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Abstract

In an earlier work [3], we proved that the symmetric group S, is a

(2, 3, 16)-group, if 16 < n < 37. In this paper, the result isfound to be
true beyond 37 and upto 45.

1. Introduction

Let G =(x, y) be a finite group generated by x and y and |, m, n be
positiveintegerssatisfying | < m< n, x' = y™ = (xy)" = 1. Then following

the notations of Coxeter and Moser [5], we definean (I, m, n)-group by

(I,mn)={GIG=(x y):x =y™=(xy)" =1.

Such groups have also been used in [6] and [9] for getting interesting
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relations between the order of the group G and the orders of the generators.
Note that the study of symmetric group S,, is very important as every finite
group admits an embedding in a symmetric group S, for a suitable n (cf.

Herstein [7]). Moreover, in the notations of Wielandt [11], in a symmetric
group S, choosing an element a of order 3 and two X, y € S,, of order 2

with x even and y odd such that (a, x) and (a, y) are primitive on the n

symbols and both contain some cyclic permutation of prime order p with
p < n—2. Then a well known theorem of Jordon implies that (a, x) = A,

the alternating group and (a, y) = S,. Also, it is remarked in [6] that the
alternating group A, is a factor group of the (2, 3, 7)-group (see also [8]).
An interesting relation between order of the group G = (x, y) and (I, m, n)-
group has been obtained in [9], as the order u of the group G can be
expressed as p = nt, it is shown that n < Imt'. It is known that if G is a
primitive group of degree n = p +k, where p is a prime and k > 3, and
has element of degree and order p, then G is either the symmetric group S,
or the alternating group A, (cf. Wielandt [11]). Following the importance of
the symmetric group S,, in this paper, we are interested in studying the
structure of the symmetric group S, under certain restrictions on n. In an
earlier work [3], we proved that the symmetric group S, is a (2, 3, 16)-

group, if 16 < n < 37. One of the main results of this paper is that, we
have proved for 38 < n < 45, the symmetric group S, € (2, 3, 16), that is

Sn = (X, y), where x, y are of orders 2, 3 and the product xy has order 186,

thus the result in [3] is true beyond 37 and upto 45. The smallest prime
numbers 2 and 3 play significant role in this paper, as many important finite
groups can be generated by two elements of orders 2 and 3. For instance,
we have determined the structure of finite (2, 3, 6)-groups (cf. Al-Salman and
Al-Thukair [1, 4]).
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2. Main Results
We begin with fixing some notations:

D, : Dihedral group of degree n, G =G : G is isomorphic to G,V :
Klein 4-group, S, : Symmetric group on n objects, Z, : Cyclic group under

addition modulo n.

As, in this paper, we are interested in (I, m, n)-groups, first we study the

cases =2, m=2or3,and n=2or n>3.
Case 1. | = m = n = 2. In this case, we prove the following:
Proposition 1. The Klein 4-group V e (2, 2, 2).
Proof. Let G = (x, y: x* = y? = (xy)> = 1), where x = (0,1)(2, 3),
y =(0,2)( 3), xy =(0,3)(1, 2). Itisclear that G =V, thatis, G =V =

Zy x Zy. Hence, it is an abelian group of order 4 and therefore a subgroup

of 84.
Case2. | =m =2 and n > 3. In this case, we prove the following:

Proposition 2. The Dihedral group of degree n, D,, € (2, 2, n).
Proof. Let G = (X, y : x2 =y? = (z = xy)" =1). Since

xzx = x(xy)x L = xz(yx_l) =y Ixt= (xy)_1 =71

we get that G = D, where n > 3, and D,, is a non-abelian group.

Case 3. =2, m =3 and n =16. In this case, we prove the following

proposition, which is the main result of this paper.
Proposition 3. The symmetric group S,, € (2, 3, 16), for 38 < n < 45,

Proof. The proof is divided into several lemmas, and the proof for each
lemma will depend on the following two steps:
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Step 1. Finding two elements x and y, satisfying:
(a) Singerman’s formula [2, 10].
(b) The relations: X2 = y3 =710 =1 where z = Xy.
Step 2. To prove that G = (X, y) = Sy, for 38 < n < 45,
Lemma 1. Szg € (2, 3, 16).

Proof.

