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Exercise 1:(4 points)
By definition, limsup B, = (), (Uk>n Bk) and liminf B, = |, (ﬂk>n Bk).
As - -

B = U Bk)u( U Bk>
k>n k>n,k even k>n,k odd
[ 1 1
= |-L2+—=5|U|-2—-—1
L n n
1 1 1
= —2——;2+—2|:.
i n n

Then (1,5, } —2— %; 2+ # [ = [—2,2]. So limsup B,, = [—2;2]. Similarly,

- (09
k>n k>n,k even k>n,k odd

= [-1;2]N[-2;1]
= [_17 1]

Then liminf B,, = [—1;1].

Exercise 2:(4 points)

F ={A=10;2],B = [1,3]}. We have: AN B = [152], AUB = [0;3],
B\ A =]2;3], AA\B=10;1. AnNB,A\ B, B\ A and (AU B)° = [0; 3]° form a
partition of R. Then the c—algebra A generated by F has 2* = 16 elements.
So

A = {0,R,A A° B,B°, AUB,(AUB)*, AN B, (AN B)‘, A\ B, (A\ B),
B\ A, (B\ A, AAB, (AAB)‘}.

Exercise 3:(5 points)
e 1(0) = 0 because ) is a countable set.
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e Let A, B € A such that A C B.
- If B is a countable set then also A is countable. It follows

0=pu(A) <pu(B) =0

- If B is uncountable then p(B) = 1. As u(A) <1 then p(A) < u(B).

e Let (A,)n>1 be a disjoint sequence of elements of A.

- If for all n > 1, A,, is a countable set, then A := U, A,, is also countable.
We have: p(A) =0 and p(A,) =0, Vn. So u(U,An) =), 1(A,).

- If there exists ng > 1 such A,, is uncountable then A = U,A, is also
uncountable. As A,, € A then A, is countable set by definition of A. So
Vn # ng, A, C Ay,S. As A, is countable for every n # ng then p (U, A,) = 1,
D nng H(An) = 0 and p(A,,) = 1. Hence we get: p(UpA,) = 3, u(A,).
We deduce that p is a measure on A.

Exercise 4:(7 points)

1. As A is a o—algebra then for all n > 1, B, := ﬂkz” A, € A. But for
every k > n, B, C Ax. By monotonicity of the measure m on A, we
have: for k > n, m(B,) < m(Ag). It follows that

m(B,) < ’ggm(Ak)

2. For every n > 1, we have: B, = A, N B,11. So B, C B,.1. Also

b, := Igf m(Ag) = min {m(A4,), bpy1} < bpgr.

3. U1 (NMisn Ax) = U, By is the union of an increasing sequence of
elements of A. By the continuity of the measure, we get:

m(Up>1Bp) = lim m(B,) < lim b, = sup inf m(Ag).

n—00 n—00 n>1k>n

4. By definition of liminf, liminf, m(A,,) = sup,, infx>, m(Ax), we deduce
from 3.:
m(liminf 4,) < liminfm(A4,).
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