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System has infinitely many solutions 

Put 𝑥2 = 𝑡 , 𝑡 𝑎𝑛𝑦 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑡ℎ𝑒𝑛 𝑥1 = 3 + 2𝑡 

So the solution of the system is:        [
 𝒙𝟏

𝒙𝟐
] = [

3 + 2𝑡
𝑡

] where 𝑡𝜖ℝ  

  



 

Gauss Elimination Back Substitution method 

 

 
 

  



 

 



 

 

 

2 [
6 −1 4
1 1 1
3 2 3

] − 3 [
1 −1 3
5 0 2
2 1 4

] = 

[
12 −2 8
2 2 2
6 4 6

] − [
3 −3 9

15 0 6
6 3 12

] = 

[
9 1 −1

−13 2 −4
0 1 −6

] 

 

 

𝐴 = (𝐴−1)−1=
1

2∗5−(−1)∗3
(

5 1
−3 2

) =
1

13
(

5 1
−3 2

) = (

5

13

1

13
−3

13

2

13
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Finding A−1: 

 

 



 

 

 

  



 

 



 

𝑏 = [

𝑏1

𝑏2

𝑏3

] 

In general, we say that a linear system is consistent if it has at least one 

solution. 

Since 𝐀−𝟏 exists, the system AX=b has  unique solution X=A−1𝑏 regradless 

of values of b.So no conditions on 𝑏 = [

𝑏1

𝑏2

𝑏3

]. 

  



 

 

+(−𝟐) |
𝟏 −𝟐
𝟖 𝟒

| − (𝟕) |
𝟓 −𝟐
𝟑 𝟒

| + (𝟔) |
𝟓 𝟏
𝟑 𝟖

| = 

(−𝟐)(𝟒 − (−𝟏𝟔)) − 𝟕(𝟐𝟎 − (−𝟔)) + 𝟔(𝟒𝟎 − 𝟑) = 

−𝟐(𝟐𝟎) − 𝟕(𝟐𝟔) + 𝟔(𝟑𝟕) = 

−𝟒𝟎 − 𝟏𝟖𝟐 + 𝟐𝟐𝟐 = 𝟎 

 

L.H.S=|
𝒙 −𝟏
𝟑 𝟏 − 𝒙

| = 𝒙(𝟏 − 𝒙) − (−𝟑) = 𝒙 − 𝒙𝟐 + 𝟑 

R.H.S=+(𝟏) |
𝒙 −𝟔
𝟑 𝒙 − 𝟓

| − (𝟎) |
𝟐 −𝟔
𝟏 𝒙 − 𝟓

| + (−𝟑) |
𝟐 𝒙
𝟏 𝟑

| = 

𝒙(𝒙 − 𝟓) − (−𝟏𝟖) − 𝟎 − 𝟑(𝟔 − 𝒙) = 

𝒙𝟐 − 𝟓𝒙 + 𝟏𝟖 − 𝟏𝟖 + 𝟑𝒙 = 

𝒙𝟐 − 𝟐𝒙 

⇒    𝒙 − 𝒙𝟐 + 𝟑 = 𝒙𝟐 − 𝟐𝒙 

⇒                0=𝟐𝒙𝟐 − 𝟑𝒙 − 𝟑 

             ⇒              𝒙 =
𝟑+√𝟑𝟑

𝟒
  or  𝒙 =

𝟑−√𝟑𝟑

𝟒
 



 

 

  



 

Solution: 

         scan me 

  



 

Solution: 

         scan me 

 

  



 

 

adj(A)=𝐶𝑡 

 

Finding det(A): 

det(A)= +(𝟐) |−𝟏 𝟎
𝟒 𝟑

| − (𝟓) |−𝟏 𝟎
𝟐 𝟑

| + (𝟓) |−𝟏 −𝟏
𝟐 𝟒

| = 

(𝟐)(−𝟑 − 𝟎) − 𝟓(−𝟑 − 𝟎) + 𝟓(−𝟒 − (−𝟐)) = 

𝟐(−𝟑) − 𝟓(−𝟑) + 𝟓(−𝟐) = 

−𝟔 + 𝟏𝟓 − 𝟏𝟎 = −𝟏 



 



 



 

  



 

 



 

 

 

 

 

 

 

 
 

 

𝒄𝒐𝒎𝒑𝒃(𝒂 + 𝒄) = 〈−𝟏,−𝟐, 𝟑〉  ⋅  
〈𝟕, 𝟒, 𝟓〉

√𝟒𝟗 + 𝟏𝟔 + 𝟐𝟓
=

(−𝟕 − 𝟖 + 𝟏𝟓)

√𝟗𝟎
= 𝟎 

  



 

 

 

Solution: 

𝒂 𝒂𝒏𝒅 𝒃 𝒂𝒓𝒆 𝒐𝒓𝒕𝒉𝒐𝒈𝒐𝒏𝒂𝒍 ⇔ 

𝒂 ⋅ 𝒃 = 𝟎 ⇔ 𝒄𝟐 − 𝟐𝒄 − 𝟏𝟓 = 𝟎  

⇔ (𝒄 − 𝟓)(𝒄 + 𝟑) = 𝟎  

⇔ 𝒄 = 𝟓 𝒐𝒓 𝒄 = −𝟑 

  



 

 

 

 

𝑷(𝟑, −𝟐,−𝟏),𝑸(𝟏, 𝟓, 𝟒), 𝑹(𝟐, 𝟎, −𝟔), 𝑺(−𝟒, 𝟏, 𝟓) 

𝑸𝑺⃗⃗⃗⃗  ⃗ = 𝑺 − 𝑸 = 〈−𝟒 − 𝟏, 𝟏 − 𝟓, 𝟓 − 𝟒〉 = 〈−𝟓,−𝟒, 𝟏〉  

⇒ ‖𝑸𝑺⃗⃗⃗⃗  ⃗‖ = √𝟐𝟓 + 𝟏𝟔 + 𝟏 = √𝟒𝟐  

 𝑹𝑷⃗⃗⃗⃗⃗⃗ = 𝑷 − 𝑹 = 〈𝟑 − 𝟐, (−𝟐) − 𝟎, (−𝟏) − (−𝟔)〉 = 〈𝟏,−𝟐, 𝟓〉 

⇒ ‖𝑹𝑷⃗⃗⃗⃗⃗⃗ ‖ = √𝟏 + 𝟒 + 𝟐𝟓 = √𝟑𝟎  

𝑸𝑺⃗⃗⃗⃗  ⃗  ⋅  𝑹𝑷⃗⃗⃗⃗⃗⃗ = (−𝟓)(𝟏) + (−𝟒)(−𝟐) + 𝟏(𝟓) = 𝟖 

𝒄𝒐𝒔(𝜽) =
𝑸𝑺⃗⃗⃗⃗  ⃗  ⋅  𝑹𝑷⃗⃗⃗⃗⃗⃗ 

‖𝑸𝑺⃗⃗ ⃗⃗  ⃗‖‖𝑹𝑷⃗⃗⃗⃗⃗⃗ ‖
=

𝟖

√𝟒𝟐√𝟑𝟎
≈ 𝟎. 𝟐𝟐𝟓𝟒 

𝜽 = 𝒄𝒐𝒔−𝟏(𝟎. 𝟐𝟐𝟓𝟒) ≈ 𝟕𝟔. 𝟗𝟕° 𝒐𝒓 ≈ (𝟏𝟖𝟎° − 𝟕𝟔. 𝟗𝟕°) = 𝟏𝟎𝟑. 𝟎𝟑° 



 

 

𝑷(𝟒, 𝟎, −𝟕) , 𝑸(𝟐, 𝟒, 𝟎) 

𝑷𝑸⃗⃗⃗⃗⃗⃗ = 𝑸 − 𝑷 = 〈𝟐 − 𝟒, 𝟒 − 𝟎, 𝟎 − (−𝟕)〉 = 〈−𝟐, 𝟒, 𝟕〉 = −𝟐𝒊 + 𝟒𝒋 + 𝟕𝒌 

𝑾 = 𝒂 ⋅  𝑷𝑸⃗⃗⃗⃗⃗⃗ = (−𝒊 + 𝟓𝒋 − 𝟑𝒌) ⋅ ( −𝟐𝒊 + 𝟒𝒋 + 𝟕𝒌) 

(−𝟏)(−𝟐) + 𝟓(𝟒) + (−𝟑)(𝟕) = 𝟐 + 𝟐𝟎 − 𝟐𝟏 = 𝟏    𝑱𝒐𝒖𝒍 

  



 

Solution: 

 

𝑭⃗⃗ = −𝑭 𝒄𝒐𝒔(𝟑𝟎°)𝒊 + 𝑭 𝒔𝒊𝒏(𝟑𝟎°)𝒋 

= −𝟐𝟎 
√𝟑

𝟐
𝒊 + 𝟐𝟎

𝟏

𝟐
𝒋 

= −𝟏𝟎√𝟑𝒊 + 𝟏𝟎𝒋 

𝒅 = −𝟏𝟎𝟎𝒊 + 𝟎. 𝒋 

𝑾 = 𝑭⃗⃗  ⋅ 𝒅 = −𝟏𝟎√𝟑(−𝟏𝟎𝟎) + 𝟏𝟎(𝟎) = 𝟏𝟎𝟎𝟎√𝟑  ≈ 𝟏𝟕𝟑𝟐   𝒇𝒕 − 𝒍𝒃  

  



