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Continuous annuities

Annuities with length of period very small are approximately
continuous annuities.

For example, the cashflows
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and
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tend to a continuous cashflow with rate C(t) =1,0<t < n, as
m — o0.
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Theorem 1
The present value of a continuous annuity with rate C(t) =1,
0<t<n,is

1—v"

=

The future value at time n of a continuous annuity with rate of

one is
_ (1+i)r-1
&n‘,‘: 75 .

Proof: We have that
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Recall
Theorem 2
Consider the cashflow
101 1 1 1
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Then, the present value of this cashflow is

(my 1-=20"
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where (™ js the nominal annual rate of interest convertible

times at year. The future value at time n of this cashflow is
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Recall
Theorem 3
Consider the cashflow
1 01 1 1 1 1
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The present value of this cashflow is

A(m) 1—-"
i = gm)

where d(™ s the nominal annual rate of discount convertible m
times at year. The future value at time n of this cashflow is

Lmy  (14+0)" =1
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Theorem 4
Ao = lim ™ = lim 30"
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and
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Proof:
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Given a real number x, the integer part of x is the largest integer
smaller than or equal to x, i.e. the integer k satisfying

k < x < k+ 1. The integer part of x is noted by [x]. Next
theorem considers the continuous annuity with rate equal to the
integer part.

Theorem 5
The present value of a continuous annuity with C(t) = [t],
0<t<n,is
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Proof.

The present value of the continuous cashflow is
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Recall

Theorem 6
The present value of the annuity

Payments ‘ 0 # % % % % -
Time [0 + 2 1 1+ 2 n
is
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Theorem 7
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Theorem 7
(1) = Jim_(1a){"")
Proof.
We have that
Jim () = tim TR - SR (13
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Theorem 8
The present value of a continuous annuity with C(t) = t,
0<t<n,is

Proof.

By the change of variables x = {s,
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Recall

Theorem 9

The present value of the annuity
Payments ‘ 0

Time
is
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Theorem 10
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Theorem 10

Proof.

(m) ag; — nv 1-p" nv"
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