
EX1.1: Let X be normal random variable with distribution N(θ,1). 

Let 𝑋1, 𝑋2, … . , 𝑋16 be 16 copies of X. Test the hypothesis 𝐻°: 𝜃 ≤

1 𝑣𝑠 𝐻1: 𝜃 > 1 by 𝛾𝑈𝑀𝑃 with size 𝛼𝑈𝑀𝑃 = 0.05 

Solution  

 

𝑓(𝑥; 𝜃) =
1

√2𝜋
𝑒−

1
2

(𝑥−𝜃)2

                − ∞ < 𝑥 < ∞ 

𝑓(𝑥; 𝜃) Belongs to the class of exponential family 

𝑓(𝑥; 𝜃) = 𝑒−
1
2

log 2𝜋−
1
2

(𝑥−𝜃)2

 

𝑎(𝜃) = −
1

2
𝜃2    𝑏(𝑥) = −

1

2
log(2𝜋) −

1

2
𝑥2       𝑐(𝜃) = 𝜃         𝑑(𝑥) = 𝑥  

Since 𝑐(𝜃) is increasing function of then 𝛾𝑈𝑀𝑃  reject H0 if ∑ 𝑑(𝑥𝑖) =

∑ 𝑥𝑖 > 𝑘 or �̅� > 𝐶 

0.05 = 𝑃(�̅� > 𝐶|𝜃 = 1) = 𝑃(�̅� >
𝐶 − 1

1
4

= 𝑃(𝑍 > 4(𝐶 − 1)) 

Thus 

4(𝐶 − 1) = 1.645 → 𝐶 = 1.41125 𝑎𝑛𝑑 𝐾 = 22.58 

 

 

 

 

 

 

 

 

 



EX1.2: Let X be gamma random variable with distribution Gamma(5,θ). Let 

𝑋1, 𝑋2, … . , 𝑋6be 6 copies of X. Test the hypothesis 𝐻°: 𝜃 ≥
1

2
 𝑣𝑠 𝐻1: 𝜃 <

1

2
 

by 𝛾𝑈𝑀𝑃  with size 𝛼 = 0.05 

Solution  

 

𝑓(𝑥; 𝜃) =
𝜃5

Γ(5)
𝑥5−1𝑒−𝜃𝑥                 0 < 𝑥 < ∞ 

𝑓(𝑥; 𝜃) belongs to the class of exponential family 

𝑓(𝑥; 𝜃) = 𝑒5 log 𝜃−log Γ(5)+4 log 𝑥−𝜃𝑥 

𝑎(𝜃) = 5 log 𝜃     𝑏(𝑥) = 4 log 𝑥 − log Γ(5)        𝑐(𝜃) = −𝜃         𝑑(𝑥) = 𝑥  

Since 𝑐(𝜃) is decreasing function of then 𝛾𝑀𝑃 reject H0 if 𝑆 = ∑ 𝑑(𝑥𝑖) =

∑ 𝑥𝑖 > 𝑘 

𝑋𝑖~𝐺𝑎𝑚𝑚𝑎(5, 𝜃)    𝑡ℎ𝑒𝑛 ∑ 𝑋𝑖 ~𝐺𝑎𝑚𝑚𝑎(5 × 6, 𝜃)     𝑎𝑛𝑑 𝑈

= 2𝜃𝑆~𝜒2(5×6)
2  

To find k 

0.05 = 𝑃 (𝑆 > 𝑘|𝜃 =
1
2) = 𝑃 (𝑈 > 2𝜃𝑘|𝜃 =

1
2) = 𝑃(𝑈 > 𝑘) 

K=79.08 

 

 

 

 

 



let  𝑋 = (𝑋1, 𝑋2, … , 𝑋𝑛) random sample from 𝑁(𝜃, 𝜎2) where 𝜎2 known  

Find 𝛾𝐺𝐿𝑅 and 𝛼 for 𝐻°: 𝜃 = 𝜃° vs 𝐻1: 𝜃 ≠ 𝜃° 

 

