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Systems of Linear
Equations and Matrices

@ Selve each % the. wcw\‘«a System using
Gawss - Grorlan E;é(mmq,b’an methoel
(A 2% —3%,=—7%
2 x,+4%, =1
3% +2% = 2

Rewrite the system in matrix form and solve it by Gaussian Elimination (Gauss-Jordan elimination)

2 -3 0]-2
21 01
3 2 0|1

R; /2 — R, (divide the 1 row by 2)

1 -15 0)-1
2 1 0f1
3 2 0|1

R, -2R; — R, (multiply 1 row by 2 and subtract it from 2 row): Ry - 3 Ry — Ry (multiply 1 row by 3 and subtract it from 3 row)

1 -15 0]-1
0 4 0]3
0 65 0|4

R, /4 — R, (divide the 2 row by 4)

1 -15 0| -1
0 1 0]075
0 65 0] 4

Ry + 1.5 R; — Ry (multiply 2 row by 1.5 and add it to 1 row): R5 - 6.5 Ry — R3 (multiply 2 row by 6.5 and subtract it from 3 row)
1 0 0] 0.125
0 1 0| 075
0 0 0]-0875

Answer:
The system of equations has no solution because: 0 £ -0.875



(b 4x—-9x, =12
3%, —6X, =7
—‘7”)C‘ +4./)(L-:.~€

Rewrite the system in matrix form and solve it by Gaussian Elimination (Gauss-Jordan elimination)

4 -8 0|12
3 -6 0]9
-2 4 0]-6

R, /4 — R, (divide the 1 row by 4)

1 -2 0|3
3 -6 09
-2 4 0|-6

R, - 3Ry — R, (multiply 1 row by 3 and subtract it from 2 row): R; + 2 R; — R3 (multiply 1 row by 2 and add it to 3 row)

1 -2 0|3
0 0]0
0 010

o O

Answer:

The system of equations has a solution set:

{ Ty - 2T, =3
System has infinitely many solutions

Put x, = t,t any real number then x; = 3 + 2t

X
So the solution of the system is: [le] = [3 -: Zt] where teR



B Solve the system loa an methoct

(a) 2X-3-32=6
—7X _.\.79 -7 Zz2=0

X +9 4+ 4¢ =0

Gauss Elimination Back Substitution method

i.e.

2x-v-3z=0— (1)
Converting given equations into matrix form

2 -1 -3 0 15}—452:0—’{2)
-12-310 10z =0 — (3)
1 1 4]0 _
Now use back substitution method
From (3)
Ry — Ry+05 %R, 10z=0
0
2 -1 3]0 2= 10" 0
= 015 -45| 0
From (2)
11 4]0 1.5v-452=0

= 1.5v-4.500)=0

= 1.57=0
2 -1 -3 0
0 0
=| 015 -45| 0 S y=—=
’ YT
015 551 0
From (1)
2x-y-3z=0
Ry — R3- R
= 2x-(0)-3(0)=0
2 -1 3]0 ~ v =0
= 015 -45| 0
0
0 0 10 0 :>x=5=0

Solution using back substitution method.
x=0,y=0and z=0




Rewrite the system in matrix form and solve it by Gaussian Elimination (Gauss-Jordan elimination)

2 -1 3|0
-1 2 3|0
1 1 410

R, /2 — Ry (divide the 1 row by 2)

1 -05 -15|0
-2 -3 |0
1 1 4 |0

R, + 1 Ry — R, (multiply 1 row by 1 and add it to 2 row): R3 - 1 Ry — R3 (multiply 1 row by 1 and subtract it from 3 row)

1 -05 -15]|0
0 15 -45|0
0 15 550

R,/ 1.5 — R, (divide the 2 row by 1.5)

1 -05 -15]0
0 1 -3 |0
0 15 550

R; T 0.5R; — Ry (multiply 2 row by 0.5 and add it to 1 row): B3 - 1.5 Ry — R (multiply 2 row by 1.5 and subtract it from 3 row)
1 0 -3(0
01 3]0
00 10]0

R3 /10 — R5 (divide the 3 row by 10)

1 0 3|0
01 -3|0
00 110

Ry +3 Ry — R (multiply 3 row by 3 and add it to 1 row): R, + 3 Ry — R, (multiply 3 row by 3 and add it to 2 row)

10 0]o
01 0]0
00 1]0
;=0
=0
;=0

Make a check:

2:0-0-3:0=0+0+0=0
0+2:0-3:0=0+0+0=0
0+0+40=0+0+0=0

Check completed successfully.

Answer:
T =0
=0

T3 =0



Matrices anc

1 5 2 6
D=|-1 0 1|, E=|-1
| 3 2 4] 4

2ET —3D7T

6 -1 4 1 -1
2[1 1 1]—3[5 0
3
12 —2 8
[2 ] [15 0
6 3

1 -1
132—4

1 -6

@ Let A ‘e nver tible mytrix  Such fthat A'f:(i -5')/

S 1

1): 13 13
3 2 3 2
13 13

%\J\ Pc .

A= (A—l)—l

=F1—1>*3 (—53 ;) = %(_

Matrix Operations

L7 T N T 'S

3
2
4

le




B ) Fid A where A=(2 g) by eenfnf“'\j Tow

o Cions.

Solution:

Adjoin the identity_matrix onto the right of the original matrix, so that you have A on the left side and the identity matrix on the right side. It will look like

this:
10
0 1

Now find the inverse matrix. Using elementary row operations to transform the left side of the resulting matrix to the identity matrix.

3 6
4 5

R; /-3 — R, (divide the 1 row by -3)

R; /13 — R; (divide the 2 row by 13)

1 -2 A 0

3
4
39 13

0 1

[}

R; +2 Ry — Ry (multiply 2 row by 2 and add it to 1 row)

2
1 0(-—_ _—
13
1
0o 1] —
39 13
Answer:
2
39 13
Al=



(@) Fnd A, where A-

Vow oferatyions

Adjoin the identity matrix onto the right of the original matrix, so that you have A on the left side and the identity matrix on the right side. It will look like this:

2

1 1

- - Z|too
J 2 2

1 1 1
S S O
5 5 10

1 4 1
A
5 5 10

Now find the mnverse matrix. Using elementary row operations to transform the left side of the resulting matrix to the identity matrix.

Ry/ % — R (divide the 1 row by %)
1 1 -2(5 00
1 1 1
_ - _—_Jj0 10
5 5 10
D2 1o o0
5 5 10

R, - % R; — R; (multiply 1 row by % and subtract it from 2 row); Ry - % R; — R; (multiply 1 row by % and subtract it from 3 row)

1 1 2|5 00

0 0 _L -1 10
2

0 -1 _L -1 01
2

R; ++ R3 (interchange the 2 and 3 rows)

1 1 2|5 00

0 -1 E -1 0 1
2

0 0 E -1 1 0
2



R, /-1 — R, (divide the 2 row by -1)

Ry -1R; — R, (multiply 2 row by 1 and subtract it from 1 row)

10 2|4 01
2

01 1|1 0 a
2

00 1la 1 o
2

R/ % — R (divide the 3 row by %)

1 0 -E 4 0 1
2

01 -E I 0 -1
2

00 1 (-2 2 0

Ry + % Ry — R (multiply 3 row by % and add it to 1 row): R, + ; R3 — R; (multiply 3 row by % and add it to 2 row)
1 001 3 1
01 00 1 -1
00 1(-2 2 0
Answer:
1 3 1
A_l == [] 1 - 1

-2 2 0



@ ?’{) f{\\\") Sulie the Sj}z‘c:\:
X+32%, + 7% 4

2% +2% + K= -)
=X eD e ==

Finding A™1:

Adjoin the identity matrix onto the right of the original matrix, so that yvou have A on the left side and the identity matrix on the right side. It will look like this:

131|100
22 1(010
23 1(0 01

Now find the mnverse matrix. Using elementary row operations to transform the left side of the resulting matrix to the identity matrix.

