Exercises In:

DIFFERENTIAL EQUATIONS

MATH 204

By
Prof. Dr. SAID MESLOUB
Prof. Dr. MOSTAFA DAMLAKHI
Dr. KHAWAJA ZAFAR ELAHI

Department of Mathematics
College of Science
King Saud University
Version 2014

Second Semester 1434/1435 H

A ,
VT U sty el Ji 81 S




-

Y 9O @

- v v ®

Were £ is the Young® modulus, I is the moment of Inertia and f(z) is the
load per unit length.

6) Growth and Decay

P
‘Z—t =KP ; Plt))=P. (17)

Where p is a given quantity and K is the constant of proportionality.
7) Newton' s of Heating and Cooling

daT

— =kT-T.). (18)

Where % is the rate of the body, T' — T, is temperature difference between

the body T and its surrounding 7 and & ‘is the constant of proportionality.

Review exercises
1) Verify that sin(kz) is a solution of the equation

d*z 9

2) Verify that e™2* and 3e72" + 4e® dYe solution of the equation
yl/l . 3yl+2y= 6".

3) Verify that
y=2lnz+4.

is a. solution of the differential equation
Yy’ —zy +y=2Inz ; z>0.
4) Verify that e*Inz is a solution of the differential equation
y”—2y’+y=%(y—y’) ; >0,
5) Show that the function
y(z) = c1e™® + cpze™ + 1.
is a solution of the differential equation
y'+2 +y=1.
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for any values of the constants c¢; and c,.
6) Show that the functions

and

yolz) = —,2 20,

are solutions of the differential equation

Yy =y .

In problems 7-10 verify that the indicated function y = ¢(z) is an explicit
solution of given first differential equation.

N (y—z)y =y—z+38 ; y=z+4V/T+2.
8y =25+y% ; y=>5tandz .
9Ny =2zy® ; y= 17

10) 2y = y3cosz ; y = (1 —sinz)~3.

In problems 11-12 verify that the indicted expression is an implicit solu-

tion of the given first-order differential equation. Find at least one explicit
solution y = ¢(z) in each®case.

11) ‘j‘% =(y—-1D1-2y) ;. 1n<2yy__—11) -
12) 2zydz + (2’ —y)dy =0 ; y* — 2’y =1.

13) Besselrs function of index zero is defined by the power series

Jo(x).: > Clpan :

— (nl)?2%
Verify that Jy(z) is a solution of the differential equation
zy' +y +zy=0; >0.
14) Show that forz > 0, y(z) = (%)m% is a solution of the differential

equation yy”' =<z .

In problems 15- 24

in the following find the differential equation of the
family of curves by elimination the arbitrary constants.

15) ysinz —zy® =c .
16) cy? = 2% +y .
My=cx+c?+1.
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Yy=ca®+coT +C3 .
) y=ce® + coze® .
)y =122+ cre® + e’ |
21) y = 1% cos 3 + cpe* sin 3z .
23) y = c17% + ce ™" .
)

In problem 25- 35 obtain the differential equation of the family of plane
curves described.

25) Straight lines through the origin.

26) Straight lines with slope and y-intercept equal.

27) Straight lines with slope and x-intercept equal.

28) Straight lines at a fixed distance p from the origin.

29) Circles with center at origin.

30) Circles with center on the x-axis

31) Circles with fixed radius r and tangent to the x-axis.

32) Parabolas with vertex on the z- axis , with axis parallel to the y-axis
, and with distance from focus to vertex fixed as a.

33) Parabolas with vertex on the y - axis , with axis parallel to the z-azis
, and with distance from focus to vertex fixed as a.

34) Parabolas with vertex and focus'on the z-axis.

35) Parabolas with axis parallel to the z—axis.
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Then the largest region for which the given IV P has a unique solution is
R;.

Example(6) Find the largest region of the zy- plane for which the initial
value problem

{ \/’;——y’zcos(:c-{-y) ; y#£0
y(1) =1

Solution We have

y = cos(z +9)(=)7T = f(z,y).

< |8

Then
of
Oy

So f and %yi are continuous

)T —

!
Sl
—~
~—~—

= —sin(z + y)( cos(z + y)(

)

T
Y Y

|8
N =

R= {(m,’y) ; g > o}.

4
or

w4

R={(z,y) ; <0 &y<0}U{(z,y) ; 2>0 & y >0} .

But :
(L) €R ={(z,y) ; >0 & y>0}.

Then the largest region for which the given IV P has a unique solution is
R;.

Exercises (2.1)
1) Determine and sketch the largest region of the zy—plane for which
the following initial value problems has a unique solution

dy _ yt2
{d:c_y—2x
y(1) =0

In problems 2- 10 determine a region of the zyplane for which the
given differential equation would have a unique solution whose graph passes
through a point (xo , yo) in the region . ' h
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2) jy:yg'.
3) %= /37.

5) £ —lny=x.

6) (4—-y’)y =2 .

7) In(z - 1)y =sin"!(y) .

8) (®+y)y =¥z

9) (y—2)y =y +2z*.

10) (1+y%)y = tan™(z) .

In problems 11-14 determine whether Theorem (2.1) guarantees that the

differential equation
v =vy:-9

possesses a unique solution through the given point .

11) (1,4). 12) (5,3) .
13)  (2,-3). 14) (-1,1).
In problems 15- 18 , y = —;};C is one -parameter family of solution of the
first-order DE
Y +3z° =0 .

Find a solution of first -order /W P consisting of this differential equations
and the, given initial condition. Give the largest interval I over which the
solution is defined. "

15) y(3) =3 16) y(-2) = 3.

17) y(0)=2. 18) y(3) = —4.

18) (a) Verify that y = tan(z+c) is one -parameter family of solution
of the differential equation -

y=1+y%.
(b) Since
flz,y)=1+y"
and % = 2y are continuous everywhere, the region R in the Theorem (2.1)

can be taken to be the entire zy—plane. Use family of solutions in part (a)
to find an explicit solution of the first -order initial -value problem

{y121+y2
y(0)=0

Even zp = 0 in the interval —2 < z < 2 explain why the solution is not
defined on this interval 7 . :
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19 (a) Verify that
3z? —y? =c

is one -parameter family of solution of the differential equation

dy

—= =3z .

Yiz ’

(b) Sketch the graph of the implicit solution
3z2 — 9% =3

Find all explicit solution y = ¢(x) of the differential equation in part (a)
defined by this relation .Give the interval I of definition of explicit solution.
(c) The point (—2,3) is not on the graph

32 —y? =3
but which the explicit solution in part (b) satisfy y(—2) =3 ?.

2.2 Separable equations
We begin our study of methods for salving first -order differential equation
by studying an equation of the form Y

M(z,y)dz + N(z,y)dy = 0.

where M and N are two functions of z and y . Some equations of this type
are so simple that they can be written in the form

F(zx)dz + G(y)dy = 0. (1)

that is , the variables can be separated. The a solution can be written
immediately. For, it is only a matter of finding a function H such that

dH(z,y) = F(z)dz + G(y)dy = 0.

the the solution of (1) is H(z,y) = ¢ where c is an arbitrary constant.
Example (1) Find the solution of differential equation

20(y* +y)dz + (z° — L)ydy =0 ; y#0. (2)
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Exercises (2.2)
In exercises 1 through 14 find solution of the following differential equa-
tions .
1) sinz siny dx +cosz cosy dy =0 .
2) yeQId:z: = (4 +e¥)dy .
3) z cos?(y)dz + tan(y)dy = 0 .
4) zyddz + (y+ 1)e " dy =0
5) ylnm Iny de+dy=0.
6)y =z —zy—y+1.
7) cosz smy dy (cosy cost +cosT )Jdz=0 ; O<z<% .
8) yy' —yx +y’T y7é0 :
9) (1 + y?) cosx dr = (1 +sin® z)2ydy .
10 dy = =3y

11 dy =e Ve BV

) 4
)& 2
12) yln:z: —; = (%) .
13) (ey + 1)%e7vdz + (e* + 1)%e 2dy =0 .
) __ zy+3z—y-3
cy—2x+4y—-8 °
In problems 15 through 18, find an implicit and an explicit solution of

the given initial-value problem.
dy — 2

) y(zz =1
0 { %55
i {F2oy-n
18) { (1 + z*)dy ;—(alr)(lz-{;)élyz)dm =0 .

19) Find a solution of x% = y2 —y that passes through the indicated
points.

@ O.1. (®) 00. () Gy @ (23)
20) Find the singular solution of the DE : d—y =z 1-9y%.