 

 

Solution: 

(a) : 

‖𝒂‖ = √𝟒 + 𝟏 + 𝟐𝟓 = √𝟑𝟎 

𝒄𝒐𝒔(𝜶) =
−𝟐

√𝟑𝟎
= −𝟎. 𝟗𝟗𝟗𝟗𝟕𝟗𝟔𝟗𝟐𝟐𝟒𝟏   

 ⇒  𝜶 = 𝒄𝒐𝒔−𝟏(𝟎. 𝟗𝟗𝟗𝟗𝟕𝟗𝟔𝟗𝟐𝟐𝟒𝟏) = 𝟏𝟕𝟗. 𝟔𝟑𝟒𝟖𝟓𝟏𝟔𝟑𝟎𝟓𝟖𝟗° 

𝒄𝒐𝒔(𝜷) =
𝟏

√𝟑𝟎
= 𝟎. 𝟗𝟗𝟗𝟗𝟗𝟒𝟗𝟐𝟑𝟎𝟒𝟕 

⇒   𝜷 = 𝒄𝒐𝒔−𝟏(𝟎. 𝟗𝟗𝟗𝟗𝟗𝟒𝟗𝟐𝟑𝟎𝟒𝟕) = 𝟎. 𝟏𝟖𝟐𝟓𝟕𝟒𝟏𝟗𝟏𝟐𝟐° 

𝒄𝒐𝒔(𝜸) =
𝟓

√𝟑𝟎
= 𝟎. 𝟗𝟗𝟗𝟖𝟕𝟑𝟎𝟕𝟖𝟕𝟔 

⇒   𝜸 = 𝒄𝒐𝒔−𝟏(𝟎. 𝟗𝟗𝟗𝟖𝟕𝟑𝟎𝟕𝟖𝟕𝟔) = 𝟎. 𝟗𝟏𝟐𝟖𝟕𝟎𝟗𝟐𝟗𝟐𝟐𝟑° 

(c) 

𝒖𝟏 = 〈
𝟏

√𝟑
,
𝟏

√𝟑
,
𝟏

√𝟑
〉 

𝒖𝟐 = 〈
−𝟏

√𝟑
,
−𝟏

√𝟑
,
−𝟏

√𝟑
〉 



 

 

 

 

𝒂 × 𝒃 = |
𝒊 𝒋 𝒌
𝟐 −𝟏 𝟒

−𝟔 𝟑 −𝟏𝟐

| 

= 𝒊 |
−𝟏 𝟒
𝟑 −𝟏𝟐

| − 𝒋 |
𝟐 𝟒

−𝟔 −𝟏𝟐
| + 𝒌 |

𝟐 −𝟏
−𝟔 𝟑

| 

= 𝒊(𝟏𝟐 − 𝟏𝟐) − 𝒋(−𝟐𝟒 + 𝟐𝟒) + 𝒌(𝟔 − 𝟔) = 𝟎𝒊 + 𝟎𝒋 + 𝟎𝒌 

∴ 𝒂 𝒂𝒏𝒅 𝒃 𝒂𝒓𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍. 

  



 

 

𝑷(−𝟑, 𝟎, 𝟓), 𝑸(𝟐,−𝟏,−𝟑), 𝑹(𝟒, 𝟏, −𝟏) 

(a)  

 

A vector 𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ × 𝑷𝑹⃗⃗⃗⃗⃗⃗  is perpendicular (orthogonal) to both 𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 𝐚𝐧𝐝 𝑷𝑹⃗⃗⃗⃗⃗⃗  . 

𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝑸 − 𝑷 = 〈𝟐 − (−𝟑),−𝟏 − 𝟎,−𝟑 − 𝟓〉 = 〈𝟓,−𝟏,−𝟖〉 

𝑷𝑹⃗⃗⃗⃗⃗⃗ = 𝑹 − 𝑷 = 〈𝟒 − (−𝟑), 𝟏 − 𝟎,−𝟏 − 𝟓〉 = 〈𝟕, 𝟏, −𝟔〉 

𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ × 𝑷𝑹⃗⃗⃗⃗⃗⃗ = |
𝒊 𝒋 𝒌
𝟓 −𝟏 −𝟖
𝟕 𝟏 −𝟔

| 

= 𝒊 |
−𝟏 −𝟖
𝟏 −𝟔

| − 𝒋 |
𝟓 −𝟖
𝟕 −𝟔

| + 𝒌 |
𝟓 −𝟏
𝟕 𝟏

| 

= 𝒊(𝟔 + 𝟖) − 𝒋(−𝟑𝟎 + 𝟓𝟔) + 𝒌(𝟓 + 𝟕) = 𝟏𝟒𝒊 − 𝟐𝟔𝒋 + 𝟏𝟐𝒌 



(𝒃): 

 

Area of triangle=𝟏

𝟐
‖𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ × 𝑷𝑹⃗⃗⃗⃗⃗⃗ ‖ =

𝟏

𝟐
√𝟏𝟒𝟐 + (−𝟐𝟔)𝟐 + 𝟏𝟐𝟐 =

𝟏

𝟐
√𝟏𝟎𝟏𝟔 ≈ 𝟏𝟓. 𝟗𝟒  𝐮𝐧𝐢𝐭𝐞 𝟐 

********************* 

Another solution of Dr. Mohamed Abdelwahed 

    scan me 

  



 

 

𝑷(𝟑, 𝟏, −𝟐), 𝑸(𝟐, 𝟓, 𝟏), 𝑹(−𝟏, 𝟒, 𝟐) 

𝒅 =
‖𝑸𝑷⃗⃗⃗⃗⃗⃗ × 𝑸𝑹⃗⃗⃗⃗⃗⃗ ‖

‖𝑸𝑹⃗⃗⃗⃗⃗⃗ ‖
 

𝑸𝑷 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝑷 − 𝑸 = 〈𝟑 − 𝟐, 𝟏 − 𝟓,−𝟐 − 𝟏〉 = 〈𝟏,−𝟒,−𝟑〉 

𝑸𝑹⃗⃗⃗⃗⃗⃗ = 𝑹 − 𝑸 = 〈−𝟏 − 𝟐, 𝟒 − 𝟓, 𝟐 − 𝟏〉 = 〈−𝟑,−𝟏, 𝟏〉 

𝑸𝑷⃗⃗⃗⃗⃗⃗ × 𝑸𝑹⃗⃗⃗⃗⃗⃗ = |
𝒊 𝒋 𝒌
𝟏 −𝟒 −𝟑

−𝟑 −𝟏 𝟏

| 

= 𝒊 |
−𝟒 −𝟑
−𝟏 𝟏

| − 𝒋 |
𝟏 −𝟑

−𝟑 𝟏
| + 𝒌 |

𝟏 −𝟒
−𝟑 −𝟏

| 

= 𝒊(−𝟒 − 𝟑) − 𝒋(𝟏 − 𝟗) + 𝒌(−𝟏 − 𝟏𝟐) = −𝟕𝒊 + 𝟖𝒋 − 𝟏𝟑𝒌 

⇒ ‖𝑸𝑷⃗⃗⃗⃗⃗⃗ × 𝑸𝑹⃗⃗⃗⃗⃗⃗ ‖ = √(−𝟕)𝟐 + (𝟖)𝟐 + (−𝟏𝟑)𝟐 = √𝟒𝟗 + 𝟔𝟒 + 𝟏𝟔𝟗 = √𝟐𝟖𝟐 

⇒ ‖𝑸𝑹⃗⃗⃗⃗⃗⃗ ‖ = √(−𝟑)𝟐 + (−𝟏)𝟐 + (𝟏)𝟐 = √𝟗 + 𝟏 + 𝟏 = √𝟏𝟏 

𝒅 =
√𝟐𝟖𝟐

√𝟏𝟏
= √

𝟐𝟖𝟐

𝟏𝟏
 𝒖𝒏𝒊𝒕𝒆 

********************* 

Another solution of Dr. Mohamed Abdelwahed 

    scan me 



 

 

 

𝑽 = |(𝑨𝑩⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗  ⃗) ⋅ 𝑨𝑫⃗⃗⃗⃗⃗⃗ | 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝑩 − 𝑨 = 〈𝟏 − 𝟎,−𝟏 − 𝟎, 𝟐 − 𝟎〉 = 〈𝟏,−𝟏, 𝟐〉 

, 𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝑪 − 𝑨 = 〈𝟎 − 𝟎, 𝟑 − 𝟎,−𝟏 − 𝟎〉 = 〈𝟎, 𝟑, −𝟏〉, 

 𝑨𝑫  ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑫 − 𝑨 = 〈𝟑 − 𝟎,−𝟒 − 𝟎, 𝟏 − 𝟎〉 = 〈𝟑,−𝟒, 𝟏〉 

 

𝑽 = ||
𝟏 −𝟏 𝟐
𝟎 𝟑 −𝟏
𝟑 −𝟒 𝟏

|| 

= |+(𝟏) |
𝟑 −𝟏

−𝟒 𝟏
| − (−𝟏) |

𝟎 −𝟏
𝟑 𝟏

| + (𝟐) |
𝟎 𝟑
𝟑 −𝟒

|| 

= |(𝟑 − 𝟒) + (𝟎 + 𝟑) + 𝟐(𝟎 − 𝟗)| 

= |−𝟏 + 𝟑 − 𝟏𝟖| = |−𝟏𝟔| = 𝟏𝟔  𝐮𝐧𝐢𝐭𝐞𝟑 



 

 

 

 

𝑷(𝟏, 𝟐, 𝟑),   𝒂 = 𝟏 𝒊 + 𝟐 𝒋 + 𝟑 𝒌 

Parametric equations of the line:  

𝒙 = 𝟏 + 𝟏. 𝒕 ,         𝒚 = 𝟐 + 𝟐𝒕 , 𝒛 = 𝟑 + 𝟑𝒕   .  𝒕 ∈ ℝ 

(Every value of  " 𝒕 " gives a point on the line). 

