large (r - 00)? How does it behave when ¢ is
small (r =~ 0)?

13 pr IB(Tt] >gh= Pr{|3(:)| > sr} =2{1-@,(ar)} = 2{1 - fb(e/;]} (l-ﬁ) -

.

£¢—>0 as t—e because ¢=(x-:\/;)—)1

J

Py

-ﬂt_)_l;‘

B(t‘ 1
Pr*-—t—->e>-91 as t—-—>0 because 3 —)E.




814 Letqay,..., a, be real constants. Argue that

imﬁ(f:‘)
i=1

is normally distributed with mean zero and variance

n n
ZZa;ajmin [I,‘, Iji.

i=1 j=I

1.4 Every linear combination of jointly normal random variables is normally distributed.

A3 ab(e)|= Sarfsle)] =0

va 3000 |- (S ot} |- 5 {Sastf Sste)]
= ;;aﬂfE[B(ff)B(ff)] = ;;“ﬂf‘“"ﬂ{‘f" i}



8.1.5 Consider the simple random walk

Sn=&++&. So=0,

in which the summands are independent with Pr{f = +1} = % We are going to
stop this random walk when it first drops a units below its maximum to date.
Accordingly, let

M,= max S, Y,=M,—S5, and

O<k=n

T =1, =min{n >0, Y, = a}.

(a) Use a first step analysis to show that

1

PriM,; =0} = .
(M =0} i +a

(b) Why is Pr{M, > 2} = Pr{M, > 1}, and

k
Pr{M, 3&1:(116) ?

Identify the distribution of M.

(¢) Let B(r) be standard Brownian motion, M(f) = max{B(u);0<u<t},Y(1) =
M(t) — B(t), and T = min{t = 0; Y () = a}. Use the invariance principle to
argue that M(r) has an exponential distribution with mean a.

Note: 7 is a popular strategy for timing the sale of a stock. It calls for
keeping the stock as long as it is going up, but to sell it the first time that it
drops a units from its best price to date. We have shown that E{M(t)] = a,
whence E[B(1)] = E[M(t)] —a =0, so that the strategy does not gain a
profit, on average, in the Brownian motion model for stock prices.

15 (a) PriM, = of = Pr{S, drops to —a < 0 before rising 1 unit} = % (Using 111, 5.3).

(b} In order that M, = 2, we must first have M, = 1 followed by moving ahead to 2, starting afresh
from 5’ = 1, before dropping a units below 1. The spatial homogeneity gives this second move

2
the same probability as Pr(M(z) = 1). Thus Pr{M, = 2} = [Pr{M, = 1}’ = (1::.1] - The

k
argument repeats,fo give Pr{M, = k} = ( 1 :a) .
(c) Divide the state space into increments of length 1 and observe the Brownian motion as it
n
.k . . 1 1 .
crosses lines —. That is, r; =min{r = 0; B(r) =—or B(t) = ——, and if, for example, B(z,) =
n n n

l, then let 7, = Inin{t =z, B(t) = Zcu' B(t) = -Q}, etc. B(z,), B(z,), .. . has the same distribu-
n n n ]

tion as lS,, %Sz,. .. We apply part (b) to this approximating Brownian motion to see
n

, Pr{M,, (r)> x} = (1 :‘;a]u e

Asn — <, the pa.lrﬁally observed Brownian gets closer to the Brownian motion. We conclude

-

that A—f-(t) is exponentially distributed with mean a (Rate parameter %)



8.1.6 Manufacturers of crunchy munchies such as cheese crisps use compression test-
ing machines to gauge product quality. The crisp, or whatever, is placed between
opposing plates, which then move together. As the crisp is crunched, the force is
measured as a function of the distance that the plates have moved. The output of
the compression testing machine is a graph of force versus distance that is much
like Figure 8.3. What aspects of the graph might be measures of product qual-
ity? Model the test as a row of tiny balloons between parallel plates. Each single
balloon might follow a force—distance behavior of the form o = Ke(1 — g(e)),
where o is the force, K is Young’s modulus, e is strain or distance, and g(e) is a
function that measures departures from Hooke’s law, to allow for soggy crisps.
Each balloon obeys this relationship up until the random strain ¢ at which it
bursts. Determine the mean force as a function of strain. Use F(x) for the cumu-
lative distribution function of failure strain.

1.6 If §,(e) is the compressive force on n balloons at a strain of e, we have E[S,(e)] = rnKe|l — g(e)]

1
[1 - q(e)]ll - F(e)] ’

versus loge would have an intercept lognK reflecting material volume and modulus. Any
departures from ligearity would reflect the failure strain distribution plus departures from Hooke’s
law.

X [1 — F(e)]. Because log E[S,(€)] = lognK + loge — log

a plot of log E[S,(e)]



8.1.7 For n=0,1,..., show that (a) B(n) and (b) B(n)*> —n are martingales (see
Chapter 2, Section 2.5).
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8.1.8 Computer Challenge A problem of considerable contemporary importance is
how to simulate a Brownian motion stochastic process. The invariance princi-
ple provides one possible approach. An infinite series expression that N. Wiener
introduced may provide another approach. Let Zy, Z,... be a series of inde-
pendent standard normal random variables. The infinite series

t 2 . sinmt
Bty = — — Z, 0‘:1“:1‘
(1) ﬁzu+,/x"; —Zp, O<t<

is a standard Brownian motion for 0 <t < 1. Try to simulate a Brownian motion
stochastic process, at least approximately, by using finite sums of the form

N .
t 2 t
By = —7=Zo+ | =Y =T, 0sis1

m=1

If B(t),0 <t <1, is a standard Brownian motion on the interval [0, 1], then
B () =(1+0B(1/(141),0<1t <00, is a standard Brownian motion on the
interval [0, oc). This suggests

1
By(n=(l +r)BN(I—_H). 0<t< o0,

as an approximate standard Brownian motion. In what ways do these finite
approximations behave like Brownian motion? Clearly, they are zero mean
Gaussian processes. What is the covariance function, and how does it com-
pare to that of Brownian motion? Do the gambler’s ruin probabilities of (8.13)
accurately describe their behavior? It is known that the squared variation of a
Brownian motion stochastic process is not random, but constant:

PG)-#(5)

This is a further consequence of the variance relation E[(&B}z] = At (see the
remark in Section 8.1.2). To what degree do the finite approximations meet this
criterion?

n

lim
n—>

k=

2
=1

1.8 The suggested approximations probably do well in mimicking Brownian motion in some tests, and
poorly in others. Because each By(r) is differentiable, AB.(¢) will be on the order of Az, where as AB(f)
is on the order of JAr.