R; - 2Ry — R; (multiply 1 row by 2 and subtract it from 2 row); R; - 2 Ry — R3 (multiply 1 row by 2 and subtract it from 3 row)

1 3 1|1 00
0 4 -1(-2 10
03 -1(-2 01

3 1 1 0 0
1 025]05 -025 0
0 -3 -1 |-2 0 1

R -3 R; — Ry (multiply 2 row by 3 and subtract it from 1 row); R; + 3 Ry — R3 (multiply 2 row by 3 and add it to 3 row)

1 0 025|-05 075 0
0 1 025 -025 0
0 0 -025]- 073 1

B3 /-0.25 — Rj3 (divide the 3 row by -0.25)

1 0 025)-05 075 0O
01 02505 -025 0
0o 1 2 3

R;-025R; — Ry (multiply 3 row by 0.25 and subtract it from 1 row); R; - 0.25 Ry — R; (multiply 3 row by 0.25 and subtract it from 2 row)

1 00]-1 0 1
001 0|0 -1 1
0o 1|2 3 4

Answer:
0

-1 1
Al=]| 0 -1 1
2 3 4



1 3
A=| 2 2

2 3

4
B=| -1

3

Iy
X=| &

I3
A-X=B
50

X=Al1'B

Find a solution:

10 1 4 (-1):4 +0:(-1)+ 1-3
X=A1B=[ 0 -1 1 || -1 |=]| 04+ (1)(-1)+13
2 3 -4 3 204+ 30(=1) + (-4)-3
Answer:
7 =-i
=4
=<7

4+0+3
0+1+3
8§-3-12




(i3 Bad condifiens on bis musE
absfy £r the system
Ceﬂfi‘l‘f”t L
'X,-'Z XZ..— 7(3: :
iy, 45X, 12X =b,
~f+FK X =h

Adjoin the identity matrix onto the right of the original matrix, so that you have A on the left side and the identity matrix on the right side. It will look like this:

1 2 1|1 00
4 5 2|01 0
4 7 4001

Now find the inverse matrix. Using elementary row operations to transform the left side of the resulting matrix to the identity matrix.

B; +4R; — R; (multiply 1 row by 4 and add it to 2 row); R3 + 4 Ry — R;3 (multiply 1 row by 4 and add 1t to 3 row)

22 -1(1 00
03 214 10
0 -1 0|4 01

R, /-3 — R, (divide the 2 row by -3)

1 2 1|1 0 o0

o1 2|2 Loy
1] 3 3

0 -1 04 0 1

R+ 2R; — Ry (multiply 2 row by 2 and add it to 1 row); R3 + 1 Ry — R (multiply 2 row by 1 and add 1t to 3 row)

2
10 12 2o
3 i 3
o1 2|2 1o
3 3 3
00 = % —l 1
i3 3
) &2 . 2
Rj/ E—>R3 (divide mEBro“'byg)
15 2
10 |2 2 o
3 3 3
01 = —j —1 0
3 3 3
00 1|4 05 15



a L]
Ry- é R; — R (multiply 3 row by % and subtract 1t from 1 row); R; - % B3 — R; (multiply 3 row by % and subtract it from 2 row)

10 0[3 -05 -05
01 0(4 0 -
0 0 1|4 -05 15
Answer:
3 05 05
Al= 4 0 2
4 05 15
by
b = bz
b3
In general, we say that a linear system is consistent if it has at least one
solution.

Since A1 exists, the system AX=b has unique solution X=A"1b regradless
b
of values of b.So no conditionson b = | b,|.
b3



Determinants

ol Hoolf el -

(-2)(4 - (-16)) —7(20 — (—6)) + 6(40 — 3) =
—2(20) —17(26) + 6(37) =
—40—-182+222=0

. o - x - § o =3

gd\)ﬁ, %‘( = \ 2 1’7(— - ) X —é
2 s

L.H.s=|* _1x| =x(1-x)—(-3)=x—x%*+3

3 1-
RHS=+ (D[ O |-@|] O+ =[] =
x(x—5)—(-18)—-0—-3(6—x) =
x> —-5x+18—-18 +3x =
x% —2x
= x—x2+3=x%-2x
= 0=2x%> —-3x—3

3+v33 3-v33

= X = or x =




}/F'ﬂ"& det | 5 -9 6 =

Selution:

Transform matrix to upper triangular form, using elementary row operations and properties of a matrix determinant.

-2 3 1

5 - 3
detA= 96 =

-2 -6 -2

2 8§ 6 1

R, - 5 Ry — R, (multiply 1 row by 5 and subtract it from 2 row): R3 + 1 Rj — R (multiply 1 row by 1 and add it to 3 row): R4 - 2 Ry — Ry (multiply 1 row by

2 and subtract it from 4 row)

1 -2 3 1

_| 01 -9 2
0 0 -3 -1
0 12 0 -1

R4 - 12 Ry — Ry (multiply 2 row by 12 and subtract it from 4 row)

1 -2 3 1
o r 9 2
0o 0 -3 -1
0 0 108 23

R4 + 36 Ry — Ry (multiply 3 row by 36 and add it to 4 row)

1
0
0 0 -3 -1
0
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2 55
@/}Ed i bawﬂgfu%t /A(' ‘/"T

DEFINITION 1 If Aisany n x n matrix and Cj; is the cofactor of @;;, then the matrix
Ch Cp -+ Cy
Cy Cp oo Cy
Lcnl Cn_? et CrmJ
1s called the matrix of cofactors from A. The transpose of this matrix is called the
adjoint of A and is denoted by adj(A).
adj(A)=Ct
THEOREM 2.2.6 Inverse of a Matrix Using Its Adjoint

If A is an invertible matrix, then

1
Al = adj(A)
det(A)

Finding det(A):

derim=+@| 7" -3 Y+®|7)
(2)(—3 —0) — 5(—3 —0)+5(—4—(-2)) =
2(—=3)—-5(-3)+5(-2) =
—6+15—10 = —1

—1| —
4



The determinant of A is not zero, therefore the inverse matrix A™ exist. To calculate the inverse matrix find additional minors and cofactors of matrix A

* Find the minor M;4 and the cofactor Cy;. In matrix A cross out row 1 and column 1.
-1 0
I\'Ill = =-3
4 3

Show detailed calculation of the determinant

Cyy =(-D" My =3
Find the minor My, and the cofactor Cq,. In matrix A cross out row 1 and column 2.

-1 0

Show detailed calculation of the determinant

Cip=(-D)2M;, =3
Find the minor My and the cofactor Cq3. In matrix A cross out row 1 and column 3.

-1 -1
I\uIl3 5 4

Show detailed calculation of the determinant

Ci3=(-1)!Myq =2
Find the minor M5 and the cofactor C,;. In matrix A cross out row 2 and column 1.