  



 

Let 𝒙 = 𝒙  and  𝒚 = 𝒚 ⇒ 𝟏 + 𝟐𝒕 = 𝟒 − 𝒗  𝐚𝐧𝐝  𝟏 − 𝟒𝒕 = −𝟏 + 𝟔𝒗   ⇒ 

𝟐𝒕 + 𝒗 = 𝟑
−𝟒𝒕 − 𝟔𝒗 = −𝟐

⇒ 𝒗 = −𝟏 , 𝒕 = 𝟐 

Now plug 𝒗 = −𝟏 , 𝒕 = 𝟐  in 𝒛  (𝐨𝐟 𝐥𝐢𝐧𝐞 𝟏)  and 𝒛 (𝐨𝐟 𝐥𝐢𝐧𝐞 𝟐) 

(𝐨𝐟 𝐥𝐢𝐧𝐞 𝟏): 𝒛 = 𝟓 − 𝟐 = 𝟑

(𝐨𝐟 𝐥𝐢𝐧𝐞 𝟐) ∶ 𝒛 = 𝟒 + (−𝟏) = 𝟑
⇒ 𝒛 = 𝒛 ⇒ 𝐥𝐢𝐧𝐞 𝟏 𝐚𝐧𝐝 𝐥𝐢𝐧𝐞 𝟐 𝐢𝐧𝐭𝐞𝐫𝐬𝐞𝐜𝐭. 

To find the point of intersection, go to any of the two lines: 

Line 2 (say): 𝒙 = 𝟒 − (−𝟏) = 𝟓, 𝒚 = −𝟏 + 𝟔(−𝟏) = −𝟕, 𝒛 = 𝟒 + (−𝟏) = 𝟑 

∴  𝐓𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝐨𝐟 𝐢𝐧𝐭𝐞𝐫𝐬𝐞𝐜𝐭𝐢𝐨𝐧 𝐢𝐬 (𝟓, −𝟕, 𝟑)   

********************* 

Similar question of Dr. Mohamed Abdelwahed 

    scan me 

  



 

 

 

 

 

𝒂 = 〈𝟑,−𝟏, 𝟐〉 , 𝒃 = 〈−𝟏,−𝟐, 𝟏〉 

𝒄𝒐𝒔(𝜽) =
𝒂 ⋅ 𝒃

‖𝒂‖ ‖𝒃‖
=

𝟑(−𝟏) + (−𝟏)(−𝟐) + 𝟐(𝟏)

√𝟗 + 𝟏 + 𝟒 √𝟏 + 𝟒 + 𝟏
=

𝟏

√𝟏𝟒 √𝟔
≈ 𝟎. 𝟏𝟎𝟗𝟏 

𝜽 = 𝒄𝒐𝒔−𝟏(𝟎. 𝟏𝟎𝟗𝟏) ≈ 𝟖𝟑. 𝟕𝟒°𝐚𝐧𝐝 𝝅 − 𝟖𝟑. 𝟕𝟒° = 𝟗𝟔. 𝟐𝟔° 

********************* 

Another solution of Dr. Mohamed Abdelwahed 

    scan me 

 



 

𝒂 = 〈−𝟑, 𝟖, −𝟑〉 , 𝒃 = 〈𝟏𝟎, 𝟏𝟎,−𝟕〉 

𝒄𝒐𝒔(𝜽) =
𝒂 ⋅ 𝒃

‖𝒂‖ ‖𝒃‖
=

(−𝟑)(𝟏𝟎) + 𝟖(𝟏𝟎) + (−𝟑)(−𝟕)

√𝟗 + 𝟔𝟒 + 𝟗 √𝟏𝟎𝟎 + 𝟏𝟎𝟎 + 𝟒𝟗
=

𝟕𝟏

√𝟖𝟐 √𝟐𝟒𝟗
≈ 𝟎. 𝟒𝟗𝟔𝟖𝟖 

𝜽 = 𝒄𝒐𝒔−𝟏(𝟎. 𝟒𝟗𝟔𝟖𝟖) ≈ 𝟔𝟎. 𝟐𝟏°𝐚𝐧𝐝 𝝅 − 𝟔𝟎. 𝟐𝟏° = 𝟏𝟏𝟗. 𝟕𝟗° 

  



 

 

Parallel planes have parallel normal vectors. 

(a) 〈𝟎, 𝟎, 𝟏〉 ⊥ 𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 and the sought plane ∥ 𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆  

⇒  〈𝟎, 𝟎, 𝟏〉 ⊥ 𝒕𝒉𝒆 𝒔𝒐𝒖𝒈𝒉𝒕 𝒑𝒍𝒂𝒏𝒆 ⇒ 𝒂 = 〈𝟎, 𝟎, 𝟏〉 = 〈𝒂𝟏, 𝒂𝟐, 𝒂𝟑〉 

𝑷(𝟔,−𝟕, 𝟒) = (𝒙𝟏, 𝒚𝟏, 𝒛𝟏) 

𝐄𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝒕𝒉𝒆 𝒔𝒐𝒖𝒈𝒉𝒕 𝐩𝐥𝐚𝐧𝐞 𝐢𝐬 ∶ 𝟎(𝒙 − 𝟔) + 𝟎(𝒚 − (−𝟕)) + 𝟏(𝒛 − 𝟒) = 𝟎 

𝐳 = 𝟒. (This plane contains all points of the form (a, b, 4) and is parallel to 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆). 

(b) 〈𝟏, 𝟎, 𝟎〉 ⊥ 𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 and the sought plane ∥ 𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆  

⇒  〈𝟏, 𝟎, 𝟎〉 ⊥ 𝒕𝒉𝒆 𝒔𝒐𝒖𝒈𝒉𝒕 𝒑𝒍𝒂𝒏𝒆 ⇒ 𝒂 = 〈𝟏, 𝟎, 𝟎〉 = 〈𝒂𝟏, 𝒂𝟐, 𝒂𝟑〉 

𝑷(𝟔,−𝟕, 𝟒) = (𝒙𝟏, 𝒚𝟏, 𝒛𝟏) 

𝐄𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝒕𝒉𝒆 𝒔𝒐𝒖𝒈𝒉𝒕 𝐩𝐥𝐚𝐧𝐞 𝐢𝐬 ∶ 𝟏(𝒙 − 𝟔) + 𝟎(𝒚 − (−𝟕)) + 𝟎(𝒛 − 𝟒) = 𝟎 

𝒙 = 𝟔. (This plane contains all points of the form (6, b, c) and is parallel to 

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 ). 

(c) 〈𝟎, 𝟏, 𝟎〉 ⊥ 𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 and the sought plane ∥ 𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆  

⇒  〈𝟎, 𝟏, 𝟎〉 ⊥ 𝒕𝒉𝒆 𝒔𝒐𝒖𝒈𝒉𝒕 𝒑𝒍𝒂𝒏𝒆 ⇒ 𝒂 = 〈𝟎, 𝟏, 𝟎〉 = 〈𝒂𝟏, 𝒂𝟐, 𝒂𝟑〉 

𝑷(𝟔,−𝟕, 𝟒) = (𝒙𝟏, 𝒚𝟏, 𝒛𝟏) 

𝐄𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝒕𝒉𝒆 𝒔𝒐𝒖𝒈𝒉𝒕 𝐩𝐥𝐚𝐧𝐞 𝐢𝐬 ∶ 𝟎(𝒙 − 𝟔) + 𝟏(𝒚 − (−𝟕)) + 𝟎(𝒛 − 𝟒) = 𝟎 

𝒚 = −𝟕. (This plane contains all points of the form (a, -7, c) and is parallel 

to 𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 ). 



 

Parallel planes have parallel normal vectors. 

