Exercise 1
Find f(kT) if
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z(z +1)(z +2) Solution 1,

“(z-05)(z - 0.7)(z — 0.9}

Fiz)

Begin by dividing F(z) by z and performing a partial-fraction expansion.
F(z)= (z+1)(z+2) _ A N B N C
Z (z—05)(z—-07)(z—09) z—-05 z-0.7 z-09
Multiplying by (z — 0.5)(z — 0.7)(z — 0.9)

z+1)(z+2)=Az—-0.7)(z—0.9)+B (z—0.5)(z - 0.9)+C (z — 0.5)(z — 0.7)

Forz=0.5 (1.5)(2.5) = A(-0.2)(z—04) = A=46.875
Forz=0.7 (1.7)(2.7) = B(0.2)(0.2) = B =—114.75
Forz=0.9 (1.9)(2.9) = €(0.4)(0.2) = C = 68.875

Next, multiply through by z.

fo) o8> 1AL | 8575 F(z) = 46.875 114.75 + 68.875
z  z2-05 z-07 z-09 TPy To5T P07 T Y2209

Using Table, we find the inverse z-transform of each partial fraction. the value of the time function at the sampling instants is:

f*(kT) = 46.875(0.5)¥—114.75(0.7)*+68.875(0.9)*




Exercise 2

Find G(z) for G(s) = 8/(s + 4) in cascade with a zero order sample
and hold. The sampling period is 0.25 second.



Solution 2, ) i
—Ts -Ts g

1—e 1—e
The transfer function G (s) in cascade with a zero-order hold is given by:  G(s) = ————Gy(s) = T 513

by moving the s in the denominator of the zero-order hold to G, (s), yielding

z=e"" Multiply byg
G(s) = (1— e—TS)GO_(S) fromwhich  G(z) = (1 -2~z {00(8)} _Z- 1Z{GO(S)}
S S . .
Thus, begin the solution by finding the impulse response (inverse Laplace transform) of G"S(S). Hence,
Go(s 8 A B 2 2
G,(s) = 0(s) = —+ -

s s(5+4) s (5+4) s (5+4)

Taking the inverse Laplace transform, we get  g,(t) = 2 u(t) — 2=t fromwhich g1 (kT) = 2 u(kT) — 2e 4T

: : 27 2z
Using Table, we find ¢, () = e —"
o . 6.(2) = 7 Go(s)] 2z 2z B 1.264 z
Substituting T = 0.25 yields G1(2) = s | z—1 2z-03679 (z—1)(z—0.3679)

1.264
z—0.3679

z—1
> 6(2) =—G(2) =



Exercise 3

GivenT(z) = N(z)/D(z),where D(z) = z> —z*— 0.5z + 0.3,
use the Routh-Hurwitz criterion to find the number of z-plane poles of
T(z) Inside, outside, and on the unit circle. Is the system stable?



we have D(z) = z3 —z°— 0.5z + 0.3 Solution 3,

Using the bilinear transformation z =§~f—i and substitute into D(z) = 0 we obtain

s+1\°  [s+1\° 0 s+1+03_0
s—1 s—1 T\s—1 e

(s+1)°3—-(G-DE+1)?-0566-1%*G+1)+ 03(s—-1)3=0

(s3+3s2+3s+1)—(s3+s?2—5—1)— 05(s3>—s?—s+1)+ 0.3(s>—3s2+3s—1)=0
—0.25%4+1.6s>+545+1.2=0

The Routh table

3
S -0.2 5.4 The Routh table shows one root in the right-half plane and two roots in

S 1.6 1.2 the left-half-plane. Hence, T(z) has one pole outside the unit
<1 |555 0 circle, no poles on the unit circle, and two poles inside the unit circle.
The system is unstable because of the pole outside the unit circle.

sY 1.2




Exercise 4

Clz)

Gz}

Riz) +
For the system of Figure where H(z) =1 and 3

Hiz) =

K(z+0.5
(z — 0.25)(z — 0.75)

Glz) =

1. sketch the root locus of the open-loop system.
2. determine the range of gain, K, for stability from the root locus plot.
3. find the value of gain, K, to yield a damping ratio of 0.5.



