Dr. Khalaf Sultan Regression Analysis (Stat 332)

Recall:
The simple linear regression model and be formed in the matrix form as
Y =X fB+e¢,
E(s)=0,Var(e)=0’l,
EY)=Xp, Var(y )=0o"l,
where
Y, 1 X,
Y 1 X,
Yl - ,352: 2x1 - g?] .l
Y, 1 X B
b :{bo}: @’ = B=(X"'X)'X Vv
b, v

Y =Xb=XB=HY, H=X(X'X)'X"

Var@e)=Var((I —=HY )=( —=H)varY )(I =H)
(1 =H)a?1 (I =H)'
—o>(1 =H)I(I =H)'
—o’(1 =H)=MSE(l —H),
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MSE =SSE /(n—-2)=e'e /(n -2).
SSE =e'e
SSE=YY -b'X Y.

SSTO =Y ¥ —L¢v 'Y )
N

SSR=bX'Y- (Y 'Y )
n

SSTO =Y’ ll - (%) J] Y

SSE=Y'I—-H)Y

ssr=v - ()] x

Each of these sums of squares can now be scen to be of the form Y'AY, where the three A

matrices are:
1

n

I-H

n
n

P
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Inferences in Regression Analysis

E(B)=p
Var(f)=MSE (X 'X )

Proof

E(B)=E(X 'X)'X Y =(X 'X)'X '"E(Y)
= (X 'X)"'X 'XB
:|,B
::B-

This show that the Least square estimate of / is an unbiased estimator.
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Var(B)=Var[(X 'X )'X VY ]
= (X "X )X Var(y )[(X 'X)'X T
=(X "X )'X 'S [(X X)X T
=2 (X "X )X X (X X))
= o*(X 'X )l
= o*(X 'X )
=MSE (X 'X )™

This can be written as

Var(B)=MSE (X 'X )=

" o2 o2X? —~Xo?2 ]
R RS YT %
N —Xo? o?
So(X: — X)? So(Xi — X)? |

Or
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Var(f)=MSE (X 'X )™

[ MSE X?MSE —XMSE
n S - R 3K — X)
- —XMSE MSE
L (X — X)? (X — X)? .

Example:

For Toluca Company example by matrix methods, we get

Var(f)=c>(X 'X )

| —.003535  .00005051

_ [685.34 —8.428
~ | —8428  .12040

130



Dr. Khalaf Sultan Regression Analysis (Stat 332)

Mean Response

To estimate the mean response at X}, let us define the vector:

Xh = [ L ] or th ; [1 Xh]

. Ix2
The fitted value in matrix notation then is:
i}h — X;ib
since:
/ b O O
X,b={1 X] [b(j =[bo+ b Xl =[N ]=1Y,

Note that X b is a 1 x 1 matrix; hence, we can write the final result as a scalar.

Var(Y n)=Var(X ' b)=Var[X ' (X 'X)'X VY ]
=X (X X)X Var(y )[X (X X)X
=X (X X)X G X XX )X
=X (X X)) TXOTX (X X)X
=X (X 'X )X,
=MSE (X " (X "X )"'X,)
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Example

For Toluca Company example, the variance of the mean of the response

when X=65 can be calculated using the matrix form as

Var(Y,)=X "V ar(b)X,

685.34 —8.428 ] [ 1] - 08.37

=1 65][-—8.428 12040 | | 65

Which is the same result as that obtained before.

Prediction of New Observation

Proceeding similarly, we get

Var(y new)=MSE(1+X ' (X 'X)'X,)
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