Maximum likelihood estimator of 𝜃 is �̅�  

𝛾𝐺𝐿𝑅  reject 𝐻° if 𝜆 =
ℓ(𝑋;𝜃°)

ℓ(𝑋;𝑋)
< 𝑘 

𝜆 =

(
1

√2𝜋𝜎
)

𝑛

𝑒𝑥𝑝 (−
1
2

∑(𝑋𝑖 − 𝜃°)
2

𝜎2 )

(
1

√2𝜋𝜎
)

𝑛

𝑒𝑥𝑝 (−
1
2

∑(𝑋𝑖 − 𝑋)
2

𝜎2 )

 

𝜆 = 𝑒𝑥𝑝 (−
1

2

∑(𝑋𝑖 − 𝜃°)
2 − (𝑋𝑖 − 𝑋)

2

𝜎2
) 

𝜆 = 𝑒𝑥𝑝 (−
1

2

∑(𝑋𝑖 − 𝜃° − 𝑋 + 𝑋)
2

− (𝑋𝑖 − 𝑋)
2

𝜎2
) 

𝜆 = 𝑒𝑥𝑝 (−
1

2

∑(𝑋 − 𝜃°)
2

+ (𝑋𝑖 − 𝑋)
2

− (𝑋𝑖 − 𝑋)
2

𝜎2
) 

𝜆 = 𝑒𝑥𝑝 (−
1

2

𝑛(𝑋 − 𝜃°)
2

𝜎2
) 

i.e 

𝑒𝑥𝑝 (−
1

2

𝑛(𝑋 − 𝜃°)
2

𝜎2
) < 𝑘 

−
1

2

𝑛(𝑋 − 𝜃°)
2

𝜎2
< ln 𝑘 

𝑛(𝑋 − 𝜃°)
2

𝜎2
> −2 ln 𝑘 = 𝑑2 

Then 𝛾𝐺𝐿𝑅  reject 𝐻° if 
𝛼 = 𝑃(𝜆 < 𝑘|𝜃°) 

= 𝑃 (
𝑛(𝑋 − 𝜃°)

2

𝜎2
> 𝑑2) 

= 𝑃 (
𝑋 − 𝜃°

𝜎 √𝑛⁄
> 𝑑) + 𝑃 (

𝑋 − 𝜃°

𝜎 √𝑛⁄
< −𝑑) 



When 𝐻° true then 
𝑋−𝜃°

𝜎 √𝑛⁄
~𝑁(0,1) and 𝑑 = 𝑧1−

𝛼

2
 

We accept 𝐻°if  

𝑋 − 𝜃°

𝜎 √𝑛⁄
∈ (−𝑧

1−
𝛼
2

, 𝑧
1−

𝛼
2

) 

 

 

let  𝑋 = (𝑋1, 𝑋2, … , 𝑋𝑛) random sample from 𝑁(𝜃, 𝜎2) where 𝜎2 known  

Find 𝛾𝐶𝐼 and 𝛼 for 𝐻°: 𝜃 = 𝜃° vs 𝐻1: 𝜃 ≠ 𝜃° 

 

100(1 − 𝛼) 𝐶. 𝐼. 𝑖𝑠 

(𝑇1(𝑋), 𝑇1(𝑋)) = (𝑋 − 𝑧
1−

𝛼
2

𝜎

√𝑛
, 𝑋 + 𝑧

1−
𝛼
2

𝜎

√𝑛
) 

Then we accept 𝐻° if  

𝜃° ∈ (𝑋 − 𝑧
1−

𝛼
2

𝜎

√𝑛
, 𝑋 + 𝑧

1−
𝛼
2

𝜎

√𝑛
) ⟺

𝑋 − 𝜃°

𝜎 √𝑛⁄
∈ (−𝑧

1−
𝛼
2

, 𝑧
1−

𝛼
2

) 