5 5 =
=_5
3

Show detailed calculation of the determinant

Cp = (1)*IMy; =5



Find the minor M>, and the cofactor C5,. In matrix A cross out row 2 and column 2.

[
LN

My, =

]
(o

Cap=(-1)"?Mp=-4
Find the minor M»5 and the cofactor C»3. In matrix A cross out row 2 and column 3.

Ca3=(-1)"P My =2

Find the minor M3, and the cofactor C5y. In matrix A cross out row 3 and column 1.

M 31 =

Show detailed calculation of the determinant

. _ <
C}l—(—l] f"'«":[}l—ﬂ
Find the minor M3, and the cofactor C35. In matrix A cross out row 3 and column 2.

M

~

-
2

C3p=(-1)"M;3,=-5
Find the minor M35 and the cofactor C33. In matrix A cross out row 3 and column 3.

Show detailed calculation of the determinant



Show detailed calculation of the determinant

Cy3=(-1)""M;3; =3

Write matrix of cofactors:

Transposed matrix of cofactors:

3 5 5
ct=| 3 4
2 2 3

Find inverse matrix:




e T N S

1
4
2

)?3 Cramma”’ 5 )/u/( / where & 479///’@5

K —4y+2=4

4x -y +22=-1
2 +2 -3%=-202

— ——————

4 1
1 2 |=-53
2 3

4 1
-1 2 |=29
-20 -3

55 55
20 _ 29
55 55

-250 _ 50



Exer. 1-10: Given a = (-2,3,1), b = (7,4, 5), and
¢ = (1, -5, 2), find the number.

($comp, (a+©)

(7.45) _(-7-8+15)

compy(ate)=(-1-23) s~ Vo0



Exer. 17-18: Find all values of ¢ such that a and b are
orthogonal,

@a ={c, =2,3), b=/ ¢, —5)

Solution:

a and b are orthogonal &
a-b=0o c*-2c-15=0
< (c-5)(c+3)=0

Sc=50rc=-3



Exer. 19-24: Given points P(3, -2, —1), (1,5, 4),
R(2, 0, —6), and S(—4, 1, 5), find the indicated quantity.

@Theauglebetwm 0% and RP .

P(3,-2,-1),Q(1,5,4),R(2,0,-6),5(—4,1,5)

0S=S-0Q0=(-4—-1,1-5,5—4)=(-5,-4,1)
= ||@S|| =V25+16 + 1= Va2

RP=P-R=(3-2,(-2)—-0,(—-1) — (—6)) =(1,-2,5)

= |RP|| =V1+4 +25=+30
QS - RP=(-5)(1) + (-4)(-2) +1(5) =8

cos(0) = Q__S,)'R_—l,)) __ 8% 02254
les||[rP|| v42v30

0 = cos™1(0.2254) ~ 76.97 or ~ (180° — 76.97°) = 103.03"




Exer. 25-26: If the vector a represents a constant force,
find the work done when its point of application moves

along the line segment from P to Q.

a=-i+5j-3k P40 -7, Q2,40

P(4,0,-7),Q(2,4,0)
PQ=Q-P=(2-44-0,0—(-7)=(-2,47)=—-2i+4j+ 7k
W=a- PQ=(—i+5j—3k) (—2i+4j+7k)
(—1)(-2)+54)+(-3)(7)=2+20—-21=1 Joul



B A T e

A child pulls a wagon along level ground by exerting a
force of 20 Ib on a handle that makes an angle of 30°
with the horizontal (see figure). Find the work done in
pulling the wagon 100 ft.

Exercise 29

Solution:
F
F sin(30)
b
Al
(o)
-F cos(30)

F = —F c0s(30")i + F sin(30°)j
=-20 ﬁi + 201j
2 2
= —10v/3i + 10j
d = —100i + 0.j

—

W=F  d=-10V/3(-100) + 10(0) = 1000V3 ~ 1732 ft—1Ib



36 JRefer to Exercise 35.
(a) Find the direction cosines of a = (-2, 1, 5).

(b) Find the direction angles and the direction cosines
of i, j, and k.

(<) Find two unit vectors that satisfy the condition

cosa = cos ff = cos y.

@The direction angles of a nonzero vector a=
(a), a,, a;) are defined as the angles «, B, and y
between the vectors i, j, and k, respectively, and the
vector a. The direction cosines of a are cos &, cos 8, and
cos y. Prove the following:

(a) cosa = 21 cosfB = a—z. cosy = b &
lall’ lall llall

(b) cos® a + cos® B + cos’ y = 1
Solution:
(a):
lall = V4 +1+25=+30

cos(a) = \/ﬁ = —0.999979692241

= a = c0s1(0.999979692241) = 179.634851630589’
1
cos(B) = — = 0.999994923047
B 3o
= B =c0s1(0.999994923047) = 0.18257419122°

5
cos(y) = —=0.99987307876

V30
= y= cos‘1(0.99987307876) =0.912870929223°
(c)
1 1 1
mw={ZEmAE
-1 -1 -1
=5 EA




Exer. 11 -12: Use the vector product to show that a and '
b are

a=2i—j+4k, b=—6i+3j—12k

i j k
axb=|2 -1 4
-6 3 -12

=i|_31 —12|_j|—26 —iz|+k|—26 _31|
=i(12-12) — j(-24+24) + k(6 —6) = 0i + 0j + Ok

~aandb are parallel.



Exer.

15-18: (a) Find a vector perpendicular to the plane
determined by P, O, and R. (b) Find the area of the
triangle POR. I

(16)P(-3,0,5), Q@2 -1, -3), R4, 1, —1)

P(-3,0,5),Q(2,-1,-3),R(4,1,-1)

Avector PQ X PR is perpendicular (orthogonal) to both PQ and PR.

PQ=0-P=(2-(-3),-1-0,-3—5) =(5,—1,—8)

PR=R-P=(4—-(-3),1—-0,—1-5)=(7,1,—6)

o qi ok
PQ xPR=|5 -1 -8
7 1 -6

=i|y Tel-ily Telvly T
=i(6+8)—j(—-30+56)+k(5+7)=14i—26j+ 12k



(b):

Area of triangle=_||PQ x PR|| = 3./147 + (—26)% + 122 = V1016 ~ 15.94 unite >

3k 3k 3k 3k ok 3k ok 3k 3k 3k ok ok 3k %k 3k %k %k %k %k Kk

Another solution of Dr. Mohamed Abdelwahed

scan me



Exer. 19-20: Refer to Example 3. Find the distance from
P to the line through Q and R.

(199 P3, 1, -2), 0(2,5.1), R(-1,4,2)

P(3,1,-2),Q(2,5,1),R(—1,4,2)

_ |[oP x o]
[eR||
QP =P-Q=(3-2,1-5,-2—-1)=(1,—-4,-3)

QR=R-0=(-1-2,4-52—-1)=(-3,-1,1)

. i j k
QPxXQR=(1 -4 -3
-3 -1 1

-4

=i|:‘11 _13|_j|—13 _13|+k|—13 -1

=i(-4-3)—j(1-9) +k(-1-12) = —7i+ 8j — 13k

= |[QP x QR|| = (=7)% + (8)2 + (—13)% = V49 + 64 + 169 = V282

= |[@R|| =v(-3)2 + (-2 + (1)2=V9+1+1=+11

p V282 (282 .
= = unitie
Vi1 11

3k 3k 3k 3k 3k 3k %k %k >k 3k %k %k >k 3k 3%k %k %k %k %k *k k

Another solution of Dr. Mohamed Abdelwahed

scan me



Exer. 22-23: Use Example 4 and Exercise 21 to find the
volume of the box having adjacent sides AB, AC, and
AD

(2)40.0.0. B(, -1,2), €0, 3, -1), DG, —4, 1)

V =|(AB x AC) - AD|

B-A=(1-0,-1-0,2-0)=(1,-1,2)
C

AB
AC A=(0-0,3-0-1-0)=(0,3,—1),

)

AD =D-A=(3-0,-4-0,1-0)=(3,—4,1)

1 -1 2
V=|o 3 -1
3 4 1

_ 3 -1 . .40 -1 0 3
_‘+(1)|—4 1|~z Tl —4”
=|3-4)+(0+3)+2(0-9)]
=|-1+3 —18| = |-16| = 16 unite?