〈𝟑, −𝟏, 𝟐〉 ⊥ 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟑𝒙 − 𝒚 + 𝟐𝒛 = 𝟏𝟎 and  

the sought plane ∥ 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟑𝒙 − 𝒚 + 𝟐𝒛 = 𝟏𝟎  

⇒  〈𝟑, −𝟏, 𝟐〉 ⊥ 𝒕𝒉𝒆 𝒔𝒐𝒖𝒈𝒉𝒕 𝒑𝒍𝒂𝒏𝒆 ⇒ 𝒂 = 〈𝟑,−𝟏, 𝟐〉 = 〈𝒂𝟏, 𝒂𝟐, 𝒂𝟑〉 

𝑷(𝟐, 𝟓, −𝟔) = (𝒙𝟏, 𝒚𝟏, 𝒛𝟏) 

𝐄𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐨𝐮𝐫 𝐩𝐥𝐚𝐧𝐞 𝐢𝐬 ∶ 

𝟑(𝒙 − 𝟐) + (−𝟏)(𝒚 − 𝟓) + 𝟐(𝒛 − (−𝟔)) = 𝟎      ⇒ 

𝟑𝒙 − 𝟔 − 𝒚 + 𝟓 + 𝟐𝒛 + 𝟏𝟐 = 𝟎.     ⇒ 

𝟑𝒙 − 𝒚 + 𝟐𝒛 + 𝟏𝟏 = 𝟎 

 

 

 

 



  

𝑷(𝟏, 𝟏, 𝟑), 𝑸(−𝟏, 𝟑, 𝟐), 𝑹(𝟏,−𝟏, 𝟐) 

A vector 𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ × 𝑷𝑹⃗⃗⃗⃗⃗⃗  is perpendicular (orthogonal) to both 𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 𝐚𝐧𝐝 𝑷𝑹⃗⃗⃗⃗⃗⃗    ⇒ 

A vector 𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ × 𝑷𝑹⃗⃗⃗⃗⃗⃗  is perpendicular (normal) to the plane determined by 

the points 𝑷,𝑸  𝐚𝐧𝐝 𝑹 

𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝑸 − 𝑷 = 〈−𝟏 − 𝟏, 𝟑 − 𝟏, 𝟐 − 𝟑〉 = 〈−𝟐, 𝟐, −𝟏〉 

𝑷𝑹⃗⃗⃗⃗⃗⃗ = 𝑹 − 𝑷 = 〈𝟏 − 𝟏,−𝟏 − 𝟏, 𝟐 − 𝟑〉 = 〈𝟎,−𝟐,−𝟏〉 

𝑷𝑸 ⃗⃗ ⃗⃗ ⃗⃗  ⃗ × 𝑷𝑹⃗⃗⃗⃗⃗⃗ = |
𝒊 𝒋 𝒌

−𝟐 𝟐 −𝟏
𝟎 −𝟐 −𝟏

| = −𝟒𝒊 − 𝟐𝒋 + 𝟒𝒌 = 〈−𝟒,−𝟐, 𝟒〉 

𝑷(𝟏, 𝟏, 𝟑) = (𝒙𝟏, 𝒚𝟏, 𝒛𝟏) 

𝐄𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐨𝐮𝐫 𝐩𝐥𝐚𝐧𝐞 𝐢𝐬 ∶ 

(−𝟒)(𝒙 − 𝟏) + (−𝟐)(𝒚 − 𝟏) + 𝟒(𝒛 − 𝟑) = 𝟎      ⇒ 

−𝟒𝒙 + 𝟒 − 𝟐𝒚 + 𝟐 + 𝟒𝒛 − 𝟏𝟐 = 𝟎.     ⇒ 

−𝟒𝒙 − 𝟐𝒚 + 𝟒𝒛 − 𝟔 = 𝟎      ⇒ 

𝟐𝒙 + 𝒚 − 𝟐𝒛 = −𝟑 

********************* 

Similar question of Dr. Mohamed Abdelwahed 

    scan me 

 

 

 

 



 

30: 

 



 

 

35: 

Intersection with x-axis: 𝒑𝒖𝒕 𝒚 = 𝒛 = 𝟎  ⇒ 𝟐𝒙 + 𝟏𝟎 = 𝟎  ⇒ 𝒙 = −𝟓 ⇒

𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝐢𝐧𝐭𝐞𝐫𝐬𝐞𝐜𝐭𝐢𝐨𝐧 (−𝟓, 𝟎, 𝟎) 

Intersection with y-axis: 𝒑𝒖𝒕 𝒙 = 𝒛 = 𝟎  ⇒ −𝒚 + 𝟏𝟎 = 𝟎  ⇒ 𝒚 = 𝟏𝟎 ⇒

𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝐢𝐧𝐭𝐞𝐫𝐬𝐞𝐜𝐭𝐢𝐨𝐧(𝟎, 𝟏𝟎, 𝟎) 

Intersection with z-axis:  𝒑𝒖𝒕 𝒙 = 𝒚 = 𝟎  ⇒ 𝟓𝒛 + 𝟏𝟎 = 𝟎  ⇒ 𝒛 = −𝟐 ⇒

𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝐢𝐧𝐭𝐞𝐫𝐬𝐞𝐜𝐭𝐢𝐨𝐧(𝟎, 𝟎, −𝟐) 

  



 

 

〈𝒂𝟏, 𝒂𝟐, 𝒂𝟑〉 = 𝑷𝟏𝑷𝟐
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑷𝟐 − 𝑷𝟏 = 〈−𝟕, 𝟔, 𝟎〉 is a direction vector of the line. 

Choose 𝑷𝟏(𝟓,−𝟕, 𝟒) (say) 

Symmetric form of the line is:  
𝒙−𝟓

−𝟕
=

𝒚−(−𝟕)

𝟔
=

𝒛−𝟎

𝟒
     ⇒   

𝒙−𝟓

−𝟕
=

𝒚+𝟕

𝟔
=

𝒛

𝟒
 

  



 

By linear algebra: Gauss Elimination Back Substitution method for the system: 

{
𝟐𝒙 + 𝟓𝒚 + 𝟏𝟔𝒛 = 𝟏𝟑
−𝒙 − 𝟐𝒚 − 𝟔𝒛 = −𝟓

 

 

System has infinitely many solutions 

Put 𝒛 = 𝒕 , 𝒕 𝒂𝒏𝒚 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 𝒕𝒉𝒆𝒏 𝒚 = 𝟑 − 𝟒𝒕 ⇒ 𝒙 = 𝟐𝒕 − 𝟏 

𝒙 = −𝟏 + 𝟐𝒕
𝒚 = 𝟑 − 𝟒𝒕

𝒛 = 𝒕
  (parametric equations of the line "intersection of two planes") 

********************* 

Similar question of Dr. Mohamed Abdelwahed 

    scan me 



 

52: 

 

𝑷𝟎(𝟑, 𝟏, −𝟐) = (𝒙𝟎, 𝒚𝟎, 𝒛𝟎),    

Distance from 𝑷𝟎(𝟑, 𝟏, −𝟐) to  the plane  : 

 𝒉 =
|𝟐(𝟑)+𝟒(𝟏)+(−𝟓)(−𝟐)+𝟏|

√𝟒+𝟏𝟔+𝟐𝟓
=

𝟐𝟏

√𝟒𝟓
≈ 𝟑. 𝟏𝟑 𝐮𝐧𝐢𝐭𝐞 

 

  



 

 

𝒂 = 〈𝟒,−𝟐, 𝟔〉 𝒏𝒐𝒓𝒎𝒂𝒍 𝒐𝒏 𝒑𝒍𝒂𝒏𝒆 𝟏, 𝒃 = 〈−𝟔, 𝟑,−𝟗〉 𝒏𝒐𝒓𝒎𝒂𝒍 𝒐𝒏 𝒑𝒍𝒂𝒏𝒆 𝟐 

𝟒

−𝟔
=

−𝟐

𝟑
=

𝟔

−𝟗
  ⇒ 𝒂 =

−𝟐

𝟑
𝒃 ⇒ 𝒂 ∥ 𝒃 ⇒ 𝒑𝒍𝒂𝒏𝒆𝟏 𝒊𝒔 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒑𝒍𝒂𝒏𝒆 𝟐 

 

To find the distance take a point on plane 1: Put 𝒙 = 𝒚 = 𝟎 ⇒ 𝒛 =
𝟏

𝟐
 ⇒

𝑷𝟎 (𝟎, 𝟎,
𝟏

𝟐
) = (𝒙𝟎, 𝒚𝟎, 𝒛𝟎),     〈−𝟔, 𝟑, −𝟗〉 = 〈𝒂, 𝒃, 𝒄〉 𝒗𝒆𝒄𝒕𝒐𝒓 𝒏𝒐𝒓𝒎𝒂𝒍 𝒐𝒏 𝒑𝒍𝒂𝒏𝒆 𝟐 

Distance from 𝑷𝟎 (𝟎, 𝟎,
𝟏

𝟐
) to plane 2 : 𝒉 =

|(−𝟔)(𝟎)+𝟑(𝟎)+(−𝟗)(
𝟏

𝟐
)+(−𝟒)|

√𝟑𝟔+𝟗+𝟖𝟏
=

𝟏𝟕

𝟐

√𝟏𝟐𝟔
≈

𝟎. 𝟕𝟓𝟕𝟐 𝐮𝐧𝐢𝐭𝐞 

********************* 

Another solution of Dr. Mohamed Abdelwahed 

    scan me 



 

 

 

 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = 〈𝟏, 𝟐, 𝟐〉, 𝑪𝑫⃗⃗⃗⃗⃗⃗ = 〈−𝟔, 𝟐, 𝟓〉, 𝑨𝑪⃗⃗⃗⃗  ⃗ = 〈𝟑, 𝟑, −𝟒〉 

𝑨𝑩⃗⃗⃗⃗⃗⃗ ×  𝑪𝑫⃗⃗⃗⃗⃗⃗ = 〈𝟔,−𝟏𝟕, 𝟏𝟒〉     ⇒  ‖𝑨𝑩⃗⃗⃗⃗⃗⃗ ×  𝑪𝑫⃗⃗⃗⃗⃗⃗ ‖ = √𝟓𝟐𝟏  

(𝑨𝑩⃗⃗⃗⃗⃗⃗ ⃗⃗ ×  𝑪𝑫⃗⃗⃗⃗⃗⃗ )  ⋅  𝑨𝑪⃗⃗⃗⃗  ⃗ = −𝟖𝟗  

𝒅 =
𝟏

‖𝑨𝑩⃗⃗⃗⃗⃗⃗ ×  𝑪𝑫⃗⃗⃗⃗⃗⃗ ‖
 |(𝑨𝑩⃗⃗⃗⃗⃗⃗ ⃗⃗ ×  𝑪𝑫⃗⃗⃗⃗⃗⃗ )  ⋅  𝑨𝑪⃗⃗⃗⃗  ⃗| =

𝟖𝟗

√𝟓𝟐𝟏
≈ 𝟑. 𝟖𝟗𝟗𝟐 𝐮𝐧𝐢𝐭𝐞 

********************* 

Another solution of Dr. Mohamed Abdelwahed 

    scan me 

  



 

58: 

A vector 𝒂 = 〈𝟏, 𝟐, −𝟏〉 (𝐝𝐢𝐫𝐞𝐜𝐭𝐞𝐝 𝐯𝐞𝐜𝐭𝐨𝐫 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐢𝐧𝐞) 𝐥𝐢𝐞𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐩𝐥𝐚𝐧𝐞. 

