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Question 1

Prove or disprove each of the following sentences:

(a) If f(x) = \/%% and p(z) = z, then f & £2(0,1).
112 = fy 1f P2 do = [y | & Pe de =2y =1 <00 = f e L3(0,1)

(b) If a set {x1, 2z, ..., x,} is orthogonal in an inner product space X, then it is linearly
independent.

To prove {x1, 2o, ..., z,} is linearly independent we assume that » ", a;z; = 0, we
need to prove that a; =0 Vi

n

O i a;) = (0,2;) =0

i=1

n 2 L
i=1 0 otherwise
agl|zi]|* = 0
a; =0 Vi

(c) In the space L?, every convergent sequence is Cauchy sequence.

From the book
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Question 2
Let fuo(z) =2", 0<z <1
(a) Calculate the pointwise limit f.
0 0<z<l1
lim f,(z) = { =
n—o0 1 T =
(b) Is the convergence uniform? Justify your answer.
NO,let 0<e< 1
o) = f(2)] = |a" = O] = 2"
so for any N € N
" <e &= v < Ve
that is for all z € [/, 1)
2N 0> = f. B f
(c) Determine the convergence in £2.
Since £%(0,1) = £2[0, 1], then we could use the limit f(z) =0
2 2 ' 2 a? 1
n — = no_ O et n d = g
IFula) = F@IE = o = 0fF = [ a7 do = Tl = 5
but
lim — =0 = fi(2) £ 0
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Question 3

Prove that the infinite sequence {1, sinnz, cosnz, n =1,2,3,...} is orthogonal in the
real inner product space £?(—m, 7).

To prove that the set is orthogonal we have to prove that the inner product of each
two members is zero.

s

1

(1,sinnzx) = / sinnx dr = ——cosnz|", =0

n
—T

K
1
(1,cosnx) = / cosnx dr = —sinnz|” =0
n
—T

™

(sinnz,sinmae) = sin nx sinmax dx

——

—Tr

1
= / §[cos(n —m)z — cos(n +m)z| dz
_ 1 [sin(n—m)z sin(n+m)z T 0
2 n—m n-—+m . B

™

(cosnx,cosmz) = cosnx cosmz dx

1
§[cos(n + m)x + cos(n —m)zx| dz

[sm(n —m)z  sin(n+m)z]"

=0

Il
wl»—t\\

n—m n-+m

—T

™
(sinnx, cosmz) = sinnx cosmz dx

—Tr
s

[sin(n + m)x + sin(n — m)x] dx

N[ —

cos(n —m)x N cos(n + m)x
n—m n-+m

=0

—T

I
[\Jlr—t\\
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Question 4

I. If X is an inner product space, then

Iz +yll < llz[] + llyll

lz +yll* = (v +y, 7+ y)
=<r,xr>+<r,y>+<y, x>+ <y, y>
= lzllP+ < 2,y > +< 7,y > + [lyl®
= ||z|* + 2Re < z,y > +]|y||?
< [l + 2[¢z, »)| + [lyl®
< |l + 2[l=[[[y]l + [yl
= [l + [lyll]*

I1. Determine the real values of « for which z* lies in £2(0,1)

\|:cau2—/1x2“dx—x2aﬂ|l— L <o
—Jo S 20+1°% 2041

which implies that 2a+1# 0 — «a # _%
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