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1 Let
S={1l—-(—1)"/n:neN}.

Find inf S and sup S and prove your answers.

Solution We claim that inf S = 1/2 and sup S = 2. Note that, if n is
odd, 1 —(=1)"/n = 1+1/n, while, if n is even, 1 — (=1)"/n=1—1/n.
It follows, if n is odd, that 1 — (—=1)"/n > 1> 1/2. If n > 2 is even,

1—(-1)"/n=1-1/n>1-1/2=1/2.

Arguing similarly, 1 — (—=1)"/n < 2 and so 1/2 and 2 are, respectively,
lower and upper bounds for S. Since 1/2 € S, there cannot be a lower
bound m > 1/2 and so 1/2 is the greatest lower bound for S, i.e.
inf S = 1/2. Since 2 € S, there cannot be a upper bound M < 2 and
so 2 is the least upper bound for S, i.e. sup .S = 2.
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A={1-L:nmeN}~ (z)

« A=B—Bwhere B={l:neNlandX -Y ={c—y:zec X,yeY}
o inf B = 0,sup B = 1. (inf B = 0 is the Archimedean property.)

o inf(X —Y)=infX —supY impliesinf A = infB—supB=0—-1= —1.

« sup(X — Y) =sup X — infY impliessupA =supB—inf B=1—-0= 1.

A={zeR:22—4<0} * (»)

Since x” —4<0 & x" <4 & —2<x<2 weseethat E=(-2.2) . Using Q4 we get:

supE =2 mf £E=-2 nomax E and nonun £ .
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and non negative. It is convergent.

Tnt+l — Tn = 9



fore {yn =

3.4 4 k&
(b WYl Lel L1

Bz 1 dlme Ul Wz & (1)

{ ? (D C}

.--J-n

.llmscn—Ou'lt_,wbcUJ\meufuuu(mn). W e £ oK 13

i I—

* W2

?\‘Ji;cN,.r—p}r’ N@ Ns:.«-\{z,)u _,,a;.'- i,fp@flﬁ'ﬁ)vdxwl (D

: ..... 1 }(m! )f)\( } 32%5

...............

................

?fi ‘:-—*"' X, )j hl _..,4_ ,ng Y ey .
{)c“ I"Z’ f_ e y;,L } ”1’?“"’ - (v.,ﬂ e
" 2— riers e e 1_,-(:@_.,,5 ...... %*‘?\Iahr !,F-,I-.
rt 4 K{{ PSS % e __z_;;‘ J & - o 1
— ’. _L_J/ﬁ}_‘ i'"‘b‘}l Df e

S e 3 e U (z) Wl OF gl % 7

(n? 4+ 20n + 30) sin(n?)

mn:

n?+n+1
2 5 20 4 35
) 20 35 14 = +
e einEes im —2—" =1, and every convergent sequence is bounded, there-
n?+n+1 n—»oo]_+ +L
2 <
' 20 35
n;rnJr} is bounded, so there exists M & R such that |y,| < M for all
n+n+1
n € N. Also, {z, = sin(n®)} is bounded: |z,| <1 for all n € N. Therefore {z,} is bounded:
n| = |Unzn| = |ynllzn] < M for all n € N. Ewvery bounded sequence has a convergent

subsequence, thus {x, } has a convergent subsequence.
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Let a = sup A, there exist a sequence (x,,),, € A which converges to a. Since a ¢
A, there exists a subsequence (z,, ) with different terms. a is an accumulation

point of the sequence (z,,, ).
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Let A be a bounded open subset of R. If a = sup A € A, there is » > 0 such
that (a — r,a + r) C A, which contradicts the fact that a = sup A since the
interval [a,a + 1) C A.
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elete>0and [r—c| < 1. |23 = [o—¢| |22 +act?| < e —c|(Jz]+]c])? <

|z — ¢[(2]¢| + 1)2. Then if o = inf(1, W), forall € D.0 < |o —¢| <

a=l1° -3 <e

< Yl dimf(z) = 0 of b ddim[f(@) =0 =K Blce D, f: D+ R 13+ .7
lim[f (z)]* = L* # 0
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Let ¢ > 0, there ib a > 0 such that for |z —¢| < a, |f(x) — ¢| < s. Moreover

||f(x)| — x) =Ll <cfor|x—c| <a.
The converse is true if f has a constant sign.
e I @ i\-\‘ﬁ ‘F- y PR P————— s
] -
503 [,UE

