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Exercise 6

Solve uy = gy + g(z)sinwt for 0 < x < I, with u = 0 at both ends and u = u; = 0 when ¢t = 0.
For which values of w can resonance occur? (Resonance means growth in time.)

Solution

Since the PDE is linear and inhomogeneous, we choose to apply the method of eigenfunction
expansion to solve it. Consider the eigenvalue problem of the differential operator involving the
spatial variable x

d2
50 =X (1)

with the same boundary conditions as wu.

¢(0) =0
0

Values of A for which the boundary conditions are satisfied are known as the eigenvalues, and the
nontrivial solutions associated with them are called the eigenfunctions. Equation (1) is known as

the one-dimensional Helmholtz equation; the eigenfunctions for it are known to be orthogonal and
form a complete set, which will prove useful later.

Determination of Positive Eigenvalues: \ = 2

Suppose that A is positive. Then equation (1) becomes

2o,
el

Its solution can be written in terms of hyperbolic sine and hyperbolic cosine.
¢(x) = Cy cosh px + Cy sinh ux
Apply the boundary conditions to determine C; and CS.

»(0)=C1 =0
(1) = Cy cosh pl + Cysinh pul = 0
Since C'; = 0, the second equation reduces to C sinh ul = 0. Hyperbolic sine is not oscillatory, so

the only way this equation is satisfied is if C'y = 0. The trivial solution is obtained, so there are no
positive eigenvalues.

Determination of the Zero Eigenvalue: A =0

Suppose that A is zero. Then equation (1) becomes

d2¢
— =0
dx?

The general solution is obtained by integrating both sides with respect to = twice.

é(x) = Csz + Cy
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Apply the boundary conditions to determine Cs and Cy.

#(0)=Cy=0
p(l)=C3l+Cy =0

Since C4 = 0, the second equation reduces to C3 = 0. The trivial solution is obtained, so zero is
not an eigenvalue.

Determination of Negative Eigenvalues: \ = —v?

Suppose that A is negative. Then equation (1) becomes

d*¢ 2
=
Its solution can be written in terms of sine and cosine.

¢(x) = Cscosyz + Cgsinyx

Apply the boundary conditions to determine Cs and Cj.

Since C5 = 0, the second equation reduces to Cgsin~yl = 0. To avoid getting the trivial solution,
we insist that Cg # 0. Then

sinyl =0
yl=nw, n=12...
%:nl n=12....

The eigenfunctions associated with these eigenvalues for A are

o(x) = Cosinyr = do(z) =sin——, n=12,....

Method 1 - Using Term-by-Term Differentiation

The eigenfunctions of the Helmholtz equation form a complete set, so the unknown function u can
be expanded in terms of them.
nwT
Z an(t) sin —

To determine the generalized Fourier coefficients a,,(t), substitute this expansion into the PDE.

U = gy + g(z) sinwt
5? & . nrx 2 5? &

EYe) an(t) sin —— =c"5 3 Zan sm— + g(x) sinwt
n=1
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Because u satisfies homogeneous boundary conditions and u, du/0x, and 0u/0t are continuous
(reasonable assumptions for the displacement of a homogeneous elastic string), the two series can
in fact be differentiated term by term.

> d*a, . nmx 5 — d? nwT
———sin— =c¢ an(t)— sin — ) sinwt
> G = 3 ) s U 4 00

The operator applied to the eigenfunction is equal to the eigenvalue times the eigenfunction.

= d2a nmx > nmx
WQR sin - = ¢? Z an(t) Ay, sin - + g(x) sinwt

n=1 n=1

Bring both series to the left side and combine them.

= [d?a nmx

Z - — A Aty (t)| sin —— = g(x) sinwt
dt [

n=1

The left side is essentially a Fourier sine series expansion of g(z)sinwt. To solve for the term in

square brackets, multiply both sides by sin(mma/l), where m is an integer,

o 2
Z [dd:; - CQAnan(t)] sin nlﬂ sin m;rac = g(x)sin m;r:n sin wt

n=1
and then integrate both sides with respect to « from 0 to [.

/Ol i [d2an

2
= dt

sin wt dx

l
— CQAnan(t)] sin ? sin @ dzx = / g(x)sin m;mf
0

g(z) is assumed not to be orthogonal to sin(mmx/l) so that the integral on the right side is
nonzero. Bring the functions of ¢ in front of the integrals.

0 d2 . l l
Z I _ A Anan(t) / sin 2% gin “ dy = sin wt/ g(x)sin T g
dt? ) l l . l

n=1

Since the eigenfunctions are orthogonal, the integral on the left side is zero if n # m. As a result,
every term in the infinite series vanishes except for one: n = m.

d2 " l l
{ In czx\nan(t)] / sin2 % g = sin wt/ g(x) sin ? dx
0 0

dt? l
Evaluate the integral on the left side.

[dzan

l nwx

l
— C2Anan(t)] 5= sin wt/ g(x)sin — dx
0

dt? l

Multiply both sides by 2/l and replace A\, with —(nm/I)2.

d*a n2m? 2 (! nmwx
- —i—chan = [/ g(z) sinﬁdx] sin wt
0

dt? 12 l l
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With the help of the method of eigenfunction expansion, the PDE has been reduced to a
second-order inhomogeneous ODE. Because the ODE is linear, the general solution is the sum of
a complementary solution and a particular solution.