2.3 Equations with Homogeneous Coefficients
Definition (2.3.1) Let f be a function of z and y with domain D.
The function f is called homogeneous of degree k € R if

ftz,ty) = t* f(z,y) forallt>0 ; teR.
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hence
dy _ y(1+zy)
de (1—=zy)’
du - y(l +azy)
dz (I—2zy)’
@ u u(l +u)
dr z =z'1—-u"
du _ 2u
dz  z(1—u)’

by separating the variables we have

1
—/(l—l)duz @—,
2 U T

u
Inu—u—-Inz=c = — =€a; a=¢e ,
z

then the solutions of the differential equation (11) is given by
s

Y . .
= = e"c;, where ¢; # 0 is an arbitrary constant.
I o

Exercises (2.3)

In exercises 1 through 13, obtain a family of solutions
1) 3(3z% + y?)dz —2zydy =0 .

2) (x—y)dr+ (2z+y)dy=0.

3) 2%y = 4x? + Tzy + 2y° .

4) (z —y)(4z +y)dz + z(5z —y)dy =0 .

) 2(2? + y?)(ydz — zdy) + y°dy = 0

) [zesc(¥) —y|dz+ady=0.

) zdz + sin®(¥) [ydz — zdy) =0 .

)z —ylny+yhhz)dr+z(lny —lnz)dy=0.
)

0

dy _ z+3y
dz 3z+y

) —ydz + (z + /Ty)dy = 0 .

11) x%=y+\/x2—y2 ; >0
)
)

—
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In exercises 14 through 20, find the solution of the initial value problem
(IVP)
14) { (x—y)dz+ Bz +y)dy =0
(@*-2
NZET )dx—xdy—O

1y { 0oV
{ x cos? —y]dz+xdy-0
(1) =5
{ y2dz + (x* +3xy+4y )dy = 0
y(2) =1 :
{y(z + y? dx+:z(3z —5y%)dy =0
y(2)—1 ’
T+ ye: da:——xe:dy—o
i { e
z? +2y )~——Iy
w {2

21) Prove that with the aid of the substitution y = uz, you can solve any
equation of the form

y" f(z)dz + H(z)y) (yde — zdy) =0 .

where H(z,y) is homogeneous in z and Y.
22) If F is homogeneous of degree k in = andy, F' can be written in the
form
F=xk<p(—§/;) , >0.

In exercises 23 through 3, solve the given differential equation by using
an appropriate substitution .
2) E=(z+y+1)2.

24) % =tan’(z +7y) .
25) £ =2+y—2z+3.
26) L =1+ ev ot
dy _ 1-z—
20) 2=
28) (z+2y—4)dz— (2z+y—95)dy=0 .
29) (2z 43y — 1)dz+ 2z + 3y + 2)dy =0 .
30) xj—y—yln(xy)
3) % =2 4 cos?(%),z#0. (Hint put u=%).
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hence {
¢'(y) =y or ¢(y) = ;A;yQ +C,

So the solution of the differential equation (15) is defined implicitly by

1 1 1
F(z,y) = —=2%y* + =sin®(z) + =y* + C =0..
2 2 2
Now from the initial condition y(0) = 2 we deduce that C' = —2, hence the

solution of the IV P is given by the curve

L oo 1 . 9 1,
—57Y +2sm (z) + 5Y -2=0.

Exercises (2.4)

Test each of the following equations for exactness and solve the equations.
If some equations are not exact may be solved by methods discussed in the
preceding sections.

1) (6z + y?)dz + y(2z — 3y)dy = 0 .

2) (2zy — 32%)dz + (z® +y)dy = 0 .

3) (y* — 2zy + 6x)dz — (2% — 2zy + 2)dy = 0.

4) (z —2y)dz +2(y —z)dy =0 . .

5) (2zy +y)dz + (22 —2)dy =0 .

6) (1+y?)dz + (z%y +y)dy =0 .

7) (1 +y? + zy?)dz + (2%y + y + 2zy)dy = 0.

8) (2zy — tany)dz + (2% — zsec’ y)dy =0 .

9) z(3zy — 4y3 + 6)dz + (z° — 622y? — 1)dy = 0.

10) (zy®* +y — z)dz + z(zy + 1)dy = 0 .

Solve the following initial value problems :

11){( y)dz + (—z+y+2)dy =0

y(1)=1

<4,

(z +y)dz + (z — y)dy =
y(0) =2

{ 2+ y2)dr + 2zydy =0

= —1 ‘

y = _;f;js , y(1)=2

y(1) =2
(e*+y d:c+(2+z+yey)dy~0

15) 2(0) = 1

44
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hence
(n+Ek+5)y 2" + (k—n—-1Dafy"l =0,

which implies that

n+k+5=0" _ _
{k—n—le I:>n———3 , k=-2 .

So the differential equation

T 1 T 1
(53~ o)z + (~ 5 = o)y =0, (17)

is exact and it is easy to see that the solution of (17) is given by

1L‘2

1
F(z,y) = 552 + xy-i—C——O .

2.5 Exercises .

Solve each of the following equations.

1) (z? + y? + 1)dz + z(z — 2y)dy = 0 .

2)y(2x ~y + 1)dz +2(3z — 4y + 3)dy =0 .

3) (zy + 1)dz + z{r +4y — 2)dy =0 .

4) (2y% + 3zy — 2y + 6x)dz + z(z + 2y — 1)dy =0 .
5) y2dz + (3zy +y2 — 1)dy =0 .

6) 2(2y% + 5xy — 2y +4)dx + z(2x + 2y — 1)dy = 0 .
7) y(22% — zy + 10dz + (z — y)dy =0 . ‘

In problems 8- 12 solve the given differential equation by finding an

appropriate integrating factor.

8) (2y% + 3z)dz + 2zydy = 0.

9) cosz dz + (1+ %)sinx dy = 0.

10) (10 — 6y + e73%)dz — 2dy = 0.

11) (z* + y*)dz — zy3dy = 0.

12) (2% — 4% + z)dz + 22ydy = 0 .

In problems 13 and 14 solve the given initial - value problem by finding

an appropriate integrating factor.
13) { zdz + (zy +4y)dy = 0 ‘

, 2y(4)=0
14){ (2> +y —zgg;r:l(yfxy)dy ‘
50
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Do the exercise 15 by two methods.

15) y(8z — 9y)dz + 2z(z — 3y)dy = 0.

16) Find the value k so that the given differential equation is exact.

(v3 + kzy* — 2z)dz + (3zy® + 202%y®)dy = 0.

17) Prove that u(z,y) = zy is an integrating factor of the differential
equation

(—zy sinz + 2y cosz)dx + 2z coszdy = 0.

2.6 The General Solution of a Linear Differential equation
We consider the linear differential equation

Yy Pla)y = Q(a). ()

Suppose that P and @) are continuous functions on an interval a < z < b
, and T = zg is any number in that interval. If yq is an arbitrary real number,

there exist a unique solution y = y(z) of the differential equation (1) that
satisfies the initial condition

y(zo) = o - (2)
.
Moreover, this solution satisfies Fq.(1) throgghout the entire interval a <
z < b. It is easy to see that -

ﬂ(x) — ef P(z)dz (3)

is an integrating factor for the Eq.(1) and the general solution of Fq. (1) is
given by

y u@) = [ e) Qe) dz +C. (©
Since p(z) # 0 for all :c‘ € (a,b) we can write
(o) = e 70| [ u(a) Qo) do + e ok, ©)
We can choose the constant C so that y = yg when z = z;.
Example (1) Find the general solution of the differential equation
(1+:1:2)4Z—Z+xy+x3+a::0. (6)
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Example (4) Find the initial value problem (/V P)

x+1 Y+ (z+2)y=2ze" ; z>-1
Solution We have
dy 1 2z
11 = - 1
d:c+(.+:1:+1)y z-i-l8 (16)
Then
- /J.(:ZJ) — ef(l—!-:—*l_l)dx = eFHin(z+1) _ (:L' + 1)82.
and the general solution of (16) is
wx)y=(z+1)e"y = /u(z)Q(x)dm = /2a:da: =z*+C,
or
il ! 17
— -z C —T .
v = oo O (17)

From the condition y(0) = 1 we deduce that
: .
y(0)=0+C=1=C=1

Hence the solution of the IV P (15) is

9
oz —z 1 x
y(x)—x+le +x+1e )

2.6 Exercises

In exercises 1 through 9, find the general solution.
1) (z5 + 3y)dz — zdy = 0.

2 (2zy + 2% +2Y)dz — (1 + z?%)dy = 0.

3) ((y — cos¥(z))dz +coszdy =0; o<z < 3.
4) x? y +zy=z+1

5) x;— —y=2%sinz .

6) z2y’ +:1:(:c+2)y~e .

7) (m + 1)—E + (z + 2)y = 2ze™".

8) & — ;rly =(z—

9) y - 1+::2 = 1+:z:2y .

In exercises 10 through 14, solve the initial value problem.