Exer. 1-4: Find parametric equations for the line
through P parallel to a.

@P(l, 2.3 a=i+2+3k|

P(1,2,3), a=1i+2j+3k

Parametric equations of the line:
x=1+1.¢t, y=2+2t, z=3+4+3t .teR

(Every value of " t " gives a point on the line).



Exer. 11 - 14: Determine whether the two lines intersect,
and if so, find the point of intersection.

letx=xand y=y=>1+2t=4—-—vand 1-4t=-1+6v =

2t+v=3 _ _
—4t—6v=—2=>v_ 1,t=2

Now plugv = —1,t =2 inz (of line 1) and z (of line 2)

(og(:ifnl(lan;)l-)z:z—=45_|__(31=) ?: 37252 = line 1 and line 2 intersect.

To find the point of intersection, go to any of the two lines:
Line2(say):x=4—-(-1)=5,y=-1+6(-1)=-7,z=4+(-1)=3
= The point of intersection is (5,—7,3)

3k 3k %k 3k 3k 3k %k %k >k %k %k %k %k %k %k %k %k %k %k *k k

Similar question of Dr. Mohamed Abdelwahed

Db

sCan me




Exer. 15— 18: Equations for two lines /; and [, are given.
Find the angles between [, and [,. .

=4 —t, z=3+2
l—-2t, z=3+1t

a=(3,-1,2),b=(-1,-2,1)
a-b 3(-1) + (1D (-2)+2(1)
lal bl ~ VOxitavita+1 vidve
0 = cos~1(0.1091) ~ 83.74°and = — 83.74° = 96.26°

cos(0) = ~ 0.1091
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@x-l_y+2_z_x+2_y_z—4
-3 8 =3 10 10 -7

a=(-3,8-3),b=(10,10,—-7)

a-b _(-3)(10)+8(10) + (-3)(-7) 71
llall lIbll V9 + 64 + 9100 + 100 + 49 /82 249

0 = cos 1(0.49688) ~ 60.21°and w — 60.21° = 119.79°

cos(0) = ~ 0.49688




Exer. 19 - 26: Find an equation of the plane that satisfies
the stated conditions.
Through P(6, =7, 4) and parallel to

(a) the xy-plane (b) the yz-plane  (c) the xz-plane

Parallel planes have parallel normal vectors.

(a) (0,0,1) L xy — plane and the sought plane || xy — plane

= (0,0,1) L the sought plane = a =(0,0,1) = (a,, a,, a3)
P(6,-7,4) = (x1,¥1,21)

Equation of the sought planeis: 0(x —6) + 0(y — (-7)) +1(z—4) =0

Z = 4. (This plane contains all points of the form (a, b, 4) and is parallel to
xy — plane).

(b) (1,0,0) L yz — plane and the sought plane || yz — plane

= (1,0,0) L the sought plane = a =(1,0,0) = (a,, a,, a3)
P(6,-7,4) = (x1,¥1,21)

Equation of the sought planeis: 1(x —6) +0(y — (-7)) +0(z—4) =0

X = 6. (This plane contains all points of the form (6, b, c) and is parallel to
yz — plane).

(c) (0,1,0) L xz — plane and the sought plane || xz — plane

= (0,1,0) L the sought plane = a = (0,1,0) = (a,,a,, asz)
P(6,-7,4) = (x1,¥1,21)

Equation of the sought planeis: 0(x —6) + 1(y — (-7)) +0(z—4) =0

y = —7. (This plane contains all points of the form (a, -7, c) and is parallel
to xz — plane).



@Thmugh P(2, 5, —6) and parallel to the plane
3x — y+ 2z = 10 |

Parallel planes have parallel normal vectors.

(3,-1,2) L theplane3x —y+ 2z =10 and

the sought plane || the plane 3x —y + 2z =10

= (3,—1,2) L the sought plane = a = (3,—1,2) = (a,, a,,as)

P(2,5,-6) = (x1,¥1,21)

Equation of our plane is :

3x—2)+(-1D(y—-5)+2(z—(-6))=0 =

3x—-6—-—y+5+2z+12=0. =

3x—-y+2z+11=0



Exer. 27 - 28: Find an equation of the plane through P, Q,
and R.

()P0, 1.3, 01,32, R, ~1,2)

P(1,1,3),Q(-1,3,2),R(1,-1,2)
A vector W X PR is perpendicular (orthogonal) to both W and PR >

A vector W x PR is perpendicular (normal) to the plane determined by
the points P, ) and R

PQ=0-P=(-1-1,3-1,2-3)=(-2,2,—-1)

PR=R-P=(1-1,-1-1,2—-3)=(0,-2,—-1)

ik
PQ xPR=|-2 2 —1|=-4i-2j+4k=(—4,-24)
0 -2 -1

P(1,1,3) = (x1,¥1,21)
Equation of our plane is :
() (x-1)+(-2)y—-1)+4(z-3)=0 =
—4x+4—-2y+2+4z—-12=0. =
—4x—-2y+4z-6=0 =
2x+y—2z=-3
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Exer. 29 - 36: Sketch the graph of the equation in an xyz-
coordinate system.

29 (a)x=3 b)y=-2 (c)z=5
@ri=-4 ®y=0 (©z=-}
31 2 +y—6=0 323x-27-24=0
33 2y-3:-9=0 34 Sx+y—4z+20=0
@h—y+5:+10=0 36 x+y+z=0




35:

Intersection with x-axis:puty=z=0 =22x+10=0 =>x=-5 =
point of intersection (—5,0,0)

Intersection with y-axis:putx=2z2=0 =>-y+10=0 =>y=10=>
point of intersection(0, 10, 0)

Intersection with z-axis: putx=y=0 =25z2+10=0 =z=-2>
point of intersection(0,0,—2)




Exer. 43 - 46: Find a symmetric form for the line through
P, and P,.

43 P/(5,-2,4), P26 1)

44 P (=3, 1, —1), Py(7, 11, =8)

45 P(4,2,-3), Py(=3,2,5)
P/(5, =7,4), Py(=2,-1,4)

(aq,ay,a3) = PP, = P, — Py = (—7,6,0) is a direction vector of the line.

Choose P(5,—7,4) (say)

x=5 y—(=7) z—0 x-5 y+7 z
tric form of the line is: = = et
Symme — . 2 - - 1



Exer. 47-50: Find parametric equations for the line of
intersection of the two planes.