Ap = Q¢ + ap

The complementary solution satisfies the associated homogeneous equation.

d*a.  on’nm?

a2 T

a.=0

Its general solution can be written in terms of sine and cosine.

cnmt cnmt

ac(t) = Cy cos + Cgsin l

Since the inhomogeneous term is sine and there are no odd derivatives, the particular solution is
of the form a, = Cysinwt. Substitute it into the ODE to find Cj.

d?a,  on?m? 2
ap =

l
. NI _
2 T l/o g(x) smld4 sin wt

n22

9 l
—w?Cpsinwt + ¢ Z;T Cosinwt = [ / g(x)sin @ dm} sin wt
0

l
2,2 9

l
in;r Co—w200:l/g(x)sinm;xdx
0

2,22 12,2 o
CO—C”WP w :z/ g(:c)sin—m;x dz
0

C

21 !
Co = / g(x) sin? dx
0

2n2m2 — 202

Hence, the general solution for a,, is

an(t) = C7 cos

cenmt 4 . enmt . 21 sin wt / L (2)si nmwT d
sin x) sin — dx.
l ST T enzer — 22 Y I
Use the initial conditions for « in combination with the eigenfunction expansion to determine
those for a,.

> . nmx

u(z,0) = nz::l an(0) sin - = 0 = an(0) =0
> day, nwT day

ug(z,0) nzldt(o)sml =0 = —(0)=0

Apply them both to obtain a system of equations for C7 and Cs.
CL(O) = C7 =0
o gy = DT () + /l () sin 7% dz = 0
dt AL S 0 g l B
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Solving the second equation for Cg gives

wl 21 ! . nmx
Cs = <_cn7r> n?m? — l2w2/0 g(x)sin l de.

So then

wl 21 ! nwx . cnmt 21 sin wt ! . nmrT
an(t) = [<_ cn7r> An?m? — [Pw? /0 g(x)sin e dm] ST An?m? — [Pw? /0 9(x) ST de

21 L Y ) wl . cenwt

= m o g(l’) SlanI’ sin wt — %Sln l .
Therefore,
00 !
21 . nws . wl . enmt\ . nmx
u(z,t) = nZ:l M/o g(s) sin —— ds (Slnwt - —sin— ) sin —

The dummy integration variable has been changed to s to distinguish it from z. Resonance occurs

when the solution blows up: ¢?n?r?

Method 2 -

Without Using Term-by-Term Differentiation

— 1?w? = 0 (that is, if w is a positive integer multiple of cm/l).

The eigenfunctions of the Helmholtz equation are known to form a complete set, so all of the

functions in the PDE can be expanded in terms of them.

n=1 n=1
92 > 92 >
_ ZBn@)qbn(:c) = Sabn = Bububn
n=1

ZD

02
Z = nZlEn(t)(bn(x) — Tﬁ@n =

sm wt =

g(‘T) SiHWt(z)m = Z Dn¢n¢m
n=1

> Enondm
n=1

—

l l
/ugbnda::An/gbidx:An-l
0 2

02 l
t2¢ndaz n/ogbidx:B

l !
sin wt / gpndxr =D, | ¢?dx =D,
0

l
/82q§ndm— n/qﬁidm:E
0

It should be emphasized that these are generalized Fourier series expansions for the functions, not
product solutions that come about from using the method of separation of variables. Solve the

latter equations for the generalized Fourier coefficients.

) l
An(t) = l/o Uy, dx

Lo a (2 [ d*A,
Bn = n = 7 n = ~ 95
(t) l | o — ¢pdr = p7e] <l /0 uep dm) a2

2sinwt

D)) = 25 [ (016,
2 1 0%u 2/(0u | L ou de,

En - 7 a oPn = 7\ 5 Pn| — a7 —
l/o 8$2¢ de l<8x¢ o Jo Oz dx dw)

~——

=0
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Apply integration by parts once more in order to write £, in terms of A,,.

2 ! !
E,(t) = —g [ucosm —/ u (—Esin @) dx]
z Ul o z l
=0
n2n2 /2 /l . nmx
= — - usin — dx
2 \1/, z
n2n2
= 4

Now that the coefficients are known, substitute the eigenfunction expansions into the PDE.

Ut = gy + g(x) sinwt

Z B (t)¢n(z) = ¢ Z Ey () én(z) + Z Dr(t)pn ()
n=1 n=1 n=1

S Bu(®)6u(®) = SUEa(t) + Da(t)]éu(2)
n=1 n=1

Thus,
B,(t) = 2E,(t) + Dy(t).

Substitute the formulas for B,,, E,, and D,, to obtain an ODE for A,, exclusively.

d*A, o n2m? 2sinwt

!
An+ — /09($)¢ndw

aw ‘e

Bring the term with A, to the left side and replace ¢,, with sin(nmx/l).

d2A 22 9 [l

dt2n + Cin: Ay, = [l/o g(x) sinn?xd:z] sin wt

This is the same ODE that was obtained for a,, in Method 1. The initial conditions are also the
same as before, so Ay (t) = a,(t).

21

l
. NTT . wl . enmt
An(t) = m /0 g(l‘) S1n T dx <S1nwt — % S11 I )

Therefore,

[e o]

21 ! . nms . wl . enmt\ . nnx
u(x,t):;M/og(s)smlds (smwt—cmrsm ] )sm T

The dummy integration variable has been changed to s to distinguish it from x. Resonance occurs
when the solution blows up: ¢?n?n? — [2w? = 0 (that is, if w is a positive integer multiple of cr/1).
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