€y lim [f(2) + 9(2)] A3 055 01 (S& J Gomse s limg(2) 5 lim f(2) <67 13w (1) o1
Ylim f(z)g(z) o¢ 13l

103{) p— _'—- P> <
7 z = ‘_#’.
=gl
P |
alfx) = —_
¥ F e

-

7 Lo j

Q- 4 4

!
P

N

/ fm*ﬁ_{z) -Z =

7(“*0




53,0 1im g(2) 055 1 (5 1 330 12 1im [£(2) +9(2)] 5 550 lim () 67 1315 ()




. x*(3+sinzx)
l—l—r&l (z + sinx)? )




Jimf(z)g(z) =0 ol ;_.ﬂs ccdaill bl (335002 g 5 lim f(z) =0 28 13] % .5
- Tr—C

Tr—C

DO \?/ F}a q’ S‘
z €D
z4C
’:9_/__{,? (.Su — ‘Lci) < '_&-K_
T jr S, J(>a
I ,’j("”%-"‘( v xe (=8, c-§,)
év.(sl §, s,
! £ o 3
i c
'V'L(i-) / €, g‘\
! e

V=, AV - (g ce§)N\ fe]

e R R

Y 2eV  — ’1(11}'3(1),'-!‘;{7]’ ’9{1:'

0l |x—cClf <Mool K LK E . ¢

i I
i g-n.';;gg%rgn?_







1

P

0o el el gk 3

T—300 I

im f(z) = L 08 15) L, 13) 1_1}1;1)1+f(1) =L ol ;...:.?TJ f:(0,00) = R oK 131« .4

o J syl L Lo Y

X¥— g ot

(=) V¥V ¢5o 1. 850

oy <S .';»Cr:'!i_lL€1<5
| | J
1 =5 - M =_.I-£{_-.1_/11L

on

5‘;& .:"M }n
— 1 fe)y LCir<ce




JK‘)Q

<
m
N

D

S Ksa =S | [o - Clee

o ¢ L ¢ -;:-— ° _5_______=~,__._,L_.£¢;)_~£Li£+_h_

ot — _1_-[_;1_}_;___[_]._(_5
2‘ ——g_a+ ')Cf '_. ) [




sl Ul

JlaV!

6.1 oy ule
i fo(=1,1) 5 R oK 13« .4
|f(z)| < |z| Vze(-1,1)

=0 de daze f O ot

/[(ﬁ)} P N s ';%1). Q.a{ ;_k.a.-@'" @
...... j>tﬁco){ﬁmﬂm“,_)“ ....,,_,@ ..........................................

fz)=0 VzeR

Q is dense in R, then for all x € R there exist a sequence (z,,),, in Q convergent
to x and x,, # x for all n € N. Since f(x,,) =0 for all n € N, then f(x) = 0.
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2,00) e flz) =z * ()
e g(x) = &=, D, = R. g is uniformly continuous since ¢ is uniformly continuous

on [—1,1]and for z,y > 1, |g(x)—g(y)| < |z—y|. (2*—y® = (x—y)(2*+y2+2y)).
The same result for r,y < —1.
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flz) =2 —1]* ()

o f(z) = |22 = 1|, f(z) = =2z if |z| < 1, f'(z) = 2z if |z| > 1 and f'(1) and
f'(—1) does not exist.

f@) =gl + (g)
f(z) =zlz|, f'(z) =22 if 2> 0, f'(z) = —2z if 2 < 0 and f'(0) = 0.

A ol =l + .4
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F'(0) = lim (x);f(o) ~ lim %x) But |f(z)| < 22 for all 2 € R, then
f'(0)=0
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—f'(x). Then f’ is odd.
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