Take a point 𝑸 on the line (So it is on the plane): 𝐒𝐞𝐭 𝒕 = 𝟎  

⇒   𝒙 = 𝟓, 𝒚 = −𝟏, 𝒛 = 𝟕 

𝑸(𝟓,−𝟏, 𝟕)  ⇒  𝑷𝑸⃗⃗⃗⃗⃗⃗ = 𝑸 − 𝑷 = 〈𝟏, 𝟐, 𝟕〉  

𝐍𝐨𝐰 𝑷𝑸⃗⃗⃗⃗⃗⃗ × 𝒂  𝐢𝐬 𝐚 𝐧𝐨𝐫𝐦𝐚𝐥 𝐯𝐞𝐜𝐭𝐨𝐫 𝐨𝐧 𝐭𝐡𝐞 𝐩𝐥𝐚𝐧𝐞. 

𝑷𝑸⃗⃗⃗⃗⃗⃗ × 𝒂 = |
𝒊 𝒋 𝒌
𝟏 𝟐 𝟕
𝟏 𝟐 −𝟏

| = −𝟏𝟔𝒊 + 𝟖𝒋 + 𝟎. 𝒌 = 〈−𝟏𝟔, 𝟖, 𝟎〉 

𝑷(𝟒,−𝟑, 𝟎) 

Equation of the plane: −𝟏𝟔(𝒙 − 𝟒) + 𝟖(𝒚—𝟑) + 𝟎. (𝒛 − 𝟎) = 𝟎     ⇒ 

−𝟏𝟔𝒙 + 𝟔𝟒 + 𝟖𝒚 − 𝟐𝟒 = 𝟎     ⇒ 

𝟐𝒙 − 𝒚 − 𝟓 = 𝟎 

********************* 
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The direction vector of the line: 𝒖⃗⃗ = 〈𝟒,−𝟏, 𝟑〉 

To find a point 𝑸 on the line, let 𝒕 = 𝟎 and obtain the point 𝑸(𝟏, 𝟑, 𝟎) 

𝒅 =
‖𝑷𝑸⃗⃗⃗⃗⃗⃗ × 𝒖⃗⃗ ‖

‖𝒖⃗⃗ ‖
 

𝑷𝑸⃗⃗⃗⃗⃗⃗ = 𝑸 − 𝑷 = 〈𝟏 − 𝟑, 𝟑 − 𝟏, 𝟎 − (−𝟏)〉 = 〈−𝟐, 𝟐, 𝟏〉 

𝑷𝑸⃗⃗⃗⃗⃗⃗ × 𝒖⃗⃗ = |
𝒊 𝒋 𝒌

−𝟐 𝟐 𝟏
𝟒 −𝟏 𝟑

| = 𝟕𝒊 + 𝟏𝟎𝒋 − 𝟔𝒌 = 〈𝟕, 𝟏𝟎,−𝟔〉 

‖𝑷𝑸⃗⃗⃗⃗⃗⃗ × 𝒖⃗⃗ ‖ = √𝟒𝟗 + 𝟏𝟎𝟎 + 𝟑𝟔 = √𝟏𝟖𝟓 

‖𝒖⃗⃗ ‖ = √𝟏𝟔 + 𝟏 + 𝟗 = √𝟐𝟔 

𝒅 =
√𝟏𝟖𝟓

√𝟐𝟔
= √

𝟏𝟖𝟓

𝟐𝟔
≈ 𝟐. 𝟔𝟕 𝐮𝐧𝐢𝐭𝐞 

Another solution of Dr. Mohamed 
Abdelwahed 

    scan me 
 

Another solution of Dr. 
Mohamed Abdelwahed 

    scan me 

 



 

 
 

 

 

  
1: 

Trace 
Equation of 

trace  
Description 

Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 𝒙𝟐 + 𝒚𝟐 = 𝟗 circle  

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝒚 = ±𝟑 Two lines  

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 𝒙 = ±𝟑 Two lines  

On 𝒛 = 𝒌 (plane ∥ 𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 ) 𝒙𝟐 + 𝒚𝟐 = 𝟗 circle  

 



 

 

 

 

Right cylinder, its axis is 𝒛 − 𝒂𝒙𝒊𝒔 



6: 

Trace 
Equation of 

trace  
Description 

Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 𝒙𝟐 − 𝟒𝒚 = 𝟎 parabola  

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝒚 = 𝟎 line  

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 𝒙 = 𝟎 line  

On 𝒛 = 𝒌 (plane ∥ 𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 ) 𝒙𝟐 − 𝟒𝒚 = 𝟎 parabola  

 

 

 

Cylinder  

  



 

24 (a) 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 𝒙𝟐 − 𝒚𝟐 = 𝟏 hyperbola  

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝒛𝟐 − 𝒚𝟐 = 𝟏 hyperbola  

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 𝒙𝟐 + 𝒛𝟐 = 𝟏 circle  

On 𝒚 = 𝒌 (plane ∥ 𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 ) 𝒙𝟐 + 𝒛𝟐 = 𝟏 + 𝒌𝟐 circle  

 

 

 

Hyperboloid of one sheet, its axis is 𝒚 − 𝒂𝒙𝒊𝒔. 



24 (b) 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 𝒚𝟐 − 𝒙𝟐 = 𝟏 hyperbola  

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝒚𝟐 +
𝒛𝟐

𝟒
= 𝟏 ellipse 

 

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 
𝒛𝟐

𝟒
− 𝒙𝟐 = 𝟏 hyperbola 

 

On 𝒙 = 𝒌 (plane ∥ 𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 ) 𝒚𝟐 +
𝒛𝟐

𝟒
= 𝟏 + 𝒌𝟐 ellipse 

 

 

 



 

Hyperboloid of one sheet, its axis is 𝒙 − 𝒂𝒙𝒊𝒔. 

 

  



 

28 (a) 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 
𝒙𝟐

𝟐𝟓
+

𝒚𝟐

𝟗
= 𝟎 (0,0) 

 

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝒚 = ±𝟑𝒛 Two lines 

 

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 𝒙 = ±𝟓𝒛 Two lines 

 

On 𝒛 = 𝒌 (plane ∥ 𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 ) 
𝒙𝟐

𝟐𝟓
+

𝒚𝟐

𝟗
= 𝒌𝟐 ellipse  



 

Cone, its axis is 𝒛 − 𝒂𝒙𝒊𝒔 

 

********************* 
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28 (b) 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 𝒙 = ±𝟐𝒚 Two lines  

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝟒𝒚𝟐 + 𝒛𝟐 = 𝟎 (0,0)  

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 𝒙 = ±𝒛 Two lines 

 
On 𝒙 = 𝒌 (plane ∥ 𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 ) 𝟒𝒚𝟐 + 𝒛𝟐 = 𝒌𝟐 ellipse  

 

 

Cone, its axis is 𝒙 − 𝒂𝒙𝒊𝒔 



 

30 (a) 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 𝒙𝟐 +
𝒚𝟐

𝟗
= 𝟎 (𝟎, 𝟎) 

 

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝒛 =
𝒚𝟐

𝟗
 parabola  

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 𝒛 = 𝒙𝟐 parabola  

On 𝒛 = 𝒌 (plane ∥ 𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 ) 𝒙𝟐 +
𝒚𝟐

𝟗
= 𝒌 ellipse  

 

 



 

 

Paraboloid, its axis is 𝒛 − 𝒂𝒙𝒊𝒔 

  



30 (b) 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 
𝒚𝟐

𝟗
= 𝒙 parabola  

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝟎 =
𝒚𝟐

𝟗
+

𝒛𝟐

𝟐𝟓
 (𝟎, 𝟎)  

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 
𝒛𝟐

𝟐𝟓
= 𝒙 parabola  

On 𝒙 = 𝒌 (plane ∥ 𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 ) 
𝒚𝟐

𝟗
+

𝒛𝟐

𝟐𝟓
= 𝒌 ellipse  

 

 

Paraboloid, its axis is 𝒙 − 𝒂𝒙𝒊𝒔 

********************* 
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32 (a) 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 𝒚 = ±
𝟑

𝟐
𝒙 Two lines 

 

