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Question 1

Prove each of the following sentences:

(i)

(i)

If y; and y are linearly independent solutions of y” + q(x)y’ + r(x)y = 0, then
W (y1,y2) # 0.
Solution

Assume that y; and y, are linearly dependent = y; = cys where ¢ is a constant
We find W (yy,y2)

Yyr Yo
Yi Vs

CY2 Y2
cYy Yo
= CYalfy — CYals

=0

W(y1,y2) = det

= det

If y; and y, are linearly dependent solutions of y” + ¢q(z)y’ + r(x)y = 0, then
Wiy, y2) =0

which implies

If y; and yo are linearly independent solutions of y” + ¢(x)y’ + r(z)y = 0, then
Wy, y2) # 0

It

o
T = E a, Sinnx
n=1

where 0 < x < 7, then a, = plebiaig

n

Solution
Since that the set {sinnz,n € N} is an orthogonal set, then

(x,sinnx)
ap = T———
" ||sinna||?

2 s
= —/ zsinnx dx
0

0

2.1 I
= —[——zcosnzx|j + — cosnx dzx|
n n Jo
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Question 2

Consider the piecewise smooth function f defind by

f(gc):{ 0, —n<z<0

2, 0<z<m

and
flz+2m) = f(z), € R

(i) Sketch the function f(x) on the interval [—3m, 37]. What is the period of f(z)?

p =27

(ii) Find the Fourier series representation of f(z) in £2.

f(z) =ap+ Z[an cos nx + by, sin nz

n=1
where
1 [ [ 1 1
= — dr = — 2dr=—"2x|) = —2r=1

o 2m /ﬂf(ﬁ) v 2m Jo v 2m 2o 2m i
1 [7 1 [7 2

ap, = — f(z)cosnx dv = — [ 2cosnz de = —sinnz|j =0
TJ_, T Jo nm
1 [" , T [m_ . —2 -2

b, = — f(z)sinnx dv = — [ 2sinnz doe = — cosnzx|y = —((—1)" — 1)
TJ)_, T Jo nm nm
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(iii) Find the sum S, (x) of the Fourier series at x = 0.

Sp(x) =14+ Z[%(l — (=1)") sin nx]
Su(0) = 1+ Z[%u (—1)")sin0] = 1
OR 1 5
Sn(0) = SLF(07) + f(O7)) =5 =1

(iv) Does the Fourier series converge point-wise to f(m)? Explain.

NO,
L= S,(m) # §(x) = 0

(v) Redefine the function f so that the Fourier series converge to f at every z € R.

fz) =

N — O =
A\
e}
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Question 3
Consider the eigenvalue problem

Lu + Mu=0, z¢€]la,b
u(a) =0,  wu(b) =0.

(i) Prove that if L is a self-adjoint operator, then A € R.

Assume that L is a self-adj. operator => —Lu = \u. For any f € £2, we have

M= M7, f)

which implies that A = )

(ii) Show that if
L=(1+ 431;2)d—2 + &ci
B dx? dx

in problem (1), then L is a self-adjoint operator.

p(z) = 1 +42* € C*(R)and real
q(z) = 8z € C*(R)and real
r(z) =0 € C(R)and real

which implies that it is formally self-adjoint. To prove that it is self adjoint, we
have to prove

pe)(f'a— o), =0
but u(a) = u(b) = 0 on the boundary = p(z)(f'g — fg’)z =0
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Question 4

I. Is the differential operator in the following boundary value problem self-adjoint?
Justify your answer

22+ + =0, x€][l,0
u(l) =0, wu(b)=0.

2% € C*(R)and real
z € C'(R)and real
0 € C(R)and real

p(x)
q(x)
r(z)

but p' = 2x # ¢ = L is not formally self-adjoint = L is not self-adjoint.

II. Transform L into a self adjoint operator.

q

p(l’): €f; da:_iefz%dx:ielnx

p(z) x? x? T2

multiply the equation by p, we get

A
" +u +=u=0
x
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ITI. Find the eigenvalues and eigenfunctions of the problem.

mm—1)+m+A=0 = m’4+m—-m+A=0 = m?>=—-\ = m=+iV\

but A > max|r(z)] =0 = A=0o0r A >0
e when A = 0 we have u(x) = ¢; + o
u(1)201+0220

and
u(b) =c1 +cb=0

= gt =c+bey = b—1)=0 = =0

u(x) =cy
e when A > 0 we have u(x) = ¢; cos VAInz + ¢y sinvVAInz
u(l)=c=0
Using the B.C. we get,

u(1) = crey cos VAIN(0) + cosin VAIn(0) =0 = ¢, =0

27'('2

u(b) = c;sinVAInb =0 = sinVAInb=0 = VAlnb=nr — )\:?—Qb, neN
n

(%) = casin
u(x _C2smlnbx
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