Step 1. Let G = (x, y), where

X = (2, 15)(4, 14)(5, 31)(6, 7)(8, 30)(9, 35)(11, 34)(12, 19)(13, 16)
(17, 18)(20, 33)(21, 28)(22, 24)(23, 36)(25, 27)(26, 37)
(29, 32)01310: 2'".1%,

y = (0,1, 2)(3, 4,15)(5, 16, 14)(6, 8, 31)(9, 32, 30)(10, 11, 35)
(12, 20, 34)(13, 17, 19)(21, 29, 33)(22, 25, 28)(23, 36, 24)
(26, 37, 27)718 : 3*2.12

and
z=xy=(0,1,23,..15)(16,17, .., 31)(32, 33, 34, 35)3637 : 162.4.1%.
Step 2.
28 = (0, 8)(1, 9)(2, 10)(3, 11)(4, 12) (5, 13)(6, 14)(7, 15) (16, 24)

(17, 25)(18, 26)(19, 27)(20, 28)(21, 29)(22, 30)
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Let 6 = y28. Then we have
o=1(0,9, 32, 22,17, 27,18, 26, 37,19, 5, 24, 31, 14, 13, 25, 20, 34, 4,
7,15,11, 35, 2, 8, 23, 36, 16, 6)(1, 10, 3, 12, 28, 30)

(29, 33)21:29.6.2.1.

It follows from z® and o2 that G is 2-transitive (fixing 33) and thus it is

primitive. Since the cyclic type of c is 29.6.2.1, it follows that o® is an
element of degree and order 29. This proves that G = Sgg (cf. Wielandt [11]).

Lemma 2. Szg € (2, 3, 16).
Proof.

Step 1. Let G = (x, y), where

x = (1, 2)(3, 15)(4, 5)(6, 14)(7, 31)(8, 9)(10, 30)(11, 35)(12, 20)
(13, 16)(17, 19) (18, 36)(21, 34)(22, 24)(23, 37)(25, 33)(26, 28)
(29, 32)(27, 38)0 : 2'9.1,

y = (0,1, 3)(4, 6,15)(7, 16, 14)(8, 10, 31)(11, 32, 30)(12, 21, 35)
(13, 17, 20)(18, 36, 19)(22, 25, 34)(23, 37, 24)(26, 29, 33)
(27, 38, 28)259 : 3t2.1°

and for z = xy,

z=(0,1, .., 15)(16, ..., 31)(32, 33, 34, 35)363738 : 162.4.1°.

Step 2. We have

28 = (0, 8)(1, 9)(2, 10) (3, 11)(4, 12) (5, 13)(6, 14) (7, 15) (16, 24)(17, 25)

- 21617,
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Let o = xz%. Then we have
o =(0,8,1,10, 22,16, 5, 12, 28, 18, 36, 26, 20, 4, 13, 24, 30, 2, 9)
(3,7, 23,37, 31, 15, 11, 35)(17, 27, 38, 19, 25, 33)
(21, 34, 29, 32)614 :19.8.6.4.1%.

It follows that G is 2-transitive by z and ot (fixing 36). As the cycle type

of o is 19.8.6.4.1%, it follows that c?* is an element of degree and order 19.
Hence, G = S3g (cf. Wielandt [11]).

Lemma 3. Syg € (2, 3, 16).
Proof.

Step 1. Let G = (X, y), where

x = (2,15)(3, 4)(5, 14)(6, 31)(7, 9)(8, 36)(10, 30)(11, 35)(12, 20)
(13,16)(17, 19)(18, 37)(21, 34)(22, 24)(23, 38)(25, 33)(26, 28)
(27, 39)(29, 32)01: 219.12,

y = (0,1, 2)(3, 5,15) (6, 16, 14)(7, 10, 31)(8, 36, 9)(11, 32, 30)
(12, 21, 35)(13, 17, 20)(18, 37, 19)(22, 25, 34)(23, 38, 24)
(26, 29, 33)(27, 39, 28)4 : 3131

and for z = xy,
z=(0,1, .., 15)(16, ..., 31)(32, 33, 34, 35)3637 3839 : 162.4.1%
Step 2. We have
28 = (0, 8)(1, 9)(2, 10)(3, 11)(4, 12)(5, 13)(6, 14)(7, 15)(16, 24)

(17, 25)(18, 26)(19, 27)(20, 28)(21, 29)(22, 30)
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Let 6 = 28y. Then it follows that
o =1(0,36,9, 2 31, 38, 24,14, 16, 23, 7, 3, 32, 30, 25, 20, 27, 18,
29, 35,12, 4, 21, 33, 26, 37, 19, 39, 28, 13, 15, 10)(1, 8)
(5,17, 34, 22,11)6 : 32.5.2.1.

Thus, x and o2 show that G is 2-transitive (fixing 1) and therefore G

is primitive. Since 52 is an element of degree and order 5, it follows that

G = Sy (cf. Wielandt [11]).

