Exercise 1

Given asequence x(n) for0 < n < 3, where x(0) = 1,x(1) = 1L,x(2) = —1,andx(3) = 0,
compute its DFT X (k).
Solution 1
N—1 | N—1
We have the DFT coefficients formula: X(k) = Z x(n)e 2N — Zef(fl)lvi?!, fork = 0.1, N —1
n=0 n=10

Thus, fork=0: X(0) = ¥3_,x(n)e 7 = x(0)e /° + x(1)e 0+ x(2)e /° +x(3)e°=1+1-1+0=1

,3TC

T ) TT 27T
Fork=1: X(1) =Y3_ox(m)e 2" = x(0)e /" +x(De 2+ x(2)e 'z +x(B)e 'z =1+ 1(—)) —1(-1)+0=2—
Fork=2: X(2)=Y3_,x(m)e /™ = x(0)e™/® + x(De /" + x(2)e 2"+ x(3)e *" =1+ 1(-1) - 1(1) + 0= -1

,31T 91T

Fork=3: X(3) =Y3_,x()e 2°" = x(0)e /0 +x(e /Zz +x(2e 3"+ x(De 2 =1+1() —1(-1)+0=2+

X(0)=1. X()=2-j. X(2)=-1, X(3)=2+/



Exercise 2
Given the DFT sequence X(k) for 0 < k < 3 obtained in Exercise 1, evaluate its inverse DFT x(n).
Solution 2

E 3 3
Since N=4, we have W™= ¢/2", using IDFT Equation x(n) = % SOXOW, ™ = 23 X(k)e
Thus, for n=0:  x(0) = - zk L X(K)el20 = X(0)el® + X(1)el® + X(2)el® + X(3)el0

1
=72 (DM +C-NDO+DM+2+HM] =1
Forn=1: x(1) = 233 X()el>* = X(0)e/® + X(e’? + X(2)e/™ + X(3)e’ 7

1 1
=7 (DD +2-DE+EEDED+ @2+ HEN] = Z[l +2j+1+1-2j+1]=1
Forn=2: x(2) = lZ,?;=0X(k)ej”k = X(0)e/® + X(1)e/™ + X(2)e/?™ + X(3)e’3™

[(1)(1)+(2 - DED+HEDO+C+HHED] = [1—2+J—1—2 jl=

971'

Forn=3: x(1) = ;i OX(k)efzgk = X(0)e/® + X(1)e' 7 + X(2)el3™ + X(3)e) 7

[(1)(1)+(2 - DEHN+HEDED+Q+HG] = [1—21+1+1+21—1]—0

Finally, we obtain: x(0) = 1, x(1) =1, x(2) = —1, x(3) = 0.
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Exercise 3

Consider a digital sequence sampled at the rate of 20,000 Hz. If we use the 8.000-point DFT
to compute the spectrum, determine

a. the frequency resolution;

b. the folding frequency in the spectrum.

Solution 3

a. We have: A f = % = 280000000 = 2.5Hz

b. The folding frequency: fqx = % = 20200 = 10kHz



Exercise 4 x(n)

4 4
Given the sequence in Figure and assuming f, = 100 Hz, compute the amplitude ‘3‘ )
spectrum, phase spectrum, and power spectrum. ) 1 . 1
Solution 4 0 j 1 2 3 g4 l
‘- J =
We have N=4, and x(0) = 4, x(1) = —1, x(2) =2, x(3) = 1. o |
N-1 N-1
First we determine the DFT coefficients:  X(k) = ) x(n)e >™"/N = 3 "x(n)Wy', fork = 0,1, N — I
n=10 n=0

For k=0: X(0) = Z%zox(n)e_jgno =x(0)e " +x(e 7 +x(2)e °+xB)e =@M +(-DD+ QM)+ (1)) =6

Forksl: X(1) = S3ox(me 2" = x(0)e /0 + x(De ™z + x(2)e ™7 +x(3)e ™7 = @MW) + (~1)(—)) + (D) + (D) =2 +2j
Fork=2:X(2) = Y3 _,x(n)e ™7™ = x(0)e /1 + x(De ™ + x(2)e 72" + x(R)e 3" = (D) + (DD + QD)+ (D(-1) =6
Fork=3: X(3) = Y3_,x(n)e /2% = x(0)e /0 + x(1)e /7 + x(2)e " + x(De 7 = W) + (-D() + (-1 + (=) =2 -2

X(0)=6. X(1)=2+2j. X(2)=6. X(3)=2-2j

Amplitude Spectrum

.]

