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Exercise 1. Decide on the convergence or divergence of

/w dx
i 2(yfln(z) +In’(z))

Answer. First notice that the denominator is equal to 0 when x=1. Then the function
inside the integral sign is unbounded at x=1. Hence we have two bad points 1 and .
So we must split the integral and write

Tyl B e nrad Mgy s
 z( () +ln’(2)) A z(yl(e) +1’(z)) 2 o(n(z) + In'(s))

Let us first take care of the integral

f* dx
: z(yln(z) +I*(z))

We have :
1 L g T s
< s /
.1:( (3:) + ]_nz(.‘c)) zln’ (3:) T R L
Since (by Bertrand's test) the improper integral
/W

‘:)\j’)//h ij
7 : zln’(s)

is convergent, then by the comparison test the improper integral
— i\ e

e 1A g
v )\"‘pk et i e
e Ady e o] o
2 x(

1/51_1(3:) + ].nz(x)) ()

Next we take care of the integral

| e
1 :n( (:n)—r]nz(m))

First notice that when & &2 1, then

1

1
2(y/m(z) +n’(z))  yfim(z)




One may check this by showing that A

- Y
- \

Iim \/m =1 U)\
1 2(in(z) +1n’(2))

On the other hand (and this is the crucial step in this exercise) is to find a polynomial

lu(z)
approximation of when & ~ 1. This will be done via Taylor polynomials.
Indeed, we have
In(z) ~Wn(1)+Wn'(I)(z-1) + - - -
when & & 1, which gives L
i W
Hence we have \U
1 1
\ﬁm(az) Ve -1
which implies ~ !

~s

2(y/In(z) +In’(z)) vE-1

when & #~ 1. The p-test implies that the improper integral

— L
.[1 V-1

is convergent. Therefore thlies that the improper integral

\ L

N ' x(yfn(e) +1n'()

is convergent. Putting the two integrals together, we conclude that the improper
integral

[ e
' o(yin(e) + (%))

is convergent.
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Exercise 2. Decide on the convergence or divergence of
*/? fan(x)
/ 74
y 1 &
> /;‘ 9 - _L?__;-t.“:Lf
o z € [1,7/2)
Answer. The term £*/%is never equal for . So let us focus on the term

tan(z)
. According to the domain of the tangent function, the only bad points we

X
have to worry about is . Clearly we have

. tan(z)
:]_J,I}:}z PRI
xi2

Hence we have an improper integral or Type I at the bad point . Clearly we have

tan(z)  tan(x) sec(x) 1

R O M T R T U e

zrTf2 cos(z) zrxf2

when . So let us approximate when . Again we will use

Tavlor polynomials, we have

cas(z) ~ cos (%) + cos’ (%) (:c — %) -+ -

zR )2
when . This gives
X X
cos(e) ~ — (:t:— —) = (— —~ :L')
2 2
zrTf2
when . Putting the stuff together we get

tan(e) 1
pif? (1/2)”2 (% ~ x)

The p-test implies that the improper integral

xf2 1
! S

is divergent. Therefore the improper integral



@

=/ fan(x)
ﬂ i dx

is divergent.
T 1IN
= 4-23 Jlo

Exercise 3. Decide on the convergence or divergence of

/"0 sin’ (1/:1:

Answer. The only improper behavior is around 0¢. Hence this integral is of Type II
not of Type I. Therefore no need for splitting it. Note that when & < OQ, then

-0 S IS
. Hence D

sinz(l/:cj B (1/3:)2 _ 1
vz v xly/z

when & =% 00. The p-test implies that the improper integral

"V } /4',-4 . m 1
1z
is convergent. Therefore the limit test implies that the improper integral
Py / N 1/:”)

1 Ve

is convergent.

Problems

pd

Next you will find some not so easy. problems on improper integrals: We invite you to
solve them and submit the answer “to SOS MATHematics. We will publish your
S/ “answer with your name. Good’luck /

Problem 1. First de(:lde on the convergence and dLvergence of

a/,

) yd f(.:r: /_m (I/{j—"t;j(:ﬂ? n tz)dt

Then evaluate f{x).



f:10,1] - (~o0,00) lim 7(z)
Problem 2. Assume that is continuous. Find z—0
where
f(t
I(z)= / 1)y,
(2* +£%)
Problem 3. Consider the function
o0 e—i _ e—'l‘:x
r) = —dt
@)= [
Find fx).
Problem 4. Evaluate
o 1 1
—1
e In(t) - —) at
ﬁ (1 — e 1 t ( ) A
Problem 5. In this problem, we will evaluate
o gin( &
[ 1),
1} b
1
Evaluate
*sin(n 4+ 1/2)z
In:/ (v 4 1/2) dz, n=20,1,-
0 2 sm(:c / 2)
2
f:lﬂixj_)(_w’wJ . e . . . . .
Let which o “function (that is fis differentiable
and /' is continuous). Show that
n_‘m/ f(z)sin(n + 1/2)xdz = 0
3

Evaluate

[~ ),

&

Problem 6. Decide on convergence or divergence of



fm Md:{:

3:0.
where x > 0 and s any real number.

Problem 7. Decide on convergence or divergence of

fuw sin(z) iz

&+ cos(z)

Problem 8. Decide on convergence or divergence of

j:ﬂwéfla

If 1is convergent, evaluate it.

Problem 9. Find

. .
lim e_r__sm(ax) dz

R—CO ] i
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athCS.org - Real Analysis: 8.2. Uniform Convergence

Vi

Page 2 of 5

* For pointwise convergence we could first fix a value for x and then choose N. Consequently,

N depends on both ¢ and x.

* For uniform convergence f,(x) must be uniformly close to f{x) for all x in the domain. Thus N

only depends on ¢ but not on x.

Let's illustrate the difference between pointwise and uniform convergence graphically:

Pointwise Convergence Uniform Convergence

For pointwise convergence we first fix a value xg. Then  For uniform convergence we draw an £-neight

we choose an arbitrary neighborhood around f{x), around the entire limit function £, which results
which corresponds to a vertical interval centered at /' strip" with f{x) in the middle.
(xg).

4 fl

4"

Finally we pick N so that f,(xy) intersects the vertical Jor all x in the domain.

line x = xp inside the interval (/{xy) - =, flxg) + )

Example 8.2.2: Pointwise versus Uniform Convergence

. Define f,(x) ="/, with domain D = [a, b]. Show that the sequence { fu(x) }
converges uniformly to zero. What if we change the domain to all real
numbers?

. Let f(x) = X" with domain D = [0, 1]. Show that { f4(x) } converges
pointwise but not uniformly. What if we change the domain slightly to D = (0,
1)?

. The sequence f(x) = max(n - i’ |x - 1/, 0) with domain D = [0, 1]
converges pointwise to zero. Does it also converges uniformly?

. Remember that we discussed uniform continuity in a previous chapter.
We showed that a function that is (regularly) continuous on a compact set is
automatically uniformly continuous. Is that true also for pointwise and
uniform convergence, i.e. is a sequence that converges pointwise on a compact
set automatically uniformly convergent?

Can you find a uniformly convergent sequence for all real numbers?

Now we pick N so that f(x) is completely insid

Uniform convergence clearly implies pointwise convergence, but the converse is false as the above examples
illustrate. Therefore uniform convergence is a more "difficult" concept. The good news is that uniform

convergence preserves at lcast some properties of a sequence.

Theorem 8.2.3: Uniform Zonvergence preserves Continity

r Pl 1 1 v LI [ A R |

AN/ 1/14A29
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