Lemma4. Sy € (2, 3, 16).

Proof.

Step 1. Let G = (X, y), where

x = (2,15)(4, 14)(5, 31)(6, 7)(8, 30)(9, 10)(11, 29)(12, 39)(13, 16)
(17, 38)(18, 19)(20, 37)(21, 22)(23, 36)(24, 26)(25, 40)(27, 35)
(28, 32)(33, 34)013: 219.13,

y = (0,1, 2)(3, 4,15)(5, 16, 14)(6, 8, 31)(9, 11, 30)(12, 32, 29)
(13, 17, 39)(18, 20, 38)(21, 23, 37)(24, 27, 36)(25, 40, 26)

and

z=xy=(01,..15)(16, .., 31)(32, ..., 39)40 : 16°.8.1.

Step 2. It is clear that G is primitive group as 41 is a prime number. We
have

28 = (0, 8)(L, 9)(2, 10)(3, 11)(4, 12) (5, 13)(6, 14) (7, 15)

(16, 24)(17, 25)(18, 26)(19, 27)(20, 28)(21, 29)(22, 30)
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Now let & = y28. Then it follows that
o =1(0,9, 3,12, 32, 21, 31, 14, 13, 25, 40, 18, 28, 33, 35, 20, 38,
26,17, 39, 5, 24, 19, 27, 36, 16, 6)
(a,10, 2,8, 23,37,29, 4, 7,15,11, 22, 30)34 : 27.13.1.

As o has a cycle type 27.13.1, it follows that o2’ is an element of degree
and order 13. Hence, G = Sy, (cf. Wielandt [11]).

Lemma5. Syy € (2, 3,16).
Proof.

Step L. Let G = (x, y), where

x = (2, 15)(4, 14)(6, 13)(7, 31)(8, 9)(10, 30)(11, 39)(12, 16)(17, 38)
(18, 19)(20, 37)(21, 23)(22, 40)(24, 36)(25, 33)(26, 28)(29, 32)
(34, 35)(27, 41)0135 : 29.14,

y = (0,1, 2)(3, 4, 15)(5, 6, 14)(7, 16, 13)(8, 10, 31)(11, 32, 30)
(12, 17, 39)(18, 20, 38)(21, 24, 37)(22, 40, 23)(25, 34, 36)
(26, 29, 33)(27, 41, 28)91935 : 3-3.13

and for z = xy
z=(0,1,..,15)(16, ..., 31)(32, ..., 39)4041:16%.8.12.
Step 2. We have
28 = (0, 8)(1, 9)(2, 10)(3, 11)(4, 12)(5, 13)(6, 14)(7, 15)(16, 24)

(17, 25)(18, 26)(19, 27)(20, 28)(21, 29)(22, 30)
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Let o; = y28. Then we get
o1 =(0,9,1,10, 23, 30, 3,12, 25, 34, 36, 17, 39, 4, 7, 24, 37, 29, 33, 18,
28,19, 27, 41, 20, 38, 26, 21, 16, 5, 14, 13, 15, 11, 32, 22, 40, 31)
(2,8)635: 38.2.12
The elements z® and o1 show that G is 2-transitive (fixing 35) and hence G
is primitive group. Now let o, = yz3. Then we have
o, =(0, 4, 2,3,7,19, 22, 40, 26, 16)(1, 5, 9, 12, 20, 33, 29, 36, 28,
30, 14, 8, 13, 10, 18, 23, 25, 37, 24, 32, 17, 34, 39, 15, 6)

(11, 35, 38, 21, 27, 41, 31): 25.10.7

and the cycle type of o, is 25.10.7, consequently, 020 is an element of

degree and order 7. Hence, G = Sy, (cf. Wielandt [11]).
Lemma6. Sy3 € (2, 3, 16).
Proof.
Step 1. Let G = (X, y), where
x = (2, 15)(4, 14)(5, 31)(6, 39)(7, 36)(8, 10)(9, 40)(11, 35)(12, 20)

(13,16)(17, 19) (18, 41)(21, 34)(22, 24)(23, 42)(25, 33)(26, 29)

y = (0,1, 2)(3, 4, 15)(5, 16, 14)(6, 32, 31)(7, 37, 39)(8, 11, 36)

(9, 40, 10)(12, 21, 35)(13, 17, 20)(18, 41, 19)(22, 25, 34)

(23, 42, 24)(26, 30, 33)(27, 28, 29)38 : 3'4.1
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and for z = xy

z=(0,1, .., 15)(16, ..., 31)(32, ..., 39)404142 : 162.8.1>
Step 2. We have
28 = (0, 8)(L, 9)(2, 10)(3, 11)(4, 12)(5, 13)(6, 14)(7, 15)(16, 24)

(17, 25)(18, 26)(19, 27)(20, 28)(21, 29)(22, 30)

Let 6 = y28. Then we have
o =(0,9, 40, 2,8, 3,12, 29, 19, 26, 22,17, 28, 21, 35, 4, 7, 37, 39,
15, 11, 36)(1, 10)(5, 24, 31, 14,13, 25, 34, 30, 33, 18, 41, 27, 20)
(6, 32, 23, 42,16)38 : 22.13.5.2.1.