Ay = —|X(K)| = L—\/';(ReaJ[X(k ) + (Imag[X(K)])%, k =0,1,2,-N—1



Ao

1,
Power Spectrum Pk = 51X (k)

Phase Spectrum

J(©)2+(0)?=15, 4 =

1
T4

J(2)2+(2)2=0.707, A,

1
4

J(6)2+(0)2= 1.5,

2 1 p LY. I o[ ¥(1 2 _ Y
2= E{[Real[ﬁ([ﬁ.}]} +(Imag[X(k))) } k=012 N-1
1 (Imag[XFk}])‘ k=012 N—1

Real| X (k)|

f Hz 0 25 50 75

4, 15 0707 |15 0.707

P, 2.25 0.5 2.25 0.5

2, degree | 0 45 0 45

A3

i\/(Z)Z + (=2)2 = 0.707



Exercise 5
Given a sequence x(n) for 0 < n < 3, where x(0) = 4,x(1) = 3,x(2) = 2,and x(3) = 1,
evaluate its DFT X(k) using the decimation-in-frequency FFT method, and determine the
number of complex multiplications.

Solution 5

DFT coefficient using decimation-in-frequency FFT method

(N/2)—1

X(2m) = Z a(n}Wﬂ,’:}E = DFT{a(n)with(N/2)points }
n=10
(N/2)—1
X2@m+1) = Y b(n)WyWy', = DFT{b(n)Wy with (N /2)points }
n=0

N N
a(n) = x(n}+x(n+5), forn = 0, 1-“,5— 1

N N
b(n) = x(ﬂ}—x(ﬂ +E) forn = 0,1, E_ 1|

We have:
bit index 10 bit revesal
00 x(0)=4 e —s * X(0) 00
01 x()=3 “h X(Z) 10 Complex multiplications of DFT = Nz, and
10 x(2)=2 e X(1 01
1 2+)2 o N
11 x(3)=1 - 1 X(3) 1n Complex multiplications of FFT = —log,(N)

X(0)=10, X(I)=2-2j, X(2)=2, X(3)=2+2j,4 complex multiplications



Exercise 6

Given the DFT sequence X(k) for 0 < k < 3 obtained in exercise 5, evaluate its inverse

DFT x(n) using the decimation-in-frequency FFT method.

Solution 6

bit index

00
01

10
11

X(0)=10
X(0)=2-72
X(2)=2
X(3)=2+ 72

16 5
12 !
- 4
=14 !
> 4

bit revesal

+(0)=4
x(2)=2
x(1) =3
x(4)=1

00
10
01

11



Exercise 7

Given a sequence x(n) for 0 < n < 3, where x(0) = 4,x(1) = 3,x(2) = 2,and x(3) = 1,
evaluate its DFT X(k) using the decimation-in-time FFT method, and determine the number
of complex multiplications.

Solution 7
(N/2)—1
X(K) = G() + WEH@E), fork = 0,1, 1 Glk) = Z;} x(2m)Wyjjy = DFT{x(2m) with (N/2) points}
= =
N : N (N2 —
X(——l—k) :G[kj—W;H(kL f{}[‘k:ﬂ:‘]’-..’__] (N/2)—1 ] . 1
2 2 H(k) = Y x(2m+1)Wgf, = DFT{x(2m + 1) with (N/2) points}

m=Ai

— X0
2-j2

X(1)

2+ j2 X2




Exercise 8

Given the DFT sequence X(k) for 0 < k < 3 obtained in exercise 7, evaluate its inverse
DFT x(n) using the decimation-in-frequency FFT method.

Solution 7

bit index 1

16 -
o0 X(0)=10 > ;
01 X(1)=2-2 — — i»—u_l 1
10 X(2)=2 ;I=1_ 12 i,
11 X@3)=2+ 72 Wy =J W, =14

I
[

x(0)=4. x(1)=3. x(2)=2. x(3)=1. 4 complex multiplications

bit revesal

¥(0)=4
¥(2)=2
x(1) =3
w(4)=1

00
10
01

11