54



S VW VYV VWV YV VWV VU O e e w9

P W 9O W @

/“’\"\/—M\f—/\‘ﬂf—/\ﬂr—’;‘\
l\D
8
+
C»J
Cﬁ
Il
Qﬁ
+
o
8
+
w
N—r
-

) Solve the dlfferentlal equation (z +a)y’ = bz — ny ; where a,b, and
n are constants withn #0, n # —1. '
16) Solve the equation of exercise (15) for the exceptional cases n = 0
and n = —1.
17) In the standard form

dy + Pydz = Qdzx.

put y = vw, thus obtaining
)

w(dv + Pvdz) + vdw =, Qdz .
then, by first choosing v so that
dv + Pvdz =0,
and later determining w, show how to complete the solution

dy + Pydzx = Qdx.

2.7 Bernoulli’s Equation
The Bernoulli’s equation is differential equation, well-known,has the
general form
¥ + P(x)y = Q(z)y" . (1)
wheren € R . '
1) If n = O then the Eq.(1) is a linear first differential equation and we
can solve it.
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Solution The differential equation in the /V P can be written in the form

, 1 T2 _
v+ —y=5y (14)

So the Eq. (14) is Bernoulli’s equation with n = —2 and we suppose that
y # 0 on some interval I = (a,b). From (14) we deduce that
1 2
vy + -yt =
T 2
we put
u=y" =u =3y,

hence we have

lu'—i- lu_a:2
3 z 2
or
i _ —— , 1
u +‘xu 21‘ ( 5)

The Eq. (15) is linear which has an integrating factor u(z) = z3, then the
solution of (15) is \
1
urd = Z:vs + C,;'.‘

so the solution of the differential equation is

1 1
y' = 2+ =0 (16)

Now we use the condition y(1) =1, then C = 3 | so the solution of the

VP (13)is
P =t = (17)

2.7 Exercises

In exercises 1 through 10 , solve the following differential equations .
1) 2% =y(y*+32%) ; z>0.

2) E=yley’~1).

3) & -(1+x)y1-—~$y2 i x>0,

4) y —2zy=4zyz ,y > 0.

5) xyl - 21:113‘/ = y2'

6) & +y=uzy’.

58
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7) & + (sinz)y = (sinz)y?.
8)2E —L=-% ; >0

9) (z+ 1)y + (z +2)y = 2e™y? ; 2 > —1.
10) %yl/2y/+y3/2 = 1.
In exercises 11 through 15, solve the following initial value problems
(IVP)
o2y +y¥? =273 % ;>0 ,y>0
11)
y(1) =1
(cosz — zsinz + y?)dz+2rydy =0 ; y A0 &z > 0
12) .
y(m) =1
5zy%y’ +y> =32(1 +Inz)y™?; 2> 0& y #0.
13)
y(1) =1
—2z 3 _ o2z —
14){(3/6 +y°)dz — e”**dy O‘
y(0) = 1
2 9gy = 3y
15 dr .
) { y(1) =3

Review exercises )

In problems 1-7  determine a region of zy- plane for which the given
differential equation would have a unique solution whose graph through a
point (g, yo) in the region .

1) (4 -9y =2°.

2) (2 + )y = y*.

3) (L+¢°)y =z

4) (y — 2)y' = yz + 2%

dy _ yt=
5) dr = y-z °

6) % =3+ .y —4z.

N (9—-v3)y =2+ 1.

Fin the largest region of zyplane for the following initial value problem
for which the differential equation has unique solution .

8) (z—y)y =tanz ; y(l)=1.

9) (¢® —4)y =4dylny ; y(-3)=5,
zy+2y—z—2

10) % = xyf§y+z—3 ) y(4) =-2.

In exercises 11 through 15 , find the solution of the differential equations.
11) zcos®(y)dz +tany dy =0 .
12) dz = t(1 + t?) sec®(z)dt .
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13) 1+ Inz)dz + (1 + lny)dy = 0.
dy __ (2y+3\2
14) ?i% - (4z+5)
15) (e* +e7%) % = y2.
In problems 16 — 19 find an implicit and an explicit solution of the given
initial value problem.

2dy__
16){ Y=y —xy

y(-1) = -1
17) { g—g =z +yi+ 22 +1 .
y(0) =2
18) { eyj—z = cos(2x) + 2¢¥sin®(z) — 1
y(%) =1In2
19) yy/ — y2$3 + y2$ .
y(2) =1

In problems 20 — 23 obtain a family of solutions.
20) (2 + 2zy — 4y?)dz — (z* — 8zy — 4y?)dy =0 .

)
21) (z —ylny+ylnz)dz+z(lny —Inz)dy =0 .
22) (WT4+y —L=0. -
23) (23 + 3y3)dz — 3zydy =0 .

In problems 24— 27 solve the given differential equation by using an

approprlate substitution. 4

o) % = L=y

25) % Z =sin(z +y) -
26) & =1+ e¥™=+5,

27) 1+gix+y)2

Test each of the following equations for the exactness and solve the equa-
tion .
28 (cos 2y — 3x?y?)dz + (cos 2y — 2z sin 2y — 223y)dy = 0 .
9) (22 + y cos(zy)] dz +z cos(zy)dy =0 .

3y(z? — 1)dz + (z° + 8y — 3z) y*-O
30
whena:—O,y—l
29 (zy? + = — 2y + 3)dz + z?ydy = 2(z + y)d vy

whenz=1,y=1"
3 (zy——ngz)dy%—:cy =0.
In problems 34 and 35 solve the given initial-value problem by finding an
appropriate integrating factor. : ‘

)
)
31) 3+ y + 2y?sin® x)dz + (z + 2xy — ysin 2x)d- =0.
)
)
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34) zdx + (z%y +4y)dy =0, y(4) =0 .
35) (2% +y* ~ 5)dz = (y +zy)dy , y(0) =1
36) Find the value & so that the given differential equation is exact .
(6zy® + cos y)dx + (2kzy? — zsiny)dy =0 .
38) Prove that u(z,y) = (z +y)~? is an integrating factor of the differ-
ential equation
(2% + 2xy — y?)dz + (y® + 22y — 2?)dy = 0 , and solve it.
39) Euler/s Theorem on homogeneous functions that, if F' is homoge-
neous function of degree k£ in z and y, then

gF  OF
—+y=— =kF.
Yoz TV oy
Use Fuler/s Theorem to prove the result that, if M and N are homoge-
neous functions of the same degree and if Mz + Ny # 0, then
integrating factor for the equation

1 .
Ma:-f-Nylsa‘n

Mdz + Ndy =0 .

In exercises 40 through 43 , find the general solution of the differential
equations.

40) e*dz + z*dy + 4zydz = 0. -

41) zy — 4y = ze”.

42) (1 +z)y — zy = z + 2°.

43) (z+2)?% =5 — 8y — 4xy .

In exercises 44 through 48 find the particular solution indicted. Give the
largest interval I over which the solution is defined.

44)zy — =0 ; yle)=-1.

45) (1 +2%(y + 2zy.= -2z ; y(0) = —1.

46) (z—1)y' —3y=(z—1)° ; y(-1)=16.

47) (z+ 1) +y=Inz; y(1)=10.

48)  + (tanz)y = cos’z , y(0) = —1.

In exercises 44 through 61, solve the differential equations.

49) (z + 2y — 1)dx + (2z + 4y — 3)dy = 0. Solve by two methods.

50) 6y’dx — z(2z3 + y)dy = 0.

51) 223 = y(y? + 3z?2). Solve by two methods.

52) y' =1+ 6z exp(z —y).

53) 2ydz + z(z3Iny — 1)dy = 0.
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{ y(1) =2
(y* — 2zy)dz + 3zdy = 0
{ when z=2y=1 :
56) { (2y® — z%)dz + 3zy*dy = 0  Solve by two methods.
when z=1,y=1
{ (22 + 6y%)dz — dzydy =

0
whenz=1y=1 . Solve by three methods.

)
58) y(lnz —Ilny)dr = (zlnz — zlny —y)dy.
50) d= = 4 tby
dy 3y2+2z °
60) 2z +y+ 1)y =1
61) (6 + 1)y2‘z +322+2y° =0
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The Eq.(32) can be written in the form
(—z+y+2)dz+ (z+y+2)dy =0,
this equation is an exact differential equation can be written in the form

(—zdz + ydy) + 2dz + 2dy + (ydz + zdy) = 0,
or

1
d §(y2 —z%) +2(z+y)+zy| =0.
Thus , the gevneral solution of the differential equation (32) is
22— 2zy — y? —dz — 4y =c;. (33)

The curves given by Eq.(33) are the orthogonal trajectories of (31) .The both
- of these families consist of hyperbolas.

Exercises

Find a first order differential equatlon for the given family of curves.
1 y(y? +a°) =
In [zy| = e(z? +y)
3 y=e¥ +ce -’
4. y = sinz + ce®
Find the orthogonal Trajectories of the family of curves
¥ =z—cC :
v? = 12
2372 + y2 — C2
y=x+ce”
232 + 2y‘2 — C2
10. :ztyeJc2 =c
11. a2z — 2 =1
12. ¥ =c(1 — %)
13. 222 + y* =6cx
4. 2y +z+ce¥ =0
15. y :I+2—cley
16. :172 — y =cz
17.y? = s z) (The cissoids)
18. y(z®> +c)+2=0.