47 x+2y-9z=17, 2x—-3y+17z=0
Zx+5y+lﬁz=13, —x—2y—6z=-5

By linear algebra: Gauss Elimination Back Substitution method for the system:
2x +5y+16z =13
{—x—Zy—6z= -5

R; /2 — R, (divide the 1 row by 2)

I 25 8|65

R; + 1 Ry — R, (multiply 1 row by 1 and add it to 2 row)

1 25 8
0 05 2

~

6.5
1.5

R, /0.5 — R, (divide the 2 row by 0.5)

6.5
3

System has infinitely many solutions

1 25 8
0 1 4

Putz =t,tanyreal numbertheny =3 —-4t=>x=2t—-1

x=-1+2t
y = 3 — 4t (parametric equations of the line "intersection of two planes")

Z=1t
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Exer. 51-52: Refer to Example 13. Find the distance
from P to the plane.

51 P(1, -1,2); 3ax=Ty4+2z-5=0

P3,1,-2) 2x+4y-5z+1=0

Py(3,1,-2) = (x0, Y0, Zo),
Distance from P;(3,1,—2) to the plane :

12(3)+4(1)+(=5)(-2)+1| _ 21
VA+16+25 T Va5

h = ~ 3.13 unite



Exer. 53 -54: Show that the two planes are parallel and
find the distance between the planes.

4x —2y+6z=3, —6x+3y-9z=4

a = (4,—2,6) normal on plane 1,b = (—6,3,—9) normal on plane 2

4 -2 6 -2

—_6_T=—_9 :a=?b = all b = planel is parallel to plane 2

To find the distance take a pointonplane 1: Putx =y =0 =z = % =

P, (0, 0, %) = (x0,¥Y0,29), (—6,3,—9)=(a,b,c)vector normal on plane 2

(—6)(0)+3(0)+(=9)(2)+(-4) 17
Distance from P (0, 0, %) toplane2:h = | 36+9+81(2) | — 1226 ~

0.7572 unite
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Exer. 55-56: Refer to Example 14. Let [, be the line
through A and B, and let [, be the line through C and
D. Find the shortest distance between [, and [,.

(D aq, -2, 3), B2, 0,5; C@4, 1, -1), D(-2,3,4)

AB = (1,2,2),CD = (—6,2,5),AC = (3,3, —4)

AB x CD = (6,-17,14) = |AB x CD|| = V521

—

(AB x CD) - AC = —89

. . 89
|(AB x CD) - AC| = ~ 3.8992 unite
V521
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Exer. 57 -58: Find an equation of the plane that contains
the point P and the line.
57 P(5,0,2); x=3t+1, y=-2t+4, z=1-3

() P@. 3,05 x=1+45 y=2-1, z=—1+7

58:
Avector a = (1,2,—1) (directed vector of the line) lies on the plane.
Take a point Q on the line (So it is on the plane): Sett = 0
= x=5,y=-1,z=7
Q(5,-1,7) = PQ=Q—-P=(1,2,7)

Now PQ x a is a normal vector on the plane.

- i j k
PQxa=1 2 7|=-16i+8j+0.k=(—16,8,0)
1 2 -1
P(4,-3,0)
Equation of the plane: —16(x —4) + 8(y—3)+0.(z—-0)=0 =

—16x+64+8y—-24=0 =

2x—y—5=0
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Exer. 61-62: Find the distance from the point P to the
line.

6l P(2,1,-2); x=3-2t, y=-4+43¢, z=1+ 2t
62)P(3,1, -1); x=1+4, y=3-1, z =3t

line

The direction vector of the line: u = (4,—1, 3)

To find a point Q on the line, let t = 0 and obtain the point Q(1, 3,0)

_IPa x|
[l

PQ=Q-P=(1-3,3-1,0-(-1)) =(-2,2,1)

o i j k
Pgxi=|-2 2 1|=7i+10j-6k=(7,10,-6)
4 -1 3

|P@ x || = V49 + 100 + 36 = V185
Il =vVi6e + 1+ 9 = V26

V185 185 ]
d=——= |— =~ 2.67 unite
\V26 26

Another solution of Dr. Mohamed
Abdelwahed

Another solution of Dr.
Mohamed Abdelwahed
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Exer. 1-8: Sketch the graph of the cylinder in an xyz-
coordinate

(D-'z+.?z=9 @x2—4y-0
1:
xy—plane (z=0) | x*+y*=9 circle
yz — plane (x = 0) y=23 Two lines
xz — plane (y = 0) x =43 Two lines
On zZ = k (plane || xy — plane ) xZ + yZ = 9 CirCIe




The directrix of the cylinder is the circle x* + y* = 9 in the .xy-plame.,a
parallel to the z-axis. See Example 2 of this section.

Z

kLS aSRST

40 -
. ?.«-—-—0023
(LS ——— 5
04 i — <X
O ey
(s e )
e
20 I

) o e
—
-40 .| \/
4

29 2

-4 -4

Right cylinder, its axis is z — axis



6:

xy—plane(z=0) | x> —4y =0 | parabola
yz — plane (x = 0) y=0 line
xz — plane (y = 0) =0 line
On Z = K poncixy—piane) | x* —4y =0 | parabola

Cylinder



xy — plane (z = 0) xt—y2=1 hyperbola
yz — plane (x = 0) zZ—y*=1 hyperbola
xz — plane (y = 0) x*+z2=1 circle
ONYy = K pianeixe—ptane) | x* + 2% = 1 + k? circle

Hyperboloid of one sheet

Hyperboloid of one sheet, its axis is y — axis.



xy — plane (z = 0) y:—-x*=1 hyperbola
2
yz — plane (x = 0) y? + ZI = ellipse
2
xz — plane (y = 0) ZZ —x% = hyperbola
72
On X = k (plane || yz — plane) yz + — 1 + l(2 e"ipse




Hyperboloid of one sheet, its axis is x — axis.



IZ yE 5
(a)£+3—z1=0 (b) x> =4y’ +2

28 (a)
xy — plane (z = 0) % +%2 =0 (0,0)
yz — plane (x = 0) y =13z Two lines
xz — plane (y = 0) x =415z Two lines
On zZ = K (plane || xy — plane) :_2 +%2 = k2 ellipse




Cone, its axis is z — axis

Hyperboloid of one sheet

0.4
0.35
0.3
0.25
0.2
0.15
0.1

0.05 -

0 -l
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28 (b)

Trace Equation of trace | Description Sketch of trace
xy — plane (z = 0) x =42y Two lines
yz — plane (x = 0) 4y + 22 =0 (0,0)
xz — plane (y = 0) x=%z Two lines
Onx =k (plane || yz — plane ) 4y2 + Z2 = k2 eIIipse

Cone, its axis is x — axis




30 (a)

Trace Equation of trace Description Sketch of trace
yz
xy — plane (z = 0) x? + 9 =0 (0,0)
yz
yz — plane (x = 0) zZ= 5 parabola
xz — plane (y = 0) z=x* parabola
2
Onz = k (plane || xy — plane ) xZ + y = k e||ipse

0|

1.2

0.8

0.6

0.4

0.2

=23

0.5

Paraboloid




X

Paraboloid, its axis is z — axis



xy — plane (z = 0) %2 =x parabola
yz — plane (x = 0) 0=y_2+£ (0,0)
29 25
xz — plane (y = 0) z_ x parabola
225 2
ONn X = K (piane 1 yz - plane) Y- +_ =k ellipse

Paraboloid, its axis is x — axis
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hyperbolic paraboloid

