Second Semester Final Exam King Saud University
(without calculators) Time allowed: 3 hours College of Science

Sunday 6-11-1443 240 Math Math. Department

Q1:(a) If A'is a square matrix of degree 2 such that det(A)=3, then find det(A+A). (2 marks)

Answer:
det(A+A)= det(2A)=2°det(A)=4(3)=12

2 1
(b) If A and B are square matrices of degree 2 such that BA=I, where B = [1 J , then find

the matrix A. (2 marks)

Answer:

A=Bl=—

aere) A(B) = %[_11 _21] - [—11 _21]

(c) Suppose (1,2) is a solution of the following linear system:
X +2y =b;
2x +3y =b,

Find the values of b,,b,. (2 marks)

Answer:
b, =1+2(2) =5,
b, =2+3(2) =8.

Q2: Let V be the subspace of R* spanned by the set S={v,=(1,5,3,1), v.=(2,3,6,2),
v3=(3,8,9,3), v4=(4,6,6,6)}. Find a subset of S that forms a basis of V. (4 marks)

Answer:
1 2 3 4 1 2 3 4
5 3 8 6 R o -7 -7 -14
12 )
3 6 9 6 —igm O 0 0 -6
1 2 3 6 “lo o o0 2
1 2 3 4 1 2 3 4
4R 0 1 1 2 R 0 1 1 2
— 12 5 TN
FRs 0O 0 0 1 0O 0 0 1
0O 0 0 2 0O 0 0O
Using the leading ones, {v1,v»,v4} is a basis of V.
1 1 1
Q3:Showthat A=|0 -1 1 | isdiagonalizable and find the matrix P that diagonalizes A.
0O 0 O

(6 marks)



Answer:
Since A is upper triangular, then the Eigenvalues are A=1,-1,0. Since they are distinct, A is
diagonalizable. To find P, take the equation (AlI-A)x=0 and substitute A=1,-1,0, as follows:
A-1 -1 -1
Al -A=| 0 A+1 -1

0 0 A
0 -1 -1 0 -1 0
A=1=DI -A=|0 2 —1%0 2 0
0 0 1 0 0 1
1
=X =t,y=2=0&t=1=x = 0]
0
-2 -1 -1 2 -1 0
A=-1=(CDI-A=|0 O —1]%:? 0O 0 O
0 0 -1 0 0 -1
1
=y =-2Xx=-2t,z =0&t =1=x =| -2
0
-1 -1 -1 -1 0 -2
A=0=0)I -A={0 1 -1|—La3/0 1 -1
0 0 O 0 0 O
[—2
=>X=-22=-2Ay=2=t&t=1=x=|1
1
1 1 =2
SoP=|0 -2 1
0 0 1

Q4: Let R be the Euclidean inner product space. Apply the Gram-Schmidt process to
transform the following basis vectors (1, 2,1), (2,2,0), (3,1,1) into an orthonormal basis.
(6 marks)

Answer:
Let u;=(1,2,1), u,=(2,2,0), us=(3,1,1). To transform to orthonormal basis w1,w,,w3, we will do
as follows:



v,=u,=(121)
<U,v, >
Vo= U, = v,=(2,2,0)-
WH

=(2,2,0)——= (1, 2,1)=(2,2,0)0-(1,2,1)=(1,0,-1)

<(2,2,0),(,2,1) >
|29

12)

<u3,v > <UgV, >

Vo= U, — vV, - v,
o I

_1y-=BiHE 22,1) > 1.2,1)- SGLY, (1,0,2—1) >

|@.2.) |@.0,-)|

1,0,-1)

:@¢n—g@zn—%aa—n=@¢n—@zn—aﬁrnzaﬁLn
Now ,

W, = (L2 D)W, = (1,0, ~ D)W, =~ (L -11).

N A N

Q5: Let M,, be the vector space of square matrices of order n and T: M,,,—M,, the map
defined by T(A)=kA for all matrices A in M,,, where k is a non-zero real number.

(a) Show that T is a linear transformation. (2 marks)

(b) Find ker(T). (2 marks)

(c) Find rank(T). (2 marks)

Answer:
(a) For all A, BEM,, and mER, we have:
(i) T(A+B)=k(A+B) =kA+kB=T(A)+T(B)
(ii) T(mA)=k(mA) =(km)A=(mk)A=m(kA)=mT(A)

(b) A€ker(T)=>0=T(A)=kA=A=0. So ker(T)={0}.
(c) For all BEM,,,, we have T(k™'B)=k(k'B) =(kk*)B=B and T is onto. Hence, R(T)=M,, and
rank(T)=dim(R(T))=n’,

Or
Since ker(T)={0}, nullity(T)=dim(ker(T))=0 and hence:
rank(T)=dim(Mnn)—nuIIity(T)=n2—O=n2.

Q6: Let T: RZ—R3 be the linear transformation defined by T(x1,X2)=(X1—X2,—2X1,X2).
(a) Find [T]s g where S is the standard basis of R® and B={v,=(1,1),v,=(1,0)} is a basis of R”.
(3 marks)

(b) Find a basis of R(T) (the range of T). (3 marks)

Answer:
(a) T(1,1)=(0,-2,1), T(1,0)=(1,-2,0)=[T(1,1)]s=[(0,—2,1)]s=[0 —2 1]T,

0 1
[T(1,0)15=,[(1,~2,0)ls=[1 —2 0]". So [T]s,B=[—2 —z].
1 0



(b)As R(T) is generated by the images of the basis vectors and T(1,1)=(0,-2,1), T(1,0)=(1,-2,0)
and neither vector is a scalar multiple of the other, then (0,-2,1) and (1,-2,0) are the basis
vectors of R(T).

Or
0 1 1 0 1 0 1 0
2 2|—Pe 52 2|—L=5|0 1%0
1 0 0 1 -2 -2 0 0

Using the leading ones, {(0,-2,1), (1,-2,0)} is a basis of R(T).

fA= 13
Q7: (a) =l 1

B={(1,1),(2,3)}, then find the vector u. (2 marks)

} is the transition matrix of R? from a basis S={u,v} to a basis

Answer:
(u)g=(1,2). So u=1(1,1)+2(2,3)=(1,1)+ (4,6)=(5,7).

(b) Show that if 1 and -1 are the eigenvalues of a square matrix A of order 2, then we have

1 0
that A = | {

0 1] (2 marks)

Answer:
Since 1 and -1 are distinct eigenvalues of A, then A is diagonalizable and A is similar to

1 0 10
D= such that A=PDP™. So A'® =pDp-1=p|p-i=|= .
0 -1 0 1

(c) If A and B are square matrices of order 2 such that A2+3A=[_02 _02] and BA+ZB=[§ g ,
then find the matrices A and B. (2 marks)

Answer:

Observe that B(A+2l)= LSL ;

A+21 is invertible. Now, A2+3A=[

and hence |B||A+2l]|= g §|=2¢0. So |A+21|#0 and then
-2
0
(A+1)(A+21)=0. But A+2l is invertible, thus A+I=0 and A=-1. Now, [g :2% =B(A+21)= B(l)=B.

_02] implies that A%+3A=-2] and then A%+3A+21=0. So



