King Saud Univer !311,3: D Borlen Halowmn,
College of sciences

Department of mathematics

Second semester 1431/1432 H

List of c:xr.u‘(:ises 123 (Math 580 Theory Measure 1)

Exercise 1:
Let g and v be measures on (B, BOR)) defined as

/,], 2 I ¢'-3"N” rj?}nl /'N,. P 7 E ‘ (;{"‘ (;;'l I
o o Hra
Does the measures o and v are finite? probability meastures? g-finite?

nfinive?

“q Sl ey s 1 . qr » 'l o § 5
Compute p{{0}); p([0.4]) for k > 1, ,.lmx {0, T;) and conipare the
AR ' Y .

<

results,

3. Compute #{{0}), »(|0, [  for k21, aad compare the results.

rd,

Exercise 2:

I. Let (X,.4) be a measurable :~'«:1:'u‘u"<» and {y1;1 be a sequence of positives
measures on A, Assume that YA € A and V5 € B, j(A) < (A}
For all A € A, we put p(A) = sup;:,(/h

[f'H
Show that g is measure on A,

2. On the measurable space (N, 'P(N}): wigetine.for all | €Y,

Show that i 18 4 easure on T’t.ni) and I/)(A) 2V v,(A'}.

aﬁ

)
_](;4
) for 1 @ "“J Dmluw tlm Vs ok a measure,

3, Let P( M) s {0, 00] defined by v(A) = inf !{7( Ay, Compute v(B

andd v({k})

ixercise 3: sl
Let A be the Lebe smw measire on K and let ¢ > 0. Construct an opeu set.

2 in R that is dense and ,\( ( Z}
Exercise 4; |
Let K be a nonermpty set.,
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I Let & e ao=algebra on 18 and A be asubset of 170 Show tha e
characteristic lanction \ 4 18 measwable if and only if A ¢ £,

1o

Let .4 be a partition at most countable of F, & be the o--algebra gen-
cerated by A and [ be a real function on [7. Show that f is mecasuralle
il and only if [ s constant. on each subset of A,

3. Show that the function f: R - R defined as f{o) = & if 2 5 0 and
S{0) = 0 is & Borelian function.

Exercise §:
Itt I be a Boreltan set of R and [ 1 F ~-- K be a monstonic function. Show

b S is a measurable {msmun
,_L-xm‘cz.se G:
Let {E, A} be a measurable space and {f,), be a sequence of measurable
funcrions from £t o B, Show that the following sets:
A= {:‘a: e F, lim fulz) = o } and B = {r & F, ithe s quence {f.} is bounded }

IR
arce measurable,
Exercise 7:
Let (X, A ) be a measure space, {Y,B) be a measurable space and [ ¢
(X. A} - (Y.B} be a measurable fun(-tmu Show that the Hunction gy :
B e {0, 0} defined by goe( By = p(fF 13 )} 1Is a measure on B
Exercise b.{ Egoroff s lfi.f:(?)(,ff.'.._) ' “
Let {X, A, /_1.'j be a measure space such (X} < oc and f, : O G S —
(. B(R)) be a sequence of meagurable fimctions.

1. Show that the set of convergence ¢ of (j;.,,'} 15 a measurable set,

9. We suppose that (f,) is /1—-(011\'01 'wul to foae {p(C) =0}
For k¢ N7 let B} = ﬂ - ,i '..' - Show that ¢ U, 1

"ﬁn
Deduce that for all £ 0, vk & N* there exists ny. € N¥ such that

CH ’) < 55

3, Deduce that ¥z > 0 there exists J2, € A such that the sequence (/)

converges uniformly to f on Ee and pu(Ef) < ¢

4. Give a counterexaraple when j{ X'} = +o00.
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