© oo
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19. y? = az?(1 — cx) ; with a held fixed .

20. Find the member of the orthogonal trajectories for x> = ¢ that
passes through (1,1).

21. Find the member of the orthogonal trajectories for 72+ 3y? = cy that
passes through (1, 2).

3.2 Growth and Decay
Many natural processes involve quantities that increase or decrease at

a rate proportional to the amount of the quantity present.
If y = y(t) denotes the value of a quantity y at any time ¢, and if y
changes at the rate proportional to amount present.

dy

—_— = k

— = kv (1)
where k is constant of proportionality. Eq.(1) describes growth if & > 0

or decay if k < 0.
Note If at some initial time quantity is known and is y(zo) = vo, then

differential equation
dy k
T Y

and initial value y(zo) = yo make it initial value problem.
To solve Initial Value Problem

&y _

{ i =5y _ (2)
y(iﬁo):yo

We have

dy

29—k

dt wY

B

Yy

[ = [
Yy

Inly| = kt+1nc

— kt . —
Yy = e’ ;¢ =Fc
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air is 300°C and the substance cools from 370°C to 340°C in 15 minutes
Find when the temperature will be 310°C.

Solution The temperature of the substance is given by the formula
T(t) = Ts + clekt.
But 75 =300, T(0) = 370 and T(15) = 340 . Then

T(0) =300 +¢, =370 = c¢; = 70,
T(t) = 300 + 70e*,

1
T(15) = 340 = 300 + 70e'* = k= & ln(%) ~ —0.037.

So
T(t) = 300 4 70e™ %7,

In7
300 + 706”0’037‘-= 310 = t= 6%7 ~ 52.6 minutes .

Hence the temperature of the substance reaches to 310°C after 52.6 minutes.

Review exercises

Through exercises 1-9, find the orthogonal trajectories of the given family
of curves. Draw a few representative of curves of each family whenever a
figure is requested.

1) £ — 4y = c. Draw the figure.

2) 2% — y? = c. Draw the figure.

3) straight lines with slope and y-intercept equal.Draw the figure.

4) e* +e¥ =c. , ‘

5) 2° = 3(y — c).Draw the figure.If the liquid cools to 120

6) y(z* +¢) =0.

7) y? = az®(1 — cz) ; with a held fixed.

8) For the family z? + 3y? = cy , find that member of the orthogonal
trajectories which passes through (1,2).

9) Find the member of orthogonal trajectories for the family of hyperbolas
zy = ¢ which passes through the point (2,4).
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10) The population of a town grows at a rate proportional to the popula-
tion at time t.The initial population of 500 increases by 15% in 10 years.What
will be the population in 30 years?.

11) The population of a town grows at a rate proportional to the popula-
tion at time. The initial population P, becomes double after 50 years.When
the population becomes 4F; 7.

12) In a forest the number of rabbits in 2009 was 90. in 2012 the number
grows to 180. What will it be in 20147.

13) Initially there were 10 mg. of radioactive material present. After 2
months the mass decreased by 5%. If the rate of decay is proportional to the
amount present at any time , then determine the falf-life of this material.

14) Suppose that P'(t) = 0.15P(t) represent a mathematical model for
the growth of a certain cell culture. where P(t) is the size of the culture
(measured in millions of cells)at time t.( T is measured in hours). How fast
is the culture growing at the time t when the size of the culture reaches 2
million cells?. .

15) Bacteria in culture grow at a rate proportional to the number of
bacteria present at any time .Initial number of bacteria is 2000, which is
increased by 50% in 10 hours.What will be the number of bacteria in 20
hours?. . ) :

16) If 0.5% of radium disappears in 12 years .Find what percentage will
disappear in 1000 years?. What is the half-life of radium?. -

17) A radioactive element has a half-life of 5750 years.If 100 grams of this
element is present initially , how much will be left after 1000 years?.

18) A hot iron rod was left in a room where the temperature was 20°C. After
one minute the temperature of the rod was recorded 35°C.,and after two
minutes it was 27.5°C. What was the initial

temperature of the rod?.

19) A liquid with initial temperature 200°C.is surrounded by air at a
constant temperature 80°C.If the liquid cools to 120°C.in 30 minutes ,what
will the be the temperature after one hour?.

20) The temperature of cup of hot milk is 180° F. when freshly poured.After
2 minutes in a room of temperature 70°F, the milk ha cooled to165°F. Find
the temperature of milk at any time and determine the time for the milk
has cooled to 120°F.

21) A small metal bar , whose initial temperature was 20°C,is dropped
in to in to large container of boiling water . How long will it take the bar
to reach 90°C if it is known that its temperature increase 2° per second ?.
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How will it take the bar to reach 98°C?.

22) A body initially at 50°C is put into a 375°C oven. After 75 minutes
it is found that the temperature of the body is 125°C. How long the body
will take to attain the temperature 150°C?.

22) A cup is filled with tea at temperature 60°C and is left in a room with
air temperature 20°C. After 1 minute if the temperature of tea is 50° , what
will be its temperature after 2 minutes?. At what time will the temperature
be 30°C?7.

23) Water at 100°C is allowed cooling in air which remains at the constant
temperature 20°C' , and if it is observed that in 10 minutes the water has
been cooled to 60°C. Find the temperature after 13 minutes.

24) A pot of liquid is put on the store to boil. The temperature of the
liquid reaches 170°F and then the pot is taken of the burner and placed on
counter in the kitchen where the temperature is 76°F. After 2 minutes the
temperature of the liquid is 123° F. How long before the temperature of the
liquid in the pot will be 84°F.?
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are linearly independent on (0 , co) and we conclude that
Yo = 125 + cye”.

is the general solution of the differential equation.

Remark (4.1.13) The property of general solution exists only in the ho-
mogeneous linear nth -order differential equation (7) but does not exist in the
homogeneous non- linear differential equation , for example the differential
equation ‘

(zy' +1)(yy' + 1) =0.

is non-linear first order differential equation has not general solution, because
it has two family of curves of solutions y = —In|z¢;| such that z # 0 and
an arbitrary constant ¢; # 0 , y2+2z = c; where y # 0 and c; is an arbitrary
constant.

Example (20) Given that

y=cie® + coe””

is a two parameters family of solutionstof
W,
y" —y =0 on (—o0,00).

Find a curve of the family satisfying the initial conditions y(0) =0 , ¥'(0) =
1.
Solution From the Theorem 4.1.3 the initial value problem

{ y'(z) —y(z) =0
y(0)=0, ¢'(0)=1"

has a unique solution of the differential equation.

For y(0) = 0 we have ¢; + ¢ = 0 and for 3'(0) = 1 we have ¢c; —c; =1,
hence ¢; :% and cg = ——%. So the unique solution of the initial value problem
is {

y= §(ef‘ — e %) = sinh(z).

Exercises (4.1)

In exercises 1 through 5 determine all intervals on which the equation is
normal .
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1) (z = 1)y" + 2" + y = sin(z).

2) (22 - 1)y" + 6y = €.

3) 2%y + ey = Inz.

4) (cotz)y” +y = 0.

5) (2 + 1)y + (Inz)y” + 322y = 22 + 1.

In problems 6-16 determine whether the given functions are linearly in-

dependent or dependent on (—o0, o)

6) filz)=z , fa(z)=12", fs(z) =4z — 3z
) filz)=0 , fa(z) =z , fi(z)=¢e"
8) filz) =5 , fo(x) = cos*(z)  fs(z) = sin®(x).
9) fi(z) =cos(2z) , fo(z)=3 , f3(z) = cos’(z)
10) filz)=z , fa(z)=2-1 , fo(z)=z+3.
Ifilz)=z+1, filz)=zx , fi(z)=2>%
2) f(m)—2+17 fo(z) =2+ [z].
3) filz) =€ , f2(27) =e™*, f3(z)=sinh(z).
4) filz) =1, fa(z)=sin(z) , fs(z) = cos(z).
5) fi(t) =cos(3t —2) , fat) = cos(3t) , f3(t) = sin(3t).
6) filz)==zlz| , foz)=2>

In exercises 17-24 show by computing the Wronskian that the given

functions are linearly independent or dependent on the indicated interval.

17) zz2 , 22 ; (0, ).

18) sin(z) , csc(z) ; (0, =).
19)e® , e* , e (—o0,00).

20) 1+z , z*, (—o00,00).

21) tan(z) , cot(z) ; (0 ,7%).

22) z , zin(z) , z?In(z) ; (0, c0).
23) € ,ze® , z2e® ; (0, 00).

24) 7z |, z* ; (0, c0).

In exercises 25-32 verify that the given functions form a fundamental set

ok,

solutions of the differential equation on the indicated interval .

25) Y —y =12y =0 ; e ¥ ¥ | (—c0 , ).

26)y" —4y' =0 ; cosh(2z) , sinh(2z) , (-0 , ).

