1.

Measure Theory and Functional Analysis

(a)

(b)

Solutions to Exercise 4

Let Y, Z be subspaces of a vector space X. Set some arbitrary
r1,T2 € YN Z and A, Ay € R. Denote x = A\jx1 + Aoxo. Then
reYandre Z,soxeYNZ.

In general, the union of two subspaces is not a subspace. For
example, let X = R? = {(z1,79) : 1,70 € R}, Y = {(21,0) : 7, €
R} and Z = {(0,23) : z2 € R}. Obviously, Y and Z are subspaces
of X. Let now y = (1,0) and z = (0,1). Then y € Y, z € Z and
so both vectors belong to Y U Z. However, y 4+ z = (1, 1) does not
belong neither Y nor Z. Hence, Y U Z is not a subspace of X.

2. We have to show that, for all =,y and « such that ||z|| <1, ||y <1
and 0 < o <1, [Jax + (1 — a)y|| < 1. By the triangle inequality,

3.

(a)

loz + (1 = a)yll < aflzf| + (1 =)y Ca+ (1 -a)=1

If z, — = then there exists N such that ||z, — z| < 1 for all
Tp, n > N. Hence ||z,|| < 1+ ||z| for all z,, n > N, by the
triangle inequality. On the other hand, max{||z,|| : n < N} = M
is finite, as the maximum over a finite quantity of numbers. Thus,
[zl < M+ 1+ [l]].

We have to show that ||\,z, —Az|| — 0 as n — oco. By the triangle
inequality,

IAnzn — Az|| < || Anzn — Azy|| + || Az — Az]|.

Consider the summands in the right hand side above separately.



L [ Az — Azy|| = [An — A] ||zn]|- Since z, — z, there exists
M such that ||z,|| < M for all n, as it was shown in (a).
Therefore |\, — Al [|z,|| < M|\, — A = 0 since |\, — |A.

ii. ||[A\z, — Az|| = |A|||lx — 2| — O since z, — x.

(©) [lzll < lleall+ lz = zn| and [Jz,[| < [lz]|+ |z —za]|, by the triangle
inequality. Hence |||z|| — ||z.]|| < ||z — z4||. Thus, ||z,|| = [|z|]
since x, — .

(d) By the triangle inequality, ||z — ya|| < [[2 — 2u|| + |20 — yul| = 0
since x, — z and ||z, — y,|| — 0.

(e) (zn, —y) = (x —y) since x, — . Hence ||z, — y|| = ||z — y||, by
().

(f) It is enough to show that (x, — y,) — (x — y), becouse of (c).
Now, ||(zn —yn) = (z = y)[| < llzn — 2]l +[lyn —yll, by the triangle
inequality. Thus, (z, — y,) — (¢ — y) since z,, — x and y, — ¥.

4. (a) Kreyszig’s, 2.3, No 8.
Let (x,) be a Cauchy sequence. Let N; > 1 be such that ||z, —
Tp|| <271 for all n,m > Ny, Ny > N; be such that ||z, — z,|| <
272 for all n,m > Ny, ... , Ny > Nj_; be such that ||z, — z,,| <
27" for all n, m > N}, and so forth. Define a series (y,) by y1 = =,
and y, = zn, — xy,_, for all n > 2. Then ||y < 27! and
|lyn|| < 277! for allm > 2. Therefore (y,,) is absolutely convergent
and so it has a limit z. Thus xy, =Y ,_, yx — 2 as n — oo. Now,
for an € > 0 fix m such that 27™%! < e and ||zy,, — x| < (¢/2).
Then, for all n > Ny, |z, — || < [|2n — 2N, || + ||7N, — 2| <€,
by the triangle inequality. Thus, z, — =.

(b) Kreyszig’s, 2.3, No 9.

Let (x,) be an absolutely covergent series. Consider the sequence
(sy) of its partial sums: s, ==Y 1, k. [|Sn—5m|| = || Dpesn Tkl <
S i lzkll for m < n. So (s,) is a Cauchy sequence since (z,,)
converges absolutely. Hence s,, — s as the space is complete.

5. Kreyszig’s, 2.3, No 15.

We check the properties of a norm, one by one. Let o € R, x1,y; € X3
and x9,y» € Xo, v = (71, 72), ¥ = (Y1, Y2)-



a omogeneitty.
(a) Homogenei
lez|| = max{{|azi[]y, law, |2} = || max{{[z, [y, l|z2]l2} = |af [l]].

(b) The triangle inequality.

[yl = max{{lzi+ulls, [[22+y2ll2} < max{llzffi+lyallss [[22ll2+[ly2ll2}-

Now we are left to check that max{a + b,c¢ + d} < max{a,c} +
max{b, d} for all a,b,c,d > 0.

If a >c, b>dthen max{a+b,c+d} =a+b.

If a < ¢, b>d then max{a+b,c+d} <c+0b.

If a > e, b<dthen max{a+b,c+d} < a+d.

If a <e¢, b<dthen max{a+b,c+d} =c+d.

(c) Positivity.
Let ||z|| = 0. Then max{||z||1, ||z2||2} = 0 and so x; = 0,2, = 0.

6. First we show that all norms are equivalent on a finite dimensional
space X. Let n be the dimension of X. Fix a basis {ej,es,...,€,} in
X and {fi, fo,..., fa} C X* such that fi(e;) = 6;;. Every z € X is
of the form = = Y ;_, {rep where € = (£, &, ...,&,) € R” uniquely

corresponds to x. Consider on X another norm || - ||,
Izl = max |&] = max [fi(z)]

(The proof of the fact that it is a norm ia the same as in 5.) ||x,,|| — 0
implies that ||z,,|[. — 0 since fr € X*, k = 1,...,n. On the other
hand, if ||Zp,|l, — 0 with 2, = 37 &™e, then €™ — 0 for all
1 <k < n and hence ||z,,|| — 0. Therefore || - ||. is equivalent to || - ||.
Now let (2,,) be a Cauchy sequence, z,, = S.r_ £™ey. Then (£™)
is a Cauchy sequence and hence §,(cm) — & forall 1 < k < n. Let
r =1, &eg. Obviously, ||z — zp,|l. — 0. So X is complete.

7. Let (z,) be a Cauchy sequence. Fix N; > 1 such that ||z, — x| < 27!
for n,m > Ny, Ny > N such that ||z, — x| < 272 for n,m > Ns,
vy N}, > Ni_y such that ||z, — z,,|| < 2% for n,m > N, and so on.
Then the sequence By = {z : ||z — zy,| < 27571} is a sequence of
closed embedded balls with the sequece of vanishing radii and there
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are at most finitely many elements of (z,,) outside of every By. By the
assumption, NBy is non-empty and, by the construction, every point
of the intersection is a limit point of (z,). However, (z,) can have
one limit point at most, as a Cauchy sequence. So (x,) is convergent.
Thus we have proved that an arbitrary Cauchy sequence is convergent.
Hence X is complete.