Solution 4,

Root Locus
1. Treat the system as if z were s, and sketch the root locus. The result is shown in UmitKiflS;bi“tv
Figure :
2. search along the unit circle for 180°. Identification of the gain, Unit circle
K, at this point yields the range of gain for stability. 0< K<1.64
Pole for £=0.5

4
N— K=0.31

v




Solution 4,

Root L¢ "Smte G
1.5 Yelem. aZ
Matlab I | I | Gain: 1.64 I |
Pole: -0.318 + 0.9409
Damping: -0.000659
Cwershoot (%): 100
b Frequency (rad/s): 1.89 |
clc; “*«\\
GZz=zpk(-0.5,[0.25,0.75]1,1,[1)* .
rlocus (Gz) \“1.
zgrid (0.5, [1) 1 AN
[E,pl=rlocfind|(Gz): “‘-.
o
2 '.
3. From the Root Locus g
. E
plot the value of gain, K, . T
to yield a damping ratio o5l \ S /|
of 0.51s K=0.31. \ System: Gz
\ Gain: 0.31
. . Pole: 0.345- 0473
- g - Damping: 0.495
L s —l " Overshoot (%): 16.7
Frequency (rad/s): 1.08
15 | | | | | | | |
-3.5 -3 -2.5 = -1.5 -1 -0.5 0 0.5 1

Real Axis



Exercise 5

A lead compensator G.(s) is designed for a 100K

unity feedback system whose plant is Gls) = s(s + 36)(s + 100)

The design specifications were as follows:
percent overshoot = 20%, peak time 0.1 second, Go(s) — g S 253
and Kv = 40. In order to meet the requirements, ) =2. 5 + 60.2

the design yielded K = 1440 and a lead
compensator,

If the system Is to be computer controlled, find the digital controller,
G.(z) for a sampling period of T=0.001 second.



Solution 5

54253

The analog lead compensator s+ 602

G.(s) = 2.38

2z -1)

Using the Tustin transformation. 5 — With T=0.001 second yields.

T{z+1)
2(z—1)
G(2) = 2.38 (@) +253 g 2E-D+253T(z+1D)
2020z -1 U 2(z-1)+602T(z+1)

2(z—1) + 25.3(0.001)(z+ 1)

2.0253 z — 1.9747 z — 0975

= 23850602 2 — 1.9398 =|G(2) = 2.34

z — 0.9416

2(z—1) + 60.2 (0.001)(z + 1)



Exercise 6

Find the equivalent sampled impulse response seguence and the
equivalent z-transfer function for the cascade of the two analog
systems with sampled input

|
Hyis) { H- (5)

1.1f the systems are directly connected.

2. If the systems are separated by a sampler.



Solution

1. In the absence of samplers between the systems, the overall transfer function is

,j
- | |
His) = = — . . —} —
(%) (s +2)s+4) ~ s +2 s+a4 Theimpulse response of the cascadeis fit)=¢ =~ —¢ ¥

and the sampled impulse response is JiT)=¢ —@ — g W7 k=01 2....

- - I:'E,—_'T_E.—-1-T]:

E= E=

) . on s Hie) = - _ i
Thus, the z-domain transfer function is  Hiz) = — T T [T — e

EE

2. If the analog systems are separated by a sampler, then each has a z-domain transfer function, and the transfer

functions are given by z 27
H|lr:]=—_._.;,. H-iz)= ——
I—€e - LT € g I
The overall transfer function for the cascade is H(2) = ===
“ 227, o4,
The partial fraction expansion of the transfer functionis Hjz) = —— — - —
E.__'T_ E._-1'T :_ E.__' :_ E._-1'T
Inverse z-transforming gives the impulse response sequence
2 r T 4T —4kT . NE+1)T HE+1)T7
: — —2r —XT _ - — 4T = - —Hk+1)T _  —Hk+1) L 9
h(kT) = P —— e e e e T —— E s : k=0,1,2,...