27 y"' =2y +5y =0 ; € COS(ZI) e*sin(2z) (—oo , 00).

28) dy" —4y' +y =0 ; er, zer , (—oo0 ,00).

29) oy +zy +y =0 ; cos(lnz) , sin(lnz) , (0 , 00).
30) zxy” —6zy’ +12y=0 ;23 , z* , (0 , o0).
31) =z 3 y" +62%" +4zy —4y=0; z , 272, z7%(nz) , (0 , o).
)y(4)+y”—0 ; 1 ,z , cosz , sinz , (0 ,o00).
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33) Given that y = c,e** + ce™®

is a two - parameters family of
solutions of y” — 3y’ —4y = 0 on the interval (—oco , 00), find a member of
the family satisfying the initial conditions

y(0) =1, ¥(0)=2

34) Given that y = ¢; + cocosx +czsinz  is a three - parameters family

of solutions of ¥ +y' = 0 on the interval (—oo , c0), find a member of the

family satisfying the initial conditions
y(ﬂ) =0, y'(ﬂ‘) =2 ) y//(ﬂ—) =—L
35) Given that y = jz+coz Inx is a two - parameters family of solutions

of 2%y” —zy’ +y =0 on the interval (0 , c0) , find a member of the family
satisfying the initial conditions

y(1)=3 , y(1)=-1
In exercises 36-37 find an interval around z = 0 for which the given
initial -value problem has a unique solution
(z—2)y"+3y==z
) { y(0) =0, y(0) =1
y" + (tanz)y = €®
37) { y(0)=1,y(0)=0"
38) a) Verify that y; =1 and 1y, = Inz are solutions of the
nonlinear differential equation " + (3')2 =0 On the interval (0 , 00).
b) Is y; + y2 a solution of the equatioﬁ' 7. Is c1y1 +coys ; where ¢
and co are arbitrary constants, a solution of the equation 7.
39) Consider the second-order differential equation

ay(z)y" + a1(z)y' + ag(z)y = 0. - (13)

where ay , a; a; and ay are continuous functions on an interval I and
ag(z) # 0 . Let y; and 1y, be two solutions of (13).
a) If W(z,y1,¥,) is the Wronskianof y; and y,, show that

aw . ’
ag(x)—d—; + al(ﬂi)W = 0.
b) Deduce Abells formula
W = Ce d a@%

where C is an arbitrary constant.
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c) Using an alternative for of Abel/'s formula
W = W(zg)e J=o oy @)z

where zg € I.

From this exercise we conclude that

1) If W(xo) # 0 then W(z) # 0 for all z € I which is equivalent that g,
and y, are linearly independent on I .

2) If W(zp) =0 then W(z) =0 for allz € I . In this case y, and y, are
linearly dependent on [ . _

40) a) Verify that y; = 23, y, = z?|z| are linearly independent solutions
of the differential equation

z%y" — 4zy' + 6y = 0 on (—o0 , c0).

b) Show that W(z,v;.,y2 ) =0 forall z €R.

c) Does the result of part (b) violate Theorem (4.1.8).

d) Verify that fi(z) = 2 ,- fo(x) = z? are also linearly independent
solutions of the differential equation on (—oco , 00).

e) Find a solution of the differential equation satisfying y(0) = 0 ,
y'(0)=0. ’ | '

41) Astronomy Kopal obtained a differential equation of the form

v av
UW+4—CE=O , y>0.
Show that ¥ = 1 and ¥ = v~3 are linearly independent solutions of
this differential equation on {v , co) and obtain the general solution.
42) Flows Barton and Raynor in their study of peristaltic flow in
tubes, obtained the following linear homogeneous differential equation with
variable

coefficients '
&P 1dP

W " vdv
Show that P(v) =1 and P(v) =Inv are linearly independent solutions
of this differential equation on (0 , co) and obtain the general solution .

0 ; v>0.

4.2 Reduction of order Method (when one solution is given).
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Then the general solution of the equation (7) is

1
Y = C1y1 + CoY2 = cle3r + cze“‘“(x + 5)

on the interval (0, 00).

Exercises (4.2)
In exercises 1 through 12 a differential equation and one of its solutions

is given. Apply the reduction of order method to obtain another linearly
independent solution.
1) y'—-4y+4y=0 ; wyi=e

2z

2z

2) 9" =12y +4y=0 ;y1=e3.
3) ¥"4+9y =0 ; y =sin(3z).
4) 2%+ zy —y=0 ; yy=2 and z>0.

Sy

3y 4+ (523 — 22)y' +2(3z2 — )y =0 ; yy=€"* and >0.

sy + 223y —y=0 ; wn =ex and 7>0.

o2y + 2%y —(z+2)y=0 ; yy=z"le* ; and z >0.

) 2 (l—Ilnz)y"+2y —y=0 ; sp =2 ; and z>e.

10)y" +2y + Zy=0 ; u = cos(2) ;, and z > 0.

11) 1-2?)y" = T2y’ +Ty=0 ; y1=z ; > 1.

12) (1-2z—-22)y" +2(1+2)y;—2y=0; pp=z+1 ; z>0.

In exercises 13 through 21, show that if y; is a solution of the differential
equation, use the formula (5) to find an expression for a second linearly
independent solution. ‘

13) 2% —Tzy' +16y=0 ; yi=z* ; and >0.

14) zy"+y =0; yi=Inz and z>0.

15) z%y" —zy +2y=0 ; yy =zsin(lnz) and £ >0 .

16) (1+2z)y" +4zy —4y=0 ; y1=€e** and z>—1% .

17) z%" —20y=0 ;y;=2"* and z>0.

18) z%y’ — 53y’ +9y=0 ; yy =2’lnz and >0 .

19) 2% —4xy’ +6y=0 ; y1=2*+2> ; and x>0.

20)

21)

~J

)
)
)
) a:2y” + (2.7}2 _x)y’ —2zy=0 ; y = e and >0.
)
)
)

© 0

(Bz+1)y" - (9z+6)y +9y =0 ; y =€ and z >3}
y’ —3(tanz)y’ =0 ; y1=1 and O0<z <.
22) Solve the IVP :zy’ + (1 —2z)y'+(z-1)y=0 ; y(1)=2e

, Y(1) = —3e , Where y; = €® is a particular solution of the differential

equation.
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In exercises 23 through 26, use the reduction of order method to find the
general solution of the differential equation.
23) y"+y=secr ; 0<z <%, where y; =sinz is a particular
solution of
yll + y — 0
1

24) y"'-2y+4+y=_.e"; >0 wherey, =¢" Is a particular solution

of
y' -2y +y=0.
25) y"+4y' +5y=eFsecz ; 0<z < where y; =e Psinz is
a particular solution of the differential equation :

¥ + 4y + 5y = 0.
26) 5z2%y" —3zy +3y = 2 ; >0 where y1 = €* is a particular
solution of the differential equation

5z%" —3zy +3y=0.

27) Find the solution of the [V P
{ (22 +1)y" — 2zy' + 2y = (z* +1)?
y(0) =0, y(0) = 1.
where y; = z is a particular solution of the differential equation
(z® +1)y" — 22y’ 4 2y = 0.

Quantum Mechanics The study of solutions to the Schrodinger wave

equation for the hydrogen atom leads to Laguerr/s differential equation
zy"+(1-z)y +py=0; z>0.
where p.  is a constant.

In exercise (28) verify that if y; is a given solution of Laguerr/s differential
equation for given p. Using the formula (5) (Abeltsformula ) to obtain an
integral form for a second linearly independent solution.

28) p=1 ,yi=1-=x.

29) Verify that y; = €™ is a solution of the differential equation

(z® +2)y" — 22y — (2* +22+2))y = 0.

Find the particular solution satisfying the initial conditions : y(0) = 4
y'(0) =4
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So the general solution of a differential equation is
-z 3 -z 3
y=cez cos(7x) + e sin(~2—:r).

from the conditions y(0) =1 and %'(0) =3 we have ¢; =1. and

—cC 3
el =3

hence ¢c; =1 and ¢y =2+ % So the solution of the IV P is

y=e? cos(—\—/Q——gx) +(2+ —I—)e_TI sin([ﬁx).

/3 2

Example (12) Solve ti:e initial value problem

{ ylll . 2yll +I;2yl — 0
y(0)=-2 ,y(0)=0, (0) =4

Solution The characteristic equation for the differential equation is
m3 — 2m? 4 2m = 0.

hence the roots of this equation are m = 0 , m = 1 F ¢ and the general
solution of the differential equation is

y'=c; + cae®cosz + cze” sinz
If we calculate y' , ¥" and using the initial conditions we find
¢ +ca=—2, co+cg =0,2¢c3,=4.

By consequence ¢; =0 ,co = —2 and ¢35 = 2. Then the solution of the IV P
is

y = 2e"(sinz — cos )

Exercises (4.3
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In exercises 1 through 23, find the general solution of the differential e
equations.