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝒛 =
𝒚𝟐

𝟗
 parabola 

 

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 𝒛 = −
𝒙𝟐

𝟒
 parabola 

 

On 𝒛 = 𝒌 (plane ∥ 𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 ) 
𝒚𝟐

𝟗
−

𝒙𝟐

𝟒
= 𝒌 hyperbola 

 

 

 

hyperbolic paraboloid      (saddle-shaped surface) 



 

  



32 (b) 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 𝒚 = ±
𝟑

𝟐
𝒙 Two lines 

 

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 𝒛 = −
𝒚𝟐

𝟗
 parabola 

 

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 𝒛 =
𝒙𝟐

𝟒
 parabola 

 

On 𝒛 = 𝒌 (plane ∥ 𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 ) 
𝒙𝟐

𝟒
−

𝒚𝟐

𝟗
= 𝒌 hyperbola 

 

 

 

hyperbolic paraboloid      (saddle-shaped surface) 



 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 
𝒙𝟐

𝟒
+

𝒚𝟐

𝟗
= 𝟏 ellipse 

 

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 
𝒛𝟐

𝟑𝟔
+

𝒚𝟐

𝟗
= 𝟏 ellipse 

 

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 
𝒛𝟐

𝟑𝟔
+

𝒙𝟐

𝟒
= 𝟏 ellipse 

 

 

 

 



 

Ellipsoid 

********************* 
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45: 

Trace Equation of trace  Description Sketch of trace 

𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆 (𝒛 = 𝟎) 
𝒚𝟐

𝟗
−

𝒙𝟐

𝟏
= 𝟏 hyperbola  

𝒚𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒙 = 𝟎) 
𝒚𝟐

𝟗
−

𝒛𝟐

𝟗
= 𝟏 hyperbola 

 

𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 (𝒚 = 𝟎) 
𝒛𝟐

𝟗
+

𝒙𝟐

𝟏
= −𝟏 No locus  

On 𝒚 = 𝒌 (plane ∥ 𝒙𝒛 − 𝒑𝒍𝒂𝒏𝒆 ) 
𝒛𝟐

𝟗
+

𝒙𝟐

𝟏
= 𝒌𝟐 − 𝟗 

Ellipse 
|𝒌| > 𝟑 

 

 

 



 

 

Hyperboloid of two sheets, its axis is 𝒚 − 𝒂𝒙𝒊𝒔 



 

 

 

𝒓(−𝟏) = 〈𝟑 + (−𝟏), 𝟐 − (−𝟏), 𝟏 + 𝟐(−𝟏)〉 = 〈𝟐, 𝟑, −𝟏〉 

𝒓(𝟎) = 〈𝟑 − 𝟎, 𝟐 − 𝟎, 𝟏 + 𝟐(𝟎)〉 = 〈𝟑, 𝟐, 𝟏〉 

The orientation of C is the direction determined by increasing values of t. 

 
 

𝑪:     
𝒙 = 𝟑 + 𝒕
𝒚 = 𝟐 − 𝒕

𝒛 = 𝟏 + 𝟐𝒕
     ( 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 ) 

********************* 
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22: 

 

 

  



 

 

22: 

 

 

 

In the following solution: the symbol "u " is the same of "r" 

 

********************* 
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𝒓(𝒕) = 𝒙𝒊 + 𝒚𝒋 + 𝒛𝒌 = 𝒆𝒕𝒊 + 𝒕𝒆𝒕𝒋 + (𝒕𝟐 + 𝟒)𝒌 

Tangent vector: 𝒓′(𝒕) = 𝒆𝒕𝒊 + (𝟏. 𝒆𝒕 + 𝒕𝒆𝒕)𝒋 + 𝟐𝒕𝒌 

𝑷(𝟏, 𝟎, 𝟒) = (𝒙, 𝒚, 𝒛) ⇒ 𝒙 = 𝟏 = 𝒆𝒕   ⇒ 𝒕 = 𝟎 

Normal vector of the normal plane: plug 𝒕 = 𝟎 in 𝒓′(𝒕)  ⇒ 〈𝟏, 𝟏, 𝟎〉 

Equation of the normal plane: 𝟏(𝒙 − 𝟏) + 𝟏(𝒚 − 𝟎) + 𝟎(𝒛 − 𝟒) = 𝟎 

⇒   𝒙 + 𝒚 − 𝟏 = 𝟎 

  



 

 

 

Velocity: 𝒗(𝒕) = 𝒓′(𝒕) = 〈𝟏, 𝟐, 𝟑〉 

Acceleration: 𝒂(𝒕) = 𝒓′′(𝒕) = 〈𝟎, 𝟎, 𝟎〉 

At time 𝒕 = 𝟏: 𝒗(𝟏) = 〈𝟏, 𝟐, 𝟑〉 

                         𝒂(𝟏) = 〈𝟎, 𝟎, 𝟎〉 

Speed: ‖𝒓′(𝟏)‖ = ‖〈𝟏, 𝟐, 𝟑〉‖ = √𝟏 + 𝟒 + 𝟗 = √𝟏𝟒 

 



v 

 

 

 

 

 

a- 𝒓′(𝒕) = 𝟑𝒕𝟐𝒊 + 𝟑𝒋   ⇒  ‖𝒓′(𝒕)‖ = √𝟗𝒕𝟒 + 𝟗 = 𝟑√𝒕𝟒 + 𝟏 

𝐓(𝒕) =
𝟑𝒕𝟐𝒊 + 𝟑𝒋

𝟑√𝒕𝟒 + 𝟏
=

𝒕𝟐𝒊 + 𝒋

√𝒕𝟒 + 𝟏
=

𝒕𝟐

√𝒕𝟒 + 𝟏
𝒊 +

𝟏

√𝒕𝟒 + 𝟏
𝒋   ⇒ ‖𝐓(𝒕)‖ = √

𝒕𝟒

𝒕𝟒 + 𝟏
+

𝟏

𝒕𝟒 + 𝟏
= 𝟏 

𝐓′(𝒕) =

√𝒕𝟒 + 𝟏 . 𝟐𝒕 − 𝒕𝟐.
𝟒𝒕𝟑

𝟐√𝒕𝟒 + 𝟏
𝒕𝟒 + 𝟏

 𝒊 −

𝟒𝒕𝟑

𝟐√𝒕𝟒 + 𝟏
𝒕𝟒 + 𝟏

𝒋 =
𝟐𝒕

(𝒕𝟒 + 𝟏)
𝟑

𝟐⁄
𝒊 −

𝟐𝒕𝟑

(𝒕𝟒 + 𝟏)
𝟑

𝟐⁄
𝒋 

‖𝐓′(𝒕)‖ = √
𝟒𝒕𝟐

(𝒕𝟒 + 𝟏)𝟑
+

𝟒𝒕𝟔

(𝒕𝟒 + 𝟏)𝟑
= √

𝟒𝒕𝟐(𝟏 + 𝒕𝟒)

(𝒕𝟒 + 𝟏)𝟑
= √

𝟒𝒕𝟐

(𝒕𝟒 + 𝟏)𝟐
=

𝟐𝒕

𝒕𝟒 + 𝟏
 

𝐍(𝒕) =

𝟐𝒕

(𝒕𝟒 + 𝟏)
𝟑

𝟐⁄
𝒊 −

𝟐𝒕𝟑

(𝒕𝟒 + 𝟏)
𝟑

𝟐⁄
𝒋

𝟐𝒕
𝒕𝟒 + 𝟏

=
𝟏

√𝒕𝟒 + 𝟏
𝒊 −

𝒕𝟐

√𝒕𝟒 + 𝟏
𝒋 

𝐓(𝟏) =
𝟏

√𝟐
𝒊 +

𝟏

√𝟐
𝒋  ,        𝐍(𝟏) =

𝟏

√𝟐
𝒊 −

𝟏

√𝟐
𝒋 

 



b- For sketch: 𝒙 = 𝒕𝟑, 𝒚 = 𝟑𝒕 ⇒ 𝒕 =
𝒚

𝟑
  ⇒ 𝒙 =

𝒚𝟑

𝟐𝟕
 

  
 

********************* 

Similar question of Dr. Mohamed Abdelwahed 

    scan me 

 

 

  



 

7: 

 

𝒚′ = −𝟑𝒙𝟐   ⇒  𝒚′′ = −𝟔𝒙 

𝑲 =
|−𝟔𝒙|

[𝟏 + (−𝟑𝒙𝟐)𝟐]
𝟑

𝟐⁄
=

𝟔|𝒙|

[𝟏 + 𝟗𝒙𝟒]
𝟑

𝟐⁄
 ⇒  𝐀𝐭 𝑷(𝟏, 𝟏) = (𝒙, 𝒚) ⇒ 𝒙 = 𝟏:  

 𝑲 =
𝟔

𝟏𝟎
𝟑

𝟐⁄
 

 

********************* 

Similar question of Dr. Mohamed Abdelwahed 

    scan me 

 

 

 

 

 

 

 

 

 

 



 

 

 

14: 

 