Since 43 is a prime number, G is a primitive group. Moreover, as the cycle of

o is 22.13.5.2.1, 619 is an element of degree and order 13. This proves that
G = Sy3 (cf. Wielandt [11]).

Lemma7. Sy € (2, 3, 16).
Proof.

Step 1. Let G = (X, y), where

X = (2,15)(3, 4)(5, 14)(6, 7)(8, 13)(9, 31)(10, 39)(11, 35)(12, 16)
(17, 34)(18, 20)(19, 41)(21, 33)(22, 29)(23, 25)(24, 42)(26, 28)
(27, 43)(30, 32)(36, 38)(37, 40)01: 22112,

y = (0,1, 2)(3, 5,15)(6, 8, 14)(9, 16, 13)(10, 32, 31)(11, 36, 39)
(12,17, 35)(18, 21, 34)(19, 41, 20)(22, 30, 33)(23, 26, 29)

(24, 42, 25)(27, 43, 28)(37, 40, 38)47 : 31412
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and for z = xy,

z=(0,1, .., 15)(16, ..., 31)(32, ..., 39)404142 43 : 162.8.1%.
Step 2. We have
2% = (0, 4, 8,12)(1, 5, 9, 13)(2, 6, 10, 14)(3, 7, 11, 15)(16, 20, 24, 28)

(17, 21, 25, 29)(18, 22, 26, 30)(19, 23, 27, 31)(32, 36)(33, 37)

(34, 38)(35, 39)404142 43 : 482414
Let 6 = yz4. Then we have
o =(0,5,3,9, 20, 23, 30, 37, 40, 34, 22, 18, 25, 28, 31, 14, 10, 36, 35)
1, 6,12, 21, 38, 33, 26, 17, 39, 15, 7, 11, 32, 19, 41, 24, 42, 29,
27, 43,16)(2, 4, 8)13: 21.19.3.1.

The elements y and o> show that G is 2-transitive (fixing 4) and therefore G

is primitive. Since the cycle type of ¢ is 21.19.3.1, we have that o2 is an
element of degree and order 19. Hence, G = Sy, (cf. Wielandt [11]).

Lemma 8. Sy5 € (2, 3, 16).
Proof.

Step 1. Let G = (X, y), where

x = (2, 15)(4, 14)(5, 31)(6, 39)(7, 9)(8, 40)(10, 38)(11, 34)(12, 20)
(13, 16) (17, 19) (18, 42)(21, 33)(22, 29)(23, 25)(24, 43)(26, 28)
(27, 44)(30, 32)(35, 37)(36, 41)013 : 22113,

y = (0,1, 2)(3, 4,15)(5, 16, 14) (6, 32, 31)(7, 10, 39)(8, 40, 9)
(11, 35, 38)(12, 21, 34)(13, 17, 20)(18, 42, 19)(22, 30, 33)

(23, 26, 29)(24, 43, 25)(27, 44, 28)(36, 41, 37): 3'°
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and

Step 2. We have
28 = (0, 8)(1, 9)(2,10)(3,11)(4, 12)(5, 13)(6, 14)(7, 15)(16, 24)

(17, 25)(18, 26)(19, 27)(20, 28)(21, 29)(22, 30)

Now, letting ¢ = yzg, we find
o = (0, 9)(1, 10, 39, 15, 11, 35, 38, 3, 12, 29, 31, 14, 13, 25, 16, 6, 32
23,18, 42, 27, 44, 20, 5, 24, 43,17, 28,19, 26, 21, 34, 4,7, 2, 8, 40)
(30, 33)(36, 41, 37)22 : 37.3.22.1.

The elements z and o> show that G is 2-transitive (fixing 41). Since the

cycle type of o is 37.3.22.1, it follows that o® is an element of degree and
order 37. Therefore, G = Syg (cf. Wielandt [11]).

Remark. If G =(x, y) =S, and a e S, then (a xa, a tyo) = S,
holds.
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