1)2y" +3y' +y=0. 2) 8" —6y +y=. jep—

3) v +6y=0.

4) y" — 36y =0. <

5 y'—y —6y=0. S—

6) v" + 8y’ + 16y = 0.

7) 4yll + yl — 0 5

8) 12y" — 5y — 2y = 0. b

9) 3y"+2y +y=0.

10) y/// _ 4’!/” _ 5yl =0. m

11) y" —y=0. '

12) y/// + y// -2y =0. i

13) v —5y" +3y' +9y = 0. o —

14) v +3y" +3y+y=0.

15) " =7y +5y +y=0. . .

16) " — 6y" +12y' — 8y = 0. Rt

17) y" +3y" -4y —12=0.

18 ) y/u . y// _ 4y =0. —

19) y® — 2y 4y =0, . "

20) y™® —7y" —18y = 0. -

21) y® —2y@ 417y = 0. * —

22)  y® 4 5y — 2y — 10y" + ¢ + 5y = 0. »

23) 2y® -7y +12y" +8y" = 0. -

In exercises 24 through 31 the factored for the characteristic equation

for certain differential equations are given. In each case state the order
of the differential equation and give the general form of the solution of the 7 —
differential equations. '
24) (m — 3)(m +2)%(m? — 2m + 5)(m? + 4m + 5)% = 0. -
25) (m+1)(m—-1)(m?+1)(m?4+m+1)=0.
26) (2m —3)(5m +4)(m? +4)*(m? —m — 1).
27) (m —3)3(m+2)* =0.
28) (m?+4)(m?+1)?=0. i
29) (m + 1)(m+3)(m + 2)%(m? — 2n+ 5)*(m? + 9) = 0.
30) (m?+3)(m?2+1)3(m+1)%=0. [ m—
31) (m+2)(m—5)%(m —4)3(m?+4)3 = 0. '
In exercises 32 through 35 determine a homogeneous differential equations

with constant coefficients having the given solutions
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32) 48 | 3e~3
i 33) 10cos(4z) , —5sin(4z),x .
34) 3 , 2z ,—z% |, —TeT* .
35) 8sinh(3z) , 10cosh(3z) .
36) Use the fact
i= (g—i-gz) and — 1 = (g—?i)?

to solve the differential equation y® +y = 0.( Hint : m*+1 = (m? +1)> -
2m =10 ).
In exercises 37 through 50 find the solution of the initial value problems
(IV Ps).
Y+ 16y =0
37 .
{0l Yo

y' —y—0
38){ y0) =y'(0)=1"
¥y +6y +5y=0
39) {y(O)—o y(0) =3 "
: 8y’ +17y—0 .
40
) {y(O) 4, 9'(0) = ,
2y +y=0 ., '
41 i
: ){y , ¥'(0)=0."
i ’+y +2y—0
2) { 0)=y(0)=0"
y' =3y +2y=0
43) {y(l y(1)=1"
i ¢+y—0
; 44 - .
) {y(s)—O y/(5) =0
i 45) y”/+12y”+36y'—0
y(0)=0, y(0) =1, y'(0) = -7.°
y///+2yll__5y __6y 0
46 1! °
) {yO)—y(O =0, 50)=1
—8y 0
47) {yO)—O y'(0)=-1,4"(0)=0 "
48 v =0
){ym—z y'(0) =3 ,y(0) =4, y"(0)=5
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49) { y(4) — 3y +3y" —3y =0
y(0)=9'(0) =0 , y"(0) =4"(0) =1 ~
{ y("‘) —y=0

y(0) =y'(0) =4"(0)=0, y"(0)=1"
a) Show that the solution of the IV P
{ y' =2y + (P =)y =0
y(0)=0, y'(0) =1
is given by
ya(x) =€

where 7 and a are real positive .
b) Show that lirr(l) Yo(T) = 2™,

4.4 Cauchy- Euler Differential equation
A Cauchy Euler differential equation is the form

anx"y(") + an_l:r:“_ly(""l) + o + ayzy’ +apy = 0. (1)

Where ap ,Gn_1 ,....., a1, Gp are constants and a, # 0. Since the leading
coefficient a,z™ should never be zero, the interval of definition of the differ-
ential equation (1) is either the open interval (0, c0) or (—co0,0). That is, the
differential equation (1) should solved for either z > 0 or z < 0.

The Euler differential equation is probably the simplest type of linear
differential equation with variable coefficients. The reason for this is that the
change of independent variable

. e ;>0
T —et; z<0

Produce a differential equation with constant coefficients. We illustrate this
fact for a second -order case.

Example(1) Show by means of change of independent variable above
that the Fuler differential equation of second order

2¥y" + ayzy + agy = 0, (2)

with ag , a; and a; are given constants, is reduced to the differential equation
a2y (t) + (a1 — a2)y'(t) + aoy = 0. (3)
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Consequently m =1 is a root repeated two times, so the general solution
of the differential equation (12) is

y=ci(z —4) +c(z—4)In(z — 4).
Example (9) Solve the initial value problem (IV P)

{ T2y —dzy' + 6y =0

y(=2)=8 ,y(-2)=0 "

Solution From the initial conditions. we should suppose z < 0 .The solution
of the differential equation is the form y = =™, hence

m(m—1) —4m +6=(m —2)(m —3) =0.
So we have two roots m = 2 and m = 3, so the general solution of the
differential equation is
y=c(—2)* + co(—x)® = c1z* + 328 where ¢3 = —c,.
From the initial conditions we have
1 — 2¢cy = 2,

.

—c¢p +3c3 =0,

and

hence ¢; =6 and ¢3 = 2. Then the solution of the IV P is

y = 6z° + 23,

Exercises(4.4)
In problems 1 through 20 find the general solution of the following differ-

ential equations , where we suppose that z > 0 .

1) 2%y —y =0.
2) zy"+y' =0.
3) zy" —y =0.

4) 4x%y" +y = 0.

5) z%y” +5zy' + 3y = 0.
6) z%y" +zy +4y = 0.

7) z%y” —3zy’ — 2y = 0.
8) 25z%y" +25zy +y = 0.
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) 72 ” + 5:1:y + 4y 0
) .'r?y” zy' + 2y =0.
) %" + 8y’ + 6y = 0.
)z — Ty + 41y =0.
) 3%y’ +6zy' +y=0.
) %:riz/{” +xy' +y=0.
6y = 0.

g xSy/u/ + :EZ —y = 0.
) xSy//// szy 2.’Eyl + 8y — 0
) Sy//// 2.’E2 ”+4xy _ 4y = (.
) 3 ””+4:L‘ y// 8:1:y’+ 8y =0.

21) In problems 5 through 12, solve the given differential equations by
the substitution z = €.

In problems 22 through 30 find the solution of the initial values problems.
oy + 3:1:y =0
22) W1

x%”+xy+y=0
23 } .
){y =1, y1)=2

2”—5103/+8y—0 s
{ (2) =32,y(2)=0
{ 22y" — 3xy +4y =0
yU—5,MU—3'

2 " +y= 0
{y —2w(D 4
{ xzy” dzy' +6y =0
y(2—8yd) 0

28) { 22y —zy +y=0
yt”—lw(U—O'
z?y" + 32y —5y=0
9 o
30) { 3 //n +4$2 " 8zy’ + 8y =0
y(1) =0, y()=1,y"(1) =0~
The equation (8) is called also the characteristic equation corresponding
to the Fuler differential equation (1). Now in exercises 31 through 38,
write only the characteristic equation associated with the Euler differential
equation.
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31)31:31111 2//_+_4xy “‘43/——0 ,.’L’>0.

32) ztyW — 528y 4 33:2 "—6zy' +6y=0 , z>0.

33) 2 z%® + 3:2:33/’” 2 "+8zy' —8y=0 , 2<0. fro—
34) 223y + 2%y — 12:1:y - 2y =0 , z<0. ‘
35) z°y®) — 228y + 422" =0 , 1z <O.

36) 7 zty@ — 22:3 "+ 3z%y" — 61y +6y=0 , z>0. o
37) ooy® 4+ 223" — 922y +18zy — 18y =0, z > 0. A

38) z8y® — 127 y(4) =0 , z>0.

39) Astronomy Kopal obtained a differential equation of the form
' (r)y+¢'(r)=0 , r>0.

Solve the differential equation ( Multiplication of the D.E. by r reduces
an Euler differential equation ).

40) FLOWS Borton and Rayor in the stady of peristaltic flow in tubes,
obtained the following linear homogeneous differential equation with the form

P'(r) + —}P’(r) 20, r>0

Solve this differential equation (Multiplication of the D.E. by 7% produces
an Euler differential equation)

In Exercises 41 through 45 , find the general solutions of the differential
equations .

41) (z-1)%"+5(z— 1)y +4y=0 ; z>1

42) (z+3)y" +3(z+3)y +5y=0 ; = < -3.

