PHYSICS 404
3" HOMEWORK - FALL 2019
Prof. V. Lempesis

Hand in: Thursday 31st of October 2019
1. (i) Find the general solution of the following differential equation:

du 1du 9
a0

(ii)Find the general solution of the following differential equation:

d*u 1du 1
—+——+|1- > [u=0.
dx®  xdx 25x

(ii) Find the general solution of the following differential equation:

2
x2ﬂ+xﬂl—u+(4x2 —16)u=0
dx* dx

Hint: See the discussion we did in Q3. of Handout 6.

(3 marks)
Solution:
2 2 2
@ d—bj+ld—u+ 1—% u=0=>d—lj+ld—u+ 1—3—2 u=0
dx”  xdx X dx*  xdx X

But 3 is an integer thus the general solution is given as

u(x)=AJ,(x)+ BN, (x)
(i)

2
2 2 1/5
d—b; ld—u+ 1—% u=0=d—f+ld—u+ 1—(/—2) u=0
dx”  xdx 25x dx®  xdx x
u(x)=AJ,(x)+BJ_(x)

(iii) As we have discussed the general solution is

2 2
xzd_tzl+xd_”+(4x2 —16)u=0=>x2d—bzl+xd—u+(22x2 —42)u=0
dx*  dx dx” dx

u(x)=A4J,(2x)+BN,(2x)



2. Provethat N -N = 2va . (Hint: Q8 of Handout 6 could be very helpful)

(7 marks)
Solution
In Q. 8 we have shown that
Jvr1()cos[(v + D] — ]_41)(x)
Nv+1(x) = n[(v + D7 Vasileios Lembessis 4/11/2019 08:34
sinlv T Comment [1]: Some of you tried to prove
the corresponding relation for
Jo—1(xX)cos[(v — D7) — J-v-1) (x) Kv functions which involves the
Nv—l (x) = , modified Bessel functions /v. I did not asked
sin[(v — n] this.

Thus we have:
Nv—l(x) - Nv+1(x) N

Jy—1(®)cos[(v — D] —J_@-1y(X)  Jy41(O)Cos[(v + D7t] — ]y (%) _
sin[(v — D] sin[(v + D] B

_ =h-1()coslvr] — ]y () L —Jvr1()coslva] = ]y (x)
sin[vm] sin[vm] B

—Jvr1(x)cos[var] = o401y (x) + Jy—1(X)cos[va] + ] 1y (x)
sin[vm] -

Uv—l(x) —]v+1(x)]cos[v7t] - []—(v+1)(x) _]—(v—l)(x)] —

sinfvrm]

2J; (x)cos[va] — 2", (x)
sin[vr]

= 2Ny, (%)

3. We have seen that a function f(x) is expressed as a Bessel series:
f(x)=2anm(amnx) with @, the nth root of J, and O<x<1 where S

n=1

2 1
b, =m { oM, (@,,x)dx.

m+1



Assume that we have the function f{x)=x(1-x) and m =1. Find the first three
coefficients b , by , b3 of the expansion series f(x) = Eanl (alnx)

n=1

Hint:

a) To evaluate integrals use the Wolfram online integrator at:
http://www.wolframalpha.com/calculators/integral-calculator/

b) To find the zeros of the Bessel functions you can use any internet source. For
example at
http://mathworld.wolfram.com/BesselFunctionZeros.html

c) To find values of Bessel functions you can use the follow link
http://keisan.casio.com/exec/system/1180573474

(10 marks)

Solution
The quantities which we are asked to find are:

1
b= J22 (za”){x(l—x)ll(a”x)dx

b, =

X Jz(alz)jo‘x(l—)c)/1 (oclzx)dx

The first three zeros of the Bessel function J;(x) are taken from the link b):
01 =3.8317, 01p=7.0156, oty3=10.1735.

The values of the Bessel function ],(x) at the zeroes of the Bessel function
J1(x) are taken from the link ¢) :

Jo(atgq) = 0403, Jo(ayp) =-0.3, J5(ay3) = 0.25.

Using the link a) we get:

2 2
b= J? (au){x(l “ P o) e = 0oz O THA=0916



A

@)

@)

j:x(l P a5 =

j H(1=2) e x)dx_o.jsz

2

-0.3)

x0.0195=0.433

x0.00989=0.316