3
xy — plane (z = 0) y= ifx Two lines
yZ
yz — plane (x = 0) z="o parabola
2
xz — plane (y = 0) z=—-—r parabola
2 .2
0N Z = K ppiane 1 x2 - prane) y _ X _ k hyperbola

(saddle-shaped surface)




Hyperbolic paraboloid




hyperbolic paraboloid

3
xy — plane (z = 0) y= iix Two lines
y?
yz — plane (x = 0) z=—" parabola
2
xz — plane (y = 0) z=— parabola
2 2
0N Z = K (oiane 1 xz — plane) r_ =k hyperbola

(saddle-shaped surface)




(9 9x? +4y* +2 =36

Trace Equation of trace Description Sketch of trace
2 2
xy — plane (z = 0) r LY 1 ellipse
4 9
22 y? |
z—plane (x =0 4+ = ellipse
yz—p ( ) 26T 9 =1
z>  x? .
xz —plane (y =0 —t—=1 ellipse
p (y=0) 26t 2
Ellipsoid

Upon division by 36, the

X

. equati
(14.43), this is an ellipsoi:il. 9

itten (x’/4) + (¥ 19) + (2

36) = 1. From




Ellipsoid

3k 3k %k >k 3k 3k %k %k >k %k %k %k >k %k %k %k %k %k %k *k k

Similar question of Dr. Mohamed Abdelwahed

sCan me



}‘2-—912-22—9:0

45:
Trace Equation of trace Description Sketch of trace
2 2
xy — plane (z = 0) % — xT =1 hyperbola
y?  Z2
yz — plane (x = 0) 9" 9" 1 hyperbola
z>  x?
xz — plane (y = 0) o + == -1 No locus
z>  x? Ellipse
0 - k plane || xz — plane J— —— 2 _
ny (plane || xz — plane ) 9+1 k 9 k| > 3

Upon dividing by 9, the equation can be written (V*/9) — (xz/ 1 (22/9) =i
Comparing (14.45), this is a hyperboloid of two sheets with axis on the y-axis,

}Z




Hyperboloid of two sheets, its axis is y — axis



Exer. 1-8: (a) Sketch the two vectors listed after the
formula for (). (b) Sketch, on the same coordinate
system, the curve C determined by r(f), and indicate the
orientation for the given values of ¢.

() = B+ni+ 2 -nj+ (1 +20k,
r(=1), r@0); r=-1

r(-1) =3+ (-1),2 - (-1),1+2(-1)) = (2,3,-1)
r(0)=(3-0,2—0,1+2(0)) =(3,2,1)

The orientation of C is the direction determined by increasing values of t.

5
-“
r(—=1)
X
x=3+t
C: y=2—-t (parametricequations of the line)
z=1+2t
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Exer. 21-26: Find the arc length of the parametrized
curve. Estimate with numerical integration if needed,
and express answers to four decimal places of accuracy.
21 x = 5t, y=4rz, z=312; O0<tr=<2

y=tsint, z=tcost; O0<r=<l




Exer. 21 -22: A curve C is given parametrically. Find two
unit tangent vectors to C at P.

21 x =¢¥, y=e"', z=1"+4; P(1,1,4)

@x:sinr+2, y=cost, z=1; P2, 1,0

22:

We may think of the curve as determined by the vector function r(#) = (2 + sin £, cc
The point P(2,1,0) occurs when ¢ = 0. Now, r'(f) = {cos ¢,—sin ¢, 1) and r'(0) = (1.0
a tangent vector to the curve at P, Since |r'(0)| = v/2, the two unit tangent vecto
+(1/4/2)(1.0,1).

Exer. 31-34: Find r(t) subject to the given conditions.

@ (1) = 6ri — 1202 + k,
F0)=i+2 -3k r0) =Ti+k

In the following solution: the symbol "u " is the same of "r"

u'()=6ri —12¢%j + k= u'(¢) = 3t%i — 41°j + tk + c where c is a constant vect
find ¢, note that u’(0) = ¢ and that the problem requires u'(0) = i + 2j — 3k. H e
c=(1,2,-3)and u'(r) = (3¢2 + 1)i — (4t — 2)j + (¢ — 3)k. This in turn by a seco
tion implies u(z) = (¢* + £)i — (t* — 2¢)j + [(*/2) — 3t]k + b where b is a constan
To find b, note that u(0) = b and that the problem requires u(0) = 7i + 0j + k. He
b=(7,0,Dandu(®)=(>+1t+ 7)i— (t* — 20)j + [(#*/2) — 3t + 1]k. |
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Exer. 35-136: If a curve C has a tangent vector a at a
point P, then the normal plane to C at P is the plane
through P with normal vector a. Find an equation of the
normal plane to the given curve at P.

@I=f:1 }.=IEI1| =f2+4; P(l‘ 0‘ 4)

r(t) = xi + yj + zk = e'i + te'j + (t* + )k
Tangent vector: r'(t) = e'i + (1.e + te')j + 2tk
P(1,0,4)=(xyz)=>x=1=¢' 25t=0
Normal vector of the normal plane: plugt = 0inr'(t) = (1,1,0)
Equation of the normal plane: 1(x — 1)+ 1(y —0)+ 0(z—4) =0

> x+y—-1=0



Exer. 9- 16: If r(¢) is the position vector of a moving point
P, find its velocity, acceleration, and speed at the given
time t.

(r) = +Di+2j+2+30k =2

Velocity: v(t) = r'(t) = (1,2,3)

Acceleration: a(t) = r'"'(t) = (0,0, 0)
Attimet = 1:v(1) =(1,2,3)
a(1) =(0,0,0)
Speed: [l (DIl = [1(1,2,3)[ = V1 + 4 + 9 = V14



Exer. 1-6: (a) Find the unit tangent and normal vectors
T(r) and N(t) for the curve C determined by r(f).
(b) Sketch the graph of C, and show T(t) and N() for
the given value of .

@r(t} =3+ 3tj; t =1

a- '(t) =3t%i+3j = |[[r®| =vott +9=3Ve* +1

- 3t%i+3j tii+j t? - 1 LTl t* N 1 L
= = = 14 = =
Vet il Yo+l Yol veil th+1 t*+1

4¢3 4¢3
Vet +1.2t - 2 —— —
t*+1 t*+1 (t4- + 1)3/2 (t4- + 1)3/2
T = 4t? N 4t a1 +tY) 4z 2t
@+ (13 @ +1)3 [+ 1?2 tt+1
2t . 2t i
N = & v _@in 1, © j
2t VEr+1 Vit +1
t*+1

1. 1 1, 1,
T(1)=ﬁl+\/—51. N(l)zﬁl_\/_ij



b- Forsketch:x =3,y =3t >t =

W<
<
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Exer. 7-18: Find the curvature of the curve at P.

y =-3x = y'=—6x

|—6x| 6|x|
K = T = 7~ = AtP(1,1) = (x,y)>x=1:
[1+ (=3x2)2]72  [1+9x*]/2
- 6
10°/2
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@ =t+1, y=t’+4+3; P(1,3)

14:

fO=t+1 = fH)=1 = f'()=0
g =t*+4t+3 = g {t)=2t+4 = g'(t)=2
P1,3)=(x,y)=>1=x=>1=1+t >t=0
1@ - 2t+1)(0)] _ 2 2

> Att=0: K =
12+ 2t+4)2)2 1+ @t+4)2) 2 17°2
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Exer. 19-22: For the given curve and point P, (a) find the
radius of curvature, (b) find the center of curvature, and
(c) sketch the graph and the circle of curvature for P.