43) (z-2)%" - (z-2)y +y=0 ; z>2

44) (3z+4)y" + 103z +4)y +9y =0 ; 3z+4>0.
45) (m+2)2y”+(x+2)y’+y=0 ;T < 2.

4.5 General solution of Nonhomogeneous linear differential equa-

tions
Let

an(2)y™ + an_1 (2)y" D 4+ +a(z)y +a(z)y =g(z). (1)

be a nonhomogeneous linear differential equation, where a,, ,an_1, -..... ,01 , Qg
and g are continuous functions defined on an interval I = (a ,b) such that
an(z) #0 for all z € I and g is not identically zeroon I .
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3) The general solution of

/" ™
y+4y=0;x>§ (32)
y = c3cos(2z) + ¢4 sin(2z) (33)
So the function
S o 1o . s
y = f(z) = cos(2z) + ssin(2z) + 3sinz ; 0<z <%
c3 cos(2z) + cqsin(2z) | ; T> %

is a solution of the IV P (29) ) and (32) such thaty and 3’ are continuous
at x = 7 . For this we should have

limy(z) = limy(z) ,

z—(3)* z—(3)”

which implies

1+1 - c3or c3 = 2
3 T 0Ty
But
4
s et —2sin(2r) + 3 cos(2g) + 3cosz ; 0<z <%
y(z) = flz) = { —2c3sin(2z) + 2¢4 cos(2:c) ; T>3
we should have .
limy(z) = lmy'(x) =v(]),
2= (5)* ==(3)"
which implies
—2¢c4 =—cor c¢q = >
T3 Y6
Finally the solution of the IVP (29) ; (30) and (32) is
cos(2:1;)+ sin(2z) + 3sinz ; 0<z <%

y=f(z)= { 2 2 cos(2z) + 2 sm(2z) ; >—%

Exercises (4.5)
In problems 1 through 20 find the general solution of the given differential

equations by using undetermined coefficients method .
1) ¢ +3y +2y=0.

154

T A MO N EAE M AR M e AR AN o



-

2) y" — 10y + 25y = 30z + 3.
3) ¥+ yl — by = 2z.

4) iy"+y +y=1z% -2z

5) — 8y’ + 20y = 322 — 4ze*.
6) 4 y” — 4y" — 3y = cos(2z) .
7y + 3y = —48z%e%7.

8) y'+2y =2z+5—e %=

9) ¢y —y —2y=2ze"* 4+ 22

10) " —y = 4cosh(z) = 2(e* + e~%).
11) y" — 7y — 8y =e*(z% + 2).

12)  y" — 5y +4y = e**(cos z + sinz).
13) " —3y" +3y —y = x% + 5€°.
14) y’”+y—a:+:r;e

15) y" —6y”" =3 —cosz.

16) " — 2y" — 4y + 8y = 6ze**

17)  y" —=3y" +3y —y =z — 4e®.
18) y" —y" —4y +4y =5 — €% 4 2=,

19) ¥+ 2y +y=(z - 1)
20) Y™ — 4" =4z + 2we*.
In problems 21 through 22 use trigonometric identity as an aid in finding
a particular solution of the given differential equation.
21) y" + 4y = 8sin’(z).
22) y" +y =sinzcos(2z).
In problems 23 through 30 find only the form of the pa.rtlcular solution of
the given differential equation by using undetermined coefficients method.
23) y'—y=¢€" +sinx .
) Y -4y +dy=er
25) y’”+y—m —3:1:+1
) Y -y =ate.
27) y(s) - 3y(3) =3z + 1.
28) ¢ —y' =z°+cosz.
29) y/// + 3y// - 4y — 6—22.
30) v’ +4y =42 — 82% — 14z + 7.
In exercises 31 through 35 answer true or false.
31) A particular solution of ¥ + 3y’ + 2y = €* is the form Aze®.
32) A particular solution of y" — 3y +2y =e* is the form Aze®.

33) A particular solution of 3”4y =1 cannot be found by the method .

of undetermined coefficients .
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34) A particular solution of y"+y = cos z is the form Az cos z+Bzsinz.
35) A particular solution of 4’ —3y = zlnz can be found by the
method of undetermined coefficients .
In exercises 36 through 50 solve the initial value problems ({/V P).
y'+y=-2
9 {1 =
2y" 4 3y’ — 2y = 14z% — 4z — 11
{ y(0)=y'(0) =0

38) { S5y" +y' = —6x

37

~—

) =0, ¥(0) = —10 °

39) y” + 4y +4y=(3+z)e
=2,4(0)=5
4y + 5y = 35¢75%
o {6 e
/ e + e'—l‘)
41) { 0)—2,y (0)=12 -
y" +y = cosz — sin(2x)
42 .
R I 0
y” - 2y —3y = 2cos*(x)
43
ot P m e
ylll +y =z "
@ { o=y 1 v =0
15) '” 2y” +1 =2 — 24€” + 40e53c '
yO) =3 ¥'(0) =3

46 yW -y =z + €
) {y = y(0 )=0, y”(0)=y"'(0)=0 '
(4) _
yW —y=2%+1
47 " -
) {y 0= YO =1, 70 <y
-3y +3y—-1=0 :
48 i
) {y 0)=1, y(0)=-1,5(0) =0
y(5) 6y(4) + gy/// =
'0) =0, y"(0) =y"(0) = 1, y(0) = -1~
50) y(“’ + 2y”' +3 AW A L=a+1
y(0) = y'(0)=-1, y"(0)=¢"(0)=0
4.6 Variation of parameters
The method of variation of parameter, likes the method
of undetermined coefficients, is used to compute a particular solution of

49)
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which implies ¢; = % and ¢y = = .Thus the solution of the [V P is

Exercises (4.6)

In exercises 1 through 26 use the variation of parameters method to com-
pute the general solution of the nonhomogeneous differential equations.

1) ¥'+y=tanz ; 0<z <3

2) y+y=secz ; 0<z<3.

3y —2+y=1e 5 z>0.

4) y' +10y + 25y =e*=BE .z >0.
5) y'+6y +9%y =33 ;5 z>0.

6) 1y’ —12y +36y=€*Inz ; x>0
N y'+y=cscz.cotz ; 0<z <3

8) y'+4y +5y=e*secz ; 0<z<3.
9) ¢ +y=sei(z) ; 0<z<i.

10) y" —4y' +4y=€e*z7* ; z>0.

11) ¢y +2y +y=z2%"lnz ; z>0.
12) y' =2y +y= G5y .

13) ¥ +2y +2y=ecscx ; O0<z <3
14) " +y =tan*(z) ; 0<z<3. *

15) y" +y=sec*(z).cscxz ; 0<z<3.

16) y" — 3y’ + 2y = cos(e™*).

17) y"—y=‘/-——3j= ;> 0.

l—e %=
18) y" —y=e *sin(e™®).
19) 5z2y"” — 3zy' +3y = i ; z>0.
20) a:zy"+4my’—4y=a:*i Inz ; x>0
21) 2z%y" 43y -3y=z"2 ; z<0.
22) 2z +Tzy —3y=z"?lnz ; z>0.
24) y"+y =tanzr ; O0<z<3.
25) y" +4y =sec(2r) ; 0<z<7Z.

26) Zy/” _ 6y// — x2.
In exercises 27 through 34 solve the initial value problems (IV P).
y'+y=cscx

27) {y(-@:o YE) =1
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928 ﬂy”+y:tanz '
) {y()—l,y’()=0
— % ty=<
29 y” y :
) { y(1)=e, y(1 )—O
y”+6y +9y:x—36—3x
%) { y(1) =4e73 y’(l) =2

y +y = sec (:r)
31 ; )
y" 4y + 4y = x4
32) { Y1) =e?
622 .
33) N 2‘” Y

y(O) =3 3 yl(o) =3
34)  Given that y; = 273 cosz and Yo = z73sinz ; >0, forma
fundamental set of solutions of

1
2y’ + zy + (2% — Z)y =0 on (0, 00).

Find the general solution of

1
t—-Jy=z

L
YT

2, 1 ( %

oy oy + z > 0.

35) Find the general solution of the differential equation

y" — 5y" + 6y’ = 2sinz + 8

REVIEW EXERCISES
In exercises 1 through 25, they are multiple choice, each exercise has

four solutions and there is only one correct answer, find it.
1) The initial value problem

{ y' +9y =0
y(0)=0, (0)=0

a) has a unique solution.
b) may have no solution.
c) may have many solution.
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d) b) and ¢) are possible.

2) A fundamental set of solutions of a homogeneous linear differential
equations of order n comprises

a) any set of solutions.

b) any set of n solutions.

c) any set of n solutions linearly independent.

d) any set of n homogeneous solutions linearly independent.

3) To obtain the general solution of a homogeneous linear differential
equation of order n, we must construct a linear combination of

a) any set of solutions.

b) any set of n solutions.

c) any set of n solutions linearly independent.

d) any set of n homogeneous solutions linearly independent.