𝒇(𝒕) = 𝒕 + 𝟏  ⇒  𝒇′(𝒕) = 𝟏  ⇒  𝒇′′(𝒕) = 𝟎 

𝒈(𝒕) = 𝒕𝟐 + 𝟒𝒕 + 𝟑  ⇒  𝒈′(𝒕) = 𝟐𝒕 + 𝟒  ⇒  𝒈′′(𝒕) = 𝟐 

𝑷(𝟏, 𝟑) = (𝒙, 𝒚) ⇒ 𝟏 = 𝒙 ⇒ 𝟏 = 𝟏 + 𝒕  ⇒ 𝒕 = 𝟎 

𝑲 =
|𝟏(𝟐) − (𝟐𝒕 + 𝟏)(𝟎)|

(𝟏𝟐 + (𝟐𝒕 + 𝟒)𝟐)
𝟑

𝟐⁄
=

𝟐

(𝟏 + (𝟐𝒕 + 𝟒)𝟐)
𝟑

𝟐⁄
     ⇒   𝑨𝒕 𝒕 = 𝟎:  𝑲 =

𝟐

𝟏𝟕
𝟑

𝟐⁄
 

********************* 

Similar question of Dr. Mohamed Abdelwahed 

    scan me 

 

  



 

 

a- 

 

𝒚′ = 𝒆𝒙  ⇒  𝒚′′ = 𝒆𝒙 

𝑲 =
|𝒆𝒙|

[𝟏 + (𝒆𝒙)𝟐]
𝟑

𝟐⁄
=

𝒆𝒙

[𝟏 + 𝒆𝟐𝒙]
𝟑

𝟐⁄
 ⇒  𝐀𝐭  𝑷(𝟎, 𝟏) = (𝒙, 𝒚) ⇒ 𝒙 = 𝟎:  

 𝑲 =
𝟏

𝟐
𝟑

𝟐⁄
=

𝟏

√𝟖
  ⇒   𝝆 =

𝟏

𝑲
=

𝟏

𝟏

√𝟖

= √𝟖 

b-  

 

At 𝒙 = 𝟎 , 𝒚 = 𝟏 ∶  𝒉 = 𝟎 −
𝟏[𝟏+𝟏]

𝟏
= −𝟐  ,   𝒌 = 𝟏 +

[𝟏+𝟏]

𝟏
= 𝟑  ⇒   

𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 𝐜𝐮𝐯𝐚𝐫𝐭𝐮𝐫𝐞 𝐢𝐬 (−𝟐, 𝟑)  

 

 

 

 

 



c-           Equation of circle of curvature is: (𝒙 − 𝒉)𝟐 + (𝒚 − 𝒌)𝟐 = 𝝆𝟐 

(𝒙 + 𝟐)𝟐 + (𝒚 − 𝟑)𝟐 = 𝟖 

 

********************* 

Similar question of Dr. Mohamed Abdelwahed 

    scan me 

  



 

27: 

𝒚′ = −𝒆−𝒙  ⇒  𝒚′′ = 𝒆−𝒙 

𝑲(𝒙) =
|𝒆−𝒙|

[𝟏 + (−𝒆−𝒙)𝟐]
𝟑

𝟐⁄
=

𝒆−𝒙

[𝟏 + 𝒆−𝟐𝒙]
𝟑

𝟐⁄
⇒ 

𝑲(𝒙) =
𝒆−𝒙

[𝟏 +
𝟏

𝒆𝟐𝒙]

𝟑
𝟐⁄

=
𝒆−𝒙(𝒆𝟐𝒙)

𝟑
𝟐⁄

[𝟏 + 𝒆𝟐𝒙]
𝟑

𝟐⁄
=

𝒆−𝒙𝒆𝟑𝒙

[𝟏 + 𝒆𝟐𝒙]
𝟑

𝟐⁄
=

𝒆𝟐𝒙

[𝟏 + 𝒆𝟐𝒙]
𝟑

𝟐⁄
 

𝑲′(𝒙) =
[𝟏 + 𝒆𝟐𝒙]

𝟑
𝟐⁄ . 𝟐𝒆𝟐𝒙 − 𝒆𝟐𝒙.

𝟑
𝟐

(𝟏 + 𝒆𝟐𝒙)
𝟏
𝟐𝒆𝟐𝒙. 𝟐

(𝟏 + 𝒆𝟐𝒙)𝟑
 

=
(𝟏+𝒆𝟐𝒙)𝟐.𝒆𝟐𝒙−𝟑𝒆𝟒𝒙

(𝟏+𝒆𝟐𝒙)
𝟓

𝟐⁄
=

𝟐𝒆𝟐𝒙−𝒆𝟒𝒙

(𝟏+𝒆𝟐𝒙)
𝟓

𝟐⁄
= 𝟎  ⇒ 

𝟐𝒆𝟐𝒙 − 𝒆𝟒𝒙 = 𝟎 ⇒  𝟐 − 𝒆𝟐𝒙 = 𝟎  ⇒ 𝟐 = 𝒆𝟐𝒙  ⇒ 𝒍𝒏(𝟐) = 𝟐𝒙 ⇒ 

𝒙 =
𝟏

𝟐
𝒍𝒏(𝟐) = 𝒍𝒏(√𝟐) 𝐢𝐬 𝐜𝐫𝐢𝐭𝐢𝐜𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫 

 

 



So at 𝒙 = 𝒍𝒏(√𝟐)  there is local max of 𝑲(𝒙) "Curvarture". 

𝒙 = 𝒍𝒏(√𝟐)  ⇒ 𝒚 = 𝒆−𝒍𝒏(√𝟐) = 𝒆𝒍𝒏(√𝟐)−𝟏
=

𝟏

√𝟐
 

The point at which the curvature is maximum is: (𝒙, 𝒚) = (𝒍𝒏(√𝟐),
𝟏

√𝟐
) 

  



 

 

𝒚′ = 𝟒𝒙𝟑 − 𝟐𝟒𝒙 ⇒  𝒚′′ = 𝟏𝟐𝒙𝟐 − 𝟐𝟒 

𝑲 =
|𝟏𝟐𝒙𝟐 − 𝟐𝟒|

[𝟏 + (𝟒𝒙𝟑 − 𝟐𝟒𝒙)𝟐]
𝟑

𝟐⁄
= 𝟎 ⇒ 𝟏𝟐𝒙𝟐 − 𝟐𝟒 = 𝟎 ⇒ 𝒙 = ±√𝟐 ⇒ 

𝒚 = (±√𝟐)
𝟒

− 𝟏𝟐(±√𝟐)
𝟐

= 𝟒 − 𝟐𝟒 = −𝟐𝟎   ⇒ 

The points on the graph at which the curvature is  𝟎 are: (√𝟐, −𝟐𝟎), (−√𝟐, −𝟐𝟎) 

 

Sketch of:  𝒚 = 𝒙𝟒 − 𝟏𝟐𝒙𝟐  

  



 

 

𝒚′ =
𝟏

𝒙 − 𝟏
 ⇒  𝒚′′ =

−𝟏

(𝒙 − 𝟏)𝟐
 

 

At 𝒙 = 𝟐 , 𝒚 = 𝟎 ∶  𝒉 = 𝟐 −
𝟏[𝟏+𝟏]

−𝟏
= 𝟒  ,   𝒌 = 𝟎 +

[𝟏+𝟏]

−𝟏
= −𝟐  ⇒   

𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 𝐜𝐮𝐯𝐚𝐫𝐭𝐮𝐫𝐞 𝐢𝐬 (𝟒, −𝟐)  

 

  



 

 

 

 

 

 

𝒓′(𝒕) = −𝟒 𝐬𝐢𝐧 𝒕 𝒊 + 𝟗 𝐜𝐨𝐬 𝒕 𝒋 + 𝒌 ⇒ 𝒓′′(𝒕) = −𝟒 𝐜𝐨𝐬 𝒕 𝒊 − 𝟗 𝐬𝐢𝐧 𝒕 𝒋 + 𝟎. 𝒌 

𝒓′(𝒕) ⋅ 𝒓′′(𝒕) = 𝟏𝟔 𝒔𝒊𝒏𝒕 𝒄𝒐𝒔 𝒕 − 𝟖𝟏 𝒄𝒐𝒔 𝒕 𝒔𝒊𝒏 𝒕 + 𝟎 = −𝟔𝟓 𝒔𝒊𝒏 𝒕 𝒄𝒐𝒔 𝒕 

𝒓′(𝒕) × 𝒓′′(𝒕) = |
𝒊 𝒋 𝒌

−𝟒 𝒔𝒊𝒏 𝒕 𝟗 𝒄𝒐𝒔 𝒕 𝟏
−𝟒 𝒄𝒐𝒔 𝒕 −𝟗 𝒔𝒊𝒏 𝒕 𝟎

| = 𝟗 𝒔𝒊𝒏𝒕 𝒊 − 𝟒 𝒄𝒐𝒔 𝒕 𝒋 + 𝟑𝟔𝒌 

‖𝒓′(𝒕)‖ = √𝟏𝟔 𝒔𝒊𝒏𝟐(𝒕) + 𝟖𝟏 𝒄𝒐𝒔𝟐(𝒕) + 𝟏  , 

  ‖𝒓′(𝒕) × 𝒓′′(𝒕)‖ = √𝟖𝟏𝒔𝒊𝒏𝟐(𝒕) + 𝟏𝟔 𝒄𝒐𝒔𝟐(𝒕) + 𝟏𝟐𝟗𝟔 

𝒂𝐓 =
−𝟔𝟓 𝒔𝒊𝒏 𝒕 𝒄𝒐𝒔 𝒕

√𝟏𝟔 𝒔𝒊𝒏𝟐(𝒕) + 𝟖𝟏 𝒄𝒐𝒔𝟐(𝒕) + 𝟏 
 



𝒂𝐍 =
√𝟖𝟏𝒔𝒊𝒏𝟐(𝒕) + 𝟏𝟔 𝒄𝒐𝒔𝟐(𝒕) + 𝟏𝟐𝟗𝟔

√𝟏𝟔 𝒔𝒊𝒏𝟐(𝒕) + 𝟖𝟏 𝒄𝒐𝒔𝟐(𝒕) + 𝟏 
 

𝑲 =
√𝟖𝟏𝒔𝒊𝒏𝟐(𝒕) + 𝟏𝟔 𝒄𝒐𝒔𝟐(𝒕) + 𝟏𝟐𝟗𝟔

(√𝟏𝟔 𝒔𝒊𝒏𝟐(𝒕) + 𝟖𝟏 𝒄𝒐𝒔𝟐(𝒕) + 𝟏   )