@y=¢: PO

a-

k=— L AtPOD=(xy) o x=0:
[1+(en2]72 [1+e2] 72
K_T=i = p=l_i= 8
2°2 8 K 1
V8

Ax=0y=1:h=0-"0=—2 k=142

[1+1] -3 =

center of cuvarture is (-2, 3)



c- Equation of circle of curvature is: (x — h)? + (y — k)? = p?

(x+2)2+(y—-3)?=8
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Exer. 27 - 32: Find the points on the given curve at which
the curvature is a maximum.

@}’=E*I 28 y = coshx

27:

!

y=-e*=sy'=e"
le™™| _ e”

[1+ (e ™22 [1+e22%2

K(x) = =

3
e * e—x(er) /2 e—xe3x er

K(x) = = = =
112 [+e2 [1+e2 1462772
|1+ 5]
3 3 1
[1+ €272 2¢% - e?.5 (1 + e?*)2e?*.2

(1 + e2x)3

K'(x) =

(1+e2%)2.e2*—3e%* _ 2e%x—etx

= = 0 =
(1+e2x)”/2 (1+e2)”/2

2e* —e* =0 2—-e* =0 22=¢** =>n(2) =2x =

1
x=z In(2) = In(V2) is critical number

" Test of the first derivative"

In(v2)

+ — signs of K'(x)

7[ & Behavior of K(x)

- - 05
Sketch of K(x) '

115 -1 05 0 0’5 1 15 2 2ls




So at x = In(V2) there is local max of K (x) "Curvarture".

_ 1
x=In(vV2) =2y= e_ln(VZ) = eln(vV2) 1__—
(2) =y V2

The point at which the curvature is maximum is: (x,y) = (ln(\/f),%)



Exer. 33 - 36: Find the points on the graph of the equation
at which the curvature is 0.

y =4x3—24x = y"' =12x* — 24
|12x% — 24|
[1+ (4x3 — 24%)2] 2

=0>12x2-24=0>x=+V2>

y = (i\/z_)4 —12(+v2) =4-24=-20 =

The points on the graph at which the curvature is 0 are: (v2,—20), (—v2,-20)
| | | | | |

15 -1 U/o \5 1 1l5

-10

-15

-20

\

Sketch of: y = x* — 12x?




Exer. 42-46: Use the formulas in Exercise 41 to find the
center of curvature for the point P on the graph of the
ion. (Refer to Exercises 7-11.)

@y —In(x—-1); PQ,0)
1 -1

! 144

-1 7Y Tx-12

y=

Atx=2,y=0:h=2_1[i_"1'1] [1+1] _

=4,k=0+_—1 -2 =

center of cuvarture is (4, —2)

-




Exer. 1-8: Find general formulas for the tangential and
normal components of acceleration and for the curvature
of the curve C determined

@ r(t) =4costi+9sintj 41k

r'(t) = —4sinti+9costj+k =71r"(t) =—4costi—9sintj+0.k

r'(t)-r"(t) =16 sintcost — 81 costsint+ 0 = —65sint cost
i j k
r'@®) xr'"(t)=|—-4sint 9cost 1|=9sinti—4costj+ 36k
—4cost —-9sint 0

I ()|l = /16 sin?(t) + 81 cos2(t) + 1,

I (&) x " (¢)|| = y/81sinZ(t) + 16 cos?(t) + 1296
—65sintcost
T =
16 sinZ(t) + 81 cos2(t) + 1

a




\/81sin?(t) + 16 cos?(t) + 1296
ay =
V16 sinZ(t) + 81 cos2(t) + 1

_ /81sin?(t) + 16 cos?(t) + 1296

K 3

(\/16 sin®(t) + 81 cos2(t) +1 )
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9 A point moves along the parabola y = x? such that
the horizontal component of velocity is always 3. Find
the tangential and normal components of acceleration at

P(l; 1}"
Work Exercise 9 if the point moves along the graph of
y=2x" —x.

10:

In the following solution: "TC" is the same of ay, and "NC" is the same of ay

Let the path og motion be expressed by a vector-valued function r(t) = f(2)i + g(r)j where
gD =2[fO° —r@).Y©)=f "(2)i + g'(¢)j gives the velocity vector. Hence, the horizontal
component of velocity is f'(r) = 3 = f(t) =3t + c. We choose ¢ = —2 50 that 1)=1
Thus”f(t) =3t —2and g(r) = 2(3t — 2)* — (3t — 2). Then r(t)=3i+ [18(3r —2)* — 31j
and r (z) = 1083t — 2)j. IF'(1)| = V9 + H8Gr =22 312 Are=1 r'(1)=3i+ 155,

r'(1) = 108j, and |r'(1)| = v/234. By (15.16), TC = 1620//234. (1) X (1)
I s ==l vk ‘

3 15 0| =324k andso, by (15.17), NC = 324//234.

0 108 O




Exer. 11 -20: Show that the limit does not exist.

. xXy+yz+xz
@ L 2, 2.2
(x,.2)=(0,0,0) x* 4+ y“ + 2

. . xXy+yz+xz . 0
Onthex —axis,y=z=0: lim 22272 lim —=
(%y,2)—>(0,0,0) X*+y*+2%  (x,y,2)—(0,0,0) *

lim 0
(x,y,2)—(0,0,0)

xy+yz+xz . 3t2 _

Ontheline: , x=y=z=1t: li == lim —
y (x,9,2)-(0,0,0) X2+y2+z2  (x,y,2)—~(0,0,0) 3t?

lim
(x,y,2)-(0,0,0)

Since different paths to (0, 0, 0) produce different limiting values, the limit itself does not
exist.




Exer. 21 - 24: Use polar coordinates to find the limit, if it
exists.

. xy?
lim ———
(x.y)=0.0) x4+ y

x =rcos(0),y =rsin(0)

As (x,y) = (0,0),(r,0) - (0,0) =

] xy? ] 13 cos(0)sin?(0) ] L,
lim ———=_lim > = lim rcos(0)sin“(6) =0
(xy)~(0,0) x= + y~  (1,8)-(06) T (1,8)-(0,6)




Exer. 25 - 28: Describe the set of all points in the xy-plane
at which f is continuous.

@) » =i +y-1)




Exer. 29-32: Describe the set of all points in an xyz-
coordinate system at which f is continuous.

1
29 fx, W)=
2ty —2

f(xt ¥ Z) = \/Etaﬂz
@f(x. ¥, 2) = +/x — 2In(y2)

30:

f is continuous on{(x,y,z) [xy >0,z #(n/2)+ mr} which excludes points where the radicand
is negative and the tangent is undefined.

31:
f is continouson {(x,y,z)|x—2>0,yz> 0} ={(x,y,2)| x > 2,yz > 0}

which excludes points where radical is negative and In is undefined.






mmwﬂudomndf Prove that the given
function is harmonic.

@f(x y)= ln,/

A function f of x and y is harmonic if

2 2
i L 0f _

n? oy

1 1
flxy) = In(x* +y*)z = 2 In(x* +y%)

e

@Hw—.-. <" sincx, show that w__ = w, for every real
number c.




Exer. 7-18: Find dw. !

@w=lﬂ(-tz+)'2)+xtan"y

~

dw = (3/0x) [in'(x2 +y?) +x tanty] dx + (3/3y)[In(x? +y*) +x tan~!y]dy

2x _ 2y )
=(;T_,‘,;E+tan lJ’)d’"*(xz +y2+1+y2) y.



