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Solution of Question 1: Correct choices:  
             

(i) Let  𝑷𝟐 be the vector space of all  real polynomials in one variable of degree  ≤ 2 and  S = {u, v} ⊆ 𝑷𝟐. 
If E denotes the set of all linear combinations of the vectors in S, then  the set E is equal to:   

              (a) {𝜶𝒖 + 𝒗 | 𝜶𝛜ℝ}     (b) {𝒖 + 𝜷𝒗 | 𝜷𝛜ℝ}       (c) 𝑷𝟐                (d) ✔  a vector space.          [Mark 1] 
 (ii)              If  𝑾 = {𝒘𝟏, 𝒘𝟐, 𝒘𝟑, 𝒘𝟒} spans the vector space V, then:  

                              (a) 𝒅𝒊𝒎(𝑽) = 𝟑        (b) 𝒅𝒊𝒎(𝑽) = 𝟒        (c) 𝒅𝒊𝒎(𝑽) > 𝟒     (d) ✔  𝒅𝒊𝒎(𝑽) ≤ 𝟒.            [Mark 1] 
                  (iii)              Consider the vector space  ℝ𝟐  with ordered basis   B = {(1,0), (1,2)}.  If  𝒗𝛜ℝ𝟐 with the coordinate  

                                       vector  [𝒗]𝑩 = ቂ
𝟏
𝟐

ቃ, then: 

                                                 (a)  𝒗 = (1,0)              (b) ✔  𝒗 = (3,4)                 (c) 𝒗 = (1,2)          (d) 𝒗 = (2,2).              [Mark 1] 
 (iv)              Which of the following matrices cannot be a transition matrix?  

                                                 (a) ൥
𝟏   𝟎    𝟎
𝟎   𝟐    𝟎
𝟎   𝟎    𝟑

൩          (b) ൥
𝟎    𝟎    𝟑
𝟎    𝟐    𝟎
𝟏    𝟎    𝟎

൩            (c) ✔  ൥
𝟑    𝟎    𝟎
𝟎    𝟐    𝟎
𝟏    𝟎    𝟎

൩          (d) ൥
𝟏    𝟎    𝟑
𝟎    𝟐    𝟐
𝟏    𝟎    𝟏

൩                 [Mark 1] 

   (v)              If A is an invertible matrix of order 3, then rank(A) is equal to: 

                               (a) 0                         (b) 1                            (c) 2                          (d) ✔  3.                              [Mark 1] 
Question 2: 

Consider the matrix 𝑨 = ൥
𝟏   𝟐   𝟑
𝟐   𝟒   𝟔
𝟏   𝟏   𝟐

൩.  

(a) Find a basis 𝑩𝟏 for the null space N(A). 
Solution:  𝑩𝟏 = {(−𝟏, −𝟏, 𝟏)} is a basis for N(A).                                                                      [Marks 3] 

(b) Find a basis 𝑩𝟐 for the column space col(A).  
Solution:  𝑩𝟐 = {(𝟏, 𝟐, 𝟏), (𝟐, 𝟒, 𝟏)} is a basis for col(A).                    [Marks 2] 

(c) Find nullity and rank of the matrix A. 
Solution: From Part (a), nullity(A) = 1. From Part (b), rank(A) = 2.             [Marks 1 + 1] 

(d) Show that 𝑩𝟏 ∪ 𝑩𝟐 is a basis for the vector space ℝ𝟑 . 
Solution: Since 𝑩𝟏 ∪ 𝑩𝟐 = {(−𝟏, −𝟏, 𝟏), (𝟏, 𝟐, 𝟏), (𝟐, 𝟒, 𝟏)}  is linearly independent and 𝒅𝒊𝒎(ℝ𝟑) = 𝟑, 𝑩𝟏 ∪ 𝑩𝟐 is a basis for ℝ𝟑. 
                               [Marks 1 + 1 + 1] 
Question 3: 
          Consider a vector space E of dimension 3. Let 𝑩 = {𝒖𝟏, 𝒖𝟐, 𝒖𝟑} and 𝑪 = {𝒗𝟏, 𝒗𝟐, 𝒗𝟑} be two ordered bases for E such  

          that the transition matrix CPB  = ൥
𝟏     𝟏     𝟏
𝟏     𝟎     𝟏
𝟏     𝟏     𝟎

൩ from B to C. Then, compute: 

(a) Transition matrix BPC from C to B. 

Solution:   ൥
𝟏     𝟏     𝟏
𝟏    𝟎      𝟏
𝟏    𝟏      𝟎

อ
𝟏    𝟎     𝟎
𝟎    𝟏     𝟎
𝟎    𝟎    𝟏

൩ ~ ൥
𝟏     𝟎     𝟎
𝟎    𝟏      𝟎
𝟎    𝟎      𝟏

    อ
  −𝟏       𝟏       𝟏 
     𝟏  − 𝟏       𝟎
      𝟏       𝟎  − 𝟏

൩   ⇒  BPC  =   C 𝑷ି𝟏
B  = ൥

  −𝟏       𝟏       𝟏 
     𝟏  − 𝟏       𝟎
      𝟏       𝟎  − 𝟏

൩.         [Marks 1.5 + 1.5] 

(b) Coordinate vectors  [𝒗𝟏 −  𝒗𝟐]𝑪, [𝒗𝟏 −  𝒗𝟐]𝑩 and [𝒗]𝑪, where  𝒗 = 𝒗𝟏 −  𝟐𝒖𝟐 + 𝒗𝟑. 

Solution: 𝒗𝟏 −  𝒗𝟐 =  𝒗𝟏 + (−𝟏)𝒗𝟐 + 𝟎𝒗𝟑  ⇒  [𝒗𝟏 −  𝒗𝟐]𝑪 = ൥
𝟏

−𝟏
𝟎

൩ .                                                          [Mark 1] 

                         [𝒗𝟏 −  𝒗𝟐]𝑩 =  BPC [𝒗𝟏 −  𝒗𝟐]𝑪 = ൥
  −𝟏       𝟏       𝟏 
     𝟏  − 𝟏       𝟎
      𝟏       𝟎  − 𝟏

൩ ൥
𝟏

−𝟏
𝟎

൩ =  ൥
−𝟐
𝟐
𝟏

൩.                                   [Marks 2 + 1] 

                        CPB  = ൥
𝟏     𝟏     𝟏
𝟏     𝟎     𝟏
𝟏     𝟏     𝟎

൩ gives 𝒖𝟐 = 𝒗𝟏 +𝒗𝟑. Then, 𝒗 = 𝒗𝟏 −  𝟐𝒖𝟐 + 𝒗𝟑 = −𝒗𝟏−𝒗𝟑 . Hence, [𝒗]𝑪 = ൥
−𝟏
𝟎

−𝟏
൩. [Marks 1.5+.5+ 1] 

 

***! 