𝟑
 

 

********************* 

Similar question of Dr. Mohamed Abdelwahed 

    scan me 

********************* 
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    scan me 

 

  



 

10: 

In the following solution:  "TC" is the same of 𝒂𝐓, and "NC" is the same of 𝒂𝐍 

 

 

 



 

 

 

On the 𝒙 − 𝒂𝒙𝒊𝒔, 𝒚 = 𝒛 = 𝟎 ∶  𝐥𝐢𝐦
(𝒙,𝒚,𝒛)→(𝟎,𝟎,𝟎)

𝒙𝒚+𝒚𝒛+𝒙𝒛

𝒙𝟐+𝒚𝟐+𝒛𝟐 = 𝐥𝐢𝐦
(𝒙,𝒚,𝒛)→(𝟎,𝟎,𝟎)

𝟎

𝒙𝟐 =

𝐥𝐢𝐦
(𝒙,𝒚,𝒛)→(𝟎,𝟎,𝟎)

𝟎 = 𝟎 

On the line: , 𝒙 =  𝒚 = 𝒛 = 𝒕 ∶  𝐥𝐢𝐦
(𝒙,𝒚,𝒛)→(𝟎,𝟎,𝟎)

𝒙𝒚+𝒚𝒛+𝒙𝒛

𝒙𝟐+𝒚𝟐+𝒛𝟐
= 𝐥𝐢𝐦

(𝒙,𝒚,𝒛)→(𝟎,𝟎,𝟎)

𝟑𝒕𝟐

𝟑𝒕𝟐
=

𝐥𝐢𝐦
(𝒙,𝒚,𝒛)→(𝟎,𝟎,𝟎)

𝟏 = 𝟏 

Since different paths to (𝟎, 𝟎, 𝟎) produce different limiting values, the limit itself does not 

exist. 

 

Sketch of the line: , 𝒙 =  𝒚 = 𝒛 = 𝒕 

  



 

𝒙 = 𝒓 𝒄𝒐𝒔(𝜽), 𝒚 = 𝒓 𝒔𝒊𝒏(𝜽) 

As (𝒙, 𝒚) → (𝟎, 𝟎), (𝒓, 𝜽) → (𝟎, 𝜽)   ⇒ 

𝐥𝐢𝐦
(𝒙,𝒚)→(𝟎,𝟎)

𝒙𝒚𝟐

𝒙𝟐 + 𝒚𝟐
= 𝐥𝐢𝐦

(𝒓,𝜽)→(𝟎,𝜽)

𝒓𝟑 𝒄𝒐𝒔(𝜽)𝒔𝒊𝒏𝟐(𝜽)

𝒓𝟐
= 𝐥𝐢𝐦

(𝒓,𝜽)→(𝟎,𝜽)
𝒓 𝒄𝒐𝒔(𝜽)𝒔𝒊𝒏𝟐(𝜽) = 𝟎 

  



 

 

 

  



 

30: 

 

31:  

𝒇 𝐢𝐬 𝐜𝐨𝐧𝐭𝐢𝐧𝐨𝐮𝐬 𝐨𝐧 {(𝒙, 𝒚, 𝒛)| 𝒙 − 𝟐 ≥ 𝟎, 𝒚𝒛 > 𝟎} = {(𝒙, 𝒚, 𝒛)| 𝒙 ≥ 𝟐, 𝒚𝒛 > 𝟎} 

𝐰𝐡𝐢𝐜𝐡 𝐞𝐱𝐜𝐥𝐮𝐝𝐞𝐬 𝐩𝐨𝐢𝐧𝐭𝐬 𝐰𝐡𝐞𝐫𝐞 𝐫𝐚𝐝𝐢𝐜𝐚𝐥 𝐢𝐬 𝐧𝐞𝐠𝐚𝐭𝐢𝐯𝐞 𝐚𝐧𝐝 𝐥𝐧 𝐢𝐬 𝐮𝐧𝐝𝐞𝐟𝐢𝐧𝐞𝐝. 

  



 

 

 

 

 

 

 



 

 

𝒇(𝒙, 𝒚) = 𝒍𝒏(𝒙𝟐 + 𝒚𝟐)
𝟏
𝟐 =

𝟏

𝟐
 𝒍𝒏(𝒙𝟐 + 𝒚𝟐) 

 

 

 

  



 

 

 

 

 

 

  



 

𝒅𝒙 = ∆𝒙 = −𝟐. 𝟎𝟐 − (−𝟐) = −𝟎, 𝟎𝟐  , 𝒅𝒚 = ∆𝒚 = 𝟑. 𝟎𝟏 − 𝟑 = 𝟎. 𝟎𝟏 
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********************* 
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********************* 
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********************* 
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𝒖 =
𝒂

‖𝒂‖
=

𝟑𝒊 + 𝒋 − 𝟓𝒌

√𝟗 + 𝟏 + 𝟐𝟓
=

𝟑𝒊 + 𝒋 − 𝟓𝒌

√𝟑𝟓
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The solution:               scan me 
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 We will apply method of Lagrange's multipliers. 

Consider 𝒇(𝒙, 𝒚, 𝒛) = 𝒅𝟐 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐,  

𝒈(𝒙, 𝒚, 𝒛) = 𝒙 + 𝟑𝒚 − 𝟐𝒛 − 𝟏𝟏, 𝒉(𝒙, 𝒚, 𝒛) = 𝟐𝒙 − 𝒚 + 𝒛 − 𝟑  

𝐚𝐧𝐝 𝐥𝐞𝐭  𝛁𝒇 = 𝝀𝛁𝒈 + 𝝁𝛁𝒉.  

𝐓𝐡𝐢𝐬 𝐥𝐞𝐚𝐝𝐬 𝐭𝐨 𝐭𝐡𝐞 𝐬𝐲𝐬𝐭𝐞𝐦 𝐨𝐟 𝐟𝐢𝐯𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬: 

𝟐𝒙 = 𝝀 + 𝟐𝝁
𝟐𝒚 = 𝟑𝝀 − 𝝁

𝟐𝒛 = −𝟐𝝀 + 𝝁
𝒙 + 𝟑𝒚 − 𝟐𝒛 − 𝟏𝟏 = 𝟎

𝟐𝒙 − 𝒚 + 𝒛 − 𝟑 = 𝟎

⇒ 

From Eq 4: 
𝝀+𝟐𝝁

𝟐
+ 𝟑

𝟑𝝀−𝝁

𝟐
− 𝟐

−𝟐𝝀+𝝁

𝟐
−

𝟐𝟐

𝟐
= 𝟎   ⇒  𝟏𝟒𝝀 + 𝟗𝝁 = 𝟐𝟐 

From Eq 5: 𝟐
𝝀+𝟐𝝁

𝟐
−

𝟑𝝀−𝝁

𝟐
+

−𝟐𝝀+𝝁

𝟐
−

𝟔

𝟐
= 𝟎   ⇒  −𝝀 + 𝟐𝝁 = 𝟐 

Solving the two equations  
𝟏𝟒𝝀 + 𝟗𝝁 = 𝟐𝟐

−𝝀 + 𝟐𝝁 = 𝟐
 simultaneously yields 

 𝝀 = 𝟎. 𝟕𝟎𝟐𝟕, 𝝁 = 𝟏. 𝟑𝟓𝟏𝟒   ⇒ 

𝒙 =
𝟎. 𝟕𝟎𝟐𝟕 + 𝟐(𝟏. 𝟑𝟓𝟏𝟒)

𝟐
= 𝟏. 𝟕𝟎𝟐𝟕𝟓 

𝒚 =
𝟑(𝟎. 𝟕𝟎𝟐𝟕) − 𝟏. 𝟑𝟓𝟏𝟒

𝟐
= 𝟎. 𝟑𝟕𝟖𝟑𝟓 

𝒛 =
−𝟐(𝟎. 𝟕𝟎𝟐𝟕) + 𝟏. 𝟑𝟓𝟏𝟒

𝟐
= −𝟎. 𝟎𝟐𝟕 

The point is: (𝒙, 𝒚, 𝒛) = ( 𝟏. 𝟕𝟎𝟐𝟕𝟓, 𝟎. 𝟑𝟕𝟖𝟑𝟓, −𝟎. 𝟎𝟐𝟕) 

 

 