Exer. 19-22: Use differentials to approximate the change
in f if the independent variables change as indicated.
_,l"(x, y)=x2 =35y +4x = 2% + 6;

(=2, 3)to (—=2.02, 3.01)

dx =Ax=-2.02 - (-2)=-0,02 , dy=Ay=3.01-3=0.01

Ix (xp)=2x-9x%y* +4=f (-2,3)=-324.
Iy (x¥)=—6x7y —6y* > £, (-2,3) = 90.
df = f,dx tf,dy =df = (-324) (=.02) + (90) (01)=6.48 + 9 = 7.38

~
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Exer. 39-40: Prove that f is differentiable throughout

its domain.
2.2
f(x. y]=:2—+ly2




@
xyz

fx,y. 2= Dx3+y3+z3

if (x, y, 2) # (0. 0. 0)
if (x, y. 2)=1(0, 0, 0)
(a) Prove that f,. f,. and f, existat (0. 0, 0).

(b) Prove that f is not differentiable at (0, 0, 0).




Use a chain rule in Exercises 1-14.
Exer. 1-2: Find ow/dx and aw/ dy.

w=usinv; u=x>+y> v=uxy

ow _ dw du , dw dv __ . e "a;';’”"
S S p el (sin v)(2x) +. (u cos v)Qz) szm v+ uy ws¥

= 2x sin (xy) + y(x* + »*) cos (xp).
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Exer. 15-18: Use partial derivatives to find dy/dx if
¥y = f(x) is determined implicitly by the given equation.

(19 65+ y55 =3y - 4

fGy) = 6x +VENT — 39 + 4 £,(53) = 6 4 VHIQVE ); £ 60) = 3 +VEIR VB
y' =—fx»)f, (x.). ~
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Exer. 19-22: Find dz/dx and dz/dy if z = f(x, y) is
determined implicitly by the given ﬂuaﬂnn. .

(@0) x2® + 2x%y —4y’2 +3y -2 =0

y2)=2xz - dy*:
—(2" —8yz + 3)(2xz - 47).
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If w= f(x, y), where x =rcosf and y = rsiné,
show that

() (3)- ()3 (2)

w,=w, X, tw,y, =w, cosf +w, sinG;w0=wxx6+wyy9=—wxrsm9*w‘vrcose.
3 2 z 2

(w,)? +("'le)2 =Wx20082 6 + 2w, w,, sin 6 cos 6 +w,,” sin g +w,” sin” 8

: - -2 sl

cos? 0 =w, 2 (cos® 8 +sin® 8) +w)? (sin” 8+ cos” 8).

O haditntina v

2
-2 i 6+w
WnySll'IGCOS y
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Exer. 11-24: Find the directional derivative of f at the
point P in the indicated direction.
@f (x, y, 2) = 2%,

P(-1,2,3), a=3i+j-5k

a 3i+j-5k 3i+j-5k

“Tlal TVerir2s v3s
fx 28 yet¥ I = 2 ':_c-;é*y,_'ff; =2ze*7; Vf(-1 23)=18¢ i— 92 j+6e % k.
D, f(~1,2,3)="? (54 — 9 — 30)A/35 = 15¢72 /35,



Exer. 25 -28: (a) Find the directional derivative of f at P
in the direction from P to Q. (b) Find a unit vector in the
direction in which f increases most rapidly at P, and find
the rate of change of f in that direction. (c) Find a unit
vector in the direction in which f decreases most rapidly
at P, and find the rate of change of f in that direction.

f (x, 5, 2) =

; PO, -1,2), 03,1, -4

8|

X
y

L=y fy==x/y* =1/z,f, = y/z*; V(0,-1,2) = =i —(1/2)j - (1/4) k; PQ
u =P'£5/7.Dp'5 f(0,-12)= (=6 -2+ 3)/14 = =5/14. Maximal direction is Vf
maximum rate is IVf(0, - 1,2) |=\/21/4. As the comment after Theorem (
indicates, the minimum increase has direction (1, 1/2, 1/4) and the mi 1]
i.s —V21/4. Expressed as unit vectors, the directions of maximal
merease are respectively (V21/21)¢ -4, ~2,~ 1y and (VZ1/21)¢4,2.1).
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Exer. 1-10: Find equations for the tangent plane and the
normal line to the graph of the equation at the point P.

(Dax? -2 +32 =105 P2, -3, 1)

et F(x,,2) be the left side of the equation rewritten as 4x> —y* +3z> —10=0. Then
VF(x,y,z) = (8x, =2y, 6z)and at P(2, -3,1), VF(2,-3,1)=(16,6,6). This is a normal
vector for the tangent plane and a direction vector for the normal line. Thus, using P, we
get: 16(x —2)+6(y+3)+6 (z — 1) =0 for the tangent plane and (x—2)/16=(y +3)/6

A z —1)/6 for the normal line.
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Exer. 1-20: Find the extrema and saddle points of f. }

The solution: scan me
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Exer. 23 - 28: Find the maximum and minimum values of
f on R. (Refer to Exercises 3-8 for local extrema.)

fx, y)=x+3xy -y}
the triangular region R with vertices (1, 2), (1, —2),
“and (-1, =2)







Exer. 1-10: Use Lagrange multipliers to find the extrema
of f subject to the stated constraints.

@f(x, y)=;~r2 —4xy+4x2;
2+yr=1

Letting g(x, ¥) = x* + »* — l and V /= A Vg, equations (16.36) take on the fo:
—4y + 8x = 2x\, 2y — 4x = 2yA, x* + »* — 1 = 0. The first equation plus tw
second yields 0 = 2xA + 4yA = 2A(x + 2y) = A =0orx = —2y. If A = 0, th
either the first or second equation y = 2x which, when substituted into the third
produces 5x° = 1 and the two solutions Pi(1//5, 2/7/5), Py(—1/v/5, =2/\/3).
If x = —2y, substitution into the third equation produces 5y° = 1, and we r.

more solutions Py(2/+/5, —1/1/5), Pi(=2/\/5, 1/ V/5). From the form of +

S y) = (y = 2%)°, we see that f has the minimum value of 0 at Poand 28
P, (where y = 2x) and the maximum value of § at Pyand Py. | s
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Dy, =52+ + 25

x—y=1, y -zt =
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Find the point on the line of intersection of the planes
x+3y—2z=11and 2x — y + z = 3 that is closest to
the origin.

We will apply method of Lagrange's multipliers.
Consider f(x,y,z) = d* = x* + y? + 22,
gx,y,z)=x+3y—-2z—-11,h(x,y,z2) =2x—y+2z—3
and let Vf = AVg + uVh.

This leads to the system of five equations:

2x=21+2u

2y=31—pu

2z=-2A+u =
x+3y—2z—-11=0
2x—-y+z—-3=0

A+2u
2

32— -2+ 22
+3=F -2

From Eq 4: =0 = 14A+9u =22

2
FromEq5:2)‘+22”—3)‘2_u+_2/21+u—g=0 = —A+2u=2

144 +9p = 22
—A+2u=2

A=0.7027,u=1.3514 =

Solving the two equations simultaneously yields

_0.7027 + 2(1.3514)

x = > =1.70275
_ 3(0.7027)2— 13514 _ ) 2o0ac
L —2(0.70272) +13514 o 0o

The pointis: (x,y,z) = (1.70275,0.37835,—0.027)