4) If yi(x) , y2(x) ,-....., yn(z) form a fundamental set of solutions of a
homogeneous linear differential equations of order n non an interval I , then
the Wronskian W(yi(z) , y2(2) ooy, Yn(2))

a) is zero at every x € I .

b) may be zero at infinity many z € I .

c) isnot zeroatany z € I .

d) is not zero at any x € I except at z=0.

5) If a function

y = 1y1(T) + Gy2(z) + cays(z),

is a solution of a homogeneous linear differential equations of order 2 on an
interval I , then y;(z) , y2(z) and y3(z)

a) form fundamental set of solutions of the differential equation on I .

b) are linearly independent on I.

c) are linearly dependent on I.

d) need not all be solutions of the differential equation on I .

6) If y;(z) and yo(z) are two linearly independent solutions of the same
second order differential equation, then %

a) is a function of z.

b) is a constant,

c) could be a) or b).

d) none of these.
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7) If y; = €** is a solution of the given differential equation, use the
reduction of order to find a second solution 1o of

y' =5y +6y =0

a) yr=e® | b)yp=ze® | c)ya =€ | d) y, =€,

8) If y; = 23 is a solution of the given differential equation, use the
reduction of order to find a second solution y, of

a) yp=2z*lnz , b) =z | c) yp=z"tlnz , d)y, =z

9) If an initial value problem comprises a 4th-order homogeneous linear
differential equations , we would expect it to have

a) one initial condition.

b) two initial conditions.

c) three initial conditions.

d) eight initial conditions.

10) Ify = ze™3* is a solution of homogeneous linear differential equation
, then another solution must be

a)y=z , b)y=e3® | c)y=ze¥* , d)y=1x23"

11) If y = wcos(2z) is a solution of homogeneous linear differential
equation , then another solution must bé

a) y=uzsin(2z) , b) y=zsinz , ¢) .y =sin(2z) , d) all of the
above . , '

12) If one root of the characteristic ( auxiliary ) equation of a homoge-
neous linear differential equation is 3 + 7z , then another root must be

13) 1If the characteristic equation of a homogeneous linear differential
equation has a factor (m —4)3, then the solutions of the differential equation
must include

a) 3+7i , b)—3+7i , € 3—=T7t ,d) -3-7i .

a) y=¢e**, b) v= e** and y—:ce‘“c

,d) y=e* y—*xe * and y—:ve '

14) Itis poss1ble for the characterlstlc equatlon of 3rd-order homogeneous
linear differential equation to have

a) two real roots and one complex root.

b) one real and two complex roots.

c) three complex roots.

d) a) or c).

15) undetermined coefficients cannot be used if the input function con-
tains what term 7 -

, ¢) y==ze'® and y =z’
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a) € | b) In(4z) ,c) z*, d) zcos(4z).

16) undetermined coefficients cannot be used if the input function con-
tains what term 7

a) vz , b) 2?73 | ¢)z’cos(2z) , d) z’sin(4z).

17) Without solving the differential equation, apply undetermined coef-
ficients the simplest form of a particular solution of the differential

y' — 16y = e*=.

4 4z

a) yp=ae* , b)y,=azxe” | c)y, =asin(4z) , d) y, = acos(4z).
18) Without solving the differential equation, apply undetermined coef-
ficients the simplest form of a particular solution of the differential equation

y" + 9y = 4 cos(3z1).

a) yp = acos(3z) + bsin(3z).

b)  y, =azcos(3z) + bsin(3z).

c)  yp=axcos(3z)+ bxsin(3z).

d) y,=acos(3z) + bzsin(3z).

19) We use the variation of parameters to ¢btain

a) a particular solution of a nonhomogeneous differential equation.

b) the complementary solution Of linear differenttal equation.

c) both a) and b).

d) neither a) nor b).

20) When using variation of parameters to solve a 2nd-order linear
differential equation, we must evaluate

a) 1 integral , b) 2 integrals, c) 3 integrals , d) 4 integrals.

21) Solving a Euler's equation equivalent to using the substitution ,
where z>0. '

a) y=m®, b)y=lnz , cjy=2™, d)y=e™.

22) We may transform a Ewuler differential equation to a Ewuler differ-
ential equation with constant coefficients by using the variable substituting
, where z > 0. ’

a) z=¢ |, b) z=t", c) t=€" , d) t=z™

23)  If the characteristic equation of a homogeneous Euler differen-
tial equation is (m — 3)2 = 0, then linearly independent solutions of the
differential equation are ( where z > 0)

a) y1 =2° and yy = z.
b) v =2 and y, =z%Inz.
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c) y1=¢€** and y, = ze

d) y1 =€ and y, —e“lnaz

24) 1If the characteristic equation of a homogeneous Euler differential
equation is m?(m —4) = 0, then linearly independent solutions of the dif-
ferential equation are ( where

a)yn =1, yp =1, and y; =e**

b) yu =1, yo=Inz,and yz;=e

¢c) m=1, yo=z and y3=2x

d) yi=1, yp=Inz and y3 = z*.

25) To obtain a solution of the Fuler differential equation that is valid
on the interval (—o0,0) we must use the substitution

a) -z =1Int , b) z=t", ¢c) z=tT" , d)t=In(-z).

Complete the statement of the exercises 26 through 33.

26) The only solution of y” + 2%y =0 , y(0) = 0, ¥'(0) = 0 is

4z

27) If two differential functions f; and f, are linearly independent on
an interval I | then W(fi(z), fa(x) # 0 for at least one point in the interval
] ———

28) The functions fi(z) = 22, fo(z) =1 —2% and f3(x) =2+ 2% are

linearly on the interval — .

29) The functions fi(z) =22 and , fo(z) ==z le linearly independent
on the interval ———————— | whereas they are linearly dependent on the
interval

30) Two solutions y; and y, of y”"+3 +y =0 are linearly dependent
if W(yy,y2) =0 for every real value z

31) A constant multiple of a solution of a dlfferentlal equation is also
a solution

32) A fundamental set of solutions of (z — 2)y” + y = 0 exist on any
interval not containing the point

33) For the method of undetermmed coeﬁiaents , the assumed form of
the particular solution y, for ¢ —y=1+¢€"is

In exercises 34 through 35, write the Wronskian of two linearly
dependent solutions without finding the solutions them self.

34) 2"+ Iy —y=0.

35) y" — 8y’ + 8e®y = 0.

36) Show that W(5,sin®z,cos(2z)) = 0 for all z .Can you establish this
result directly without evaluating the Wronskian ?.
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37) Verify that there exist a unique solution to the initial value problem

{ (2—2)y" + (cosz)y' + (tanz)y =0 —-l<z<l

y0)=0 , ¢(0)=1

38) Find the second solution for the differential equation given that y; (z)
is known solution.
gy’ =2+ 1)y +(z+2)y=0 ; 1y, =é€".
39) A certain homogeneous linear differential equation with constant
coefficients has the characteristic equation

(m = 7)3}(m? —4)(m* +2m +2) = 0.

Write the general solution of this differential equation and state its order.
In problems 40 through 65 find the general solution of each differential
equation.
40) y" —2y' —2y=0.
2y" + 2y + 3y =0.
y" 4+ 10y" + 25y’ = 0. 5
3y +10y" + 15y’ + 4y = 0.
29" 4+ 9y + 12yr + 5y = 0.
y@® +3y" +2y" + 6y — 4y = 0.

41)
42)
43)
44)
45)
46)

47)

¥ + 17y + 16y = e* + 4e™".
(z* = 22)y" + (2 2"y +2(z — Ly = 0

bl

2 .

0 <z<1 ,where

Y1 =T

1

s a particular solution.

3%y — 22y’ — 12y =0

y' +y=cscr+1
50) yll —y= x3ex_
51)

52) y" +2Ty==z.

bl

z2y" + Ty +9y =0

?

)

z > 0.

O0<z<l.

T <0.

53)
54)

9y" + 48y’ + 64y = sin(2z).

y' +y=cotx

]

O<x<m.

55) (zcosz —sinz)y” + (zsinz)y — (sinz)y = 0 ;
where y; = sinz is a particular solution.

56) y” +y = Tsinz.

57) 'y(4) . Qym + 2!/" _ 2y/ +y =0.

58)

212 y//

+ 97y + 17y =0 ;

z > 0.
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59) 3zl —2zy — 12y =172 ;
60) v -3y +5y =4z® -2z
61 " —5y" + 6y = 2sinz + 8.

-y =6.

y' =2y +2y =e*tanz
Y -y =

In problems 66 through 77
subject to the 1nd1cate conditions .

-2y +2y=0

9 { oo 1
y'—y=z+sinz
y(0)=2, y'(0)=3"

y’+ y = seC3( )

=1,y (0

D4

{ Y — 4y =0
{ Y
Lo

)
)
) v
62) y 2y’+y=x262’”.
)y
)
)

\

xz > 0.

s
0<.’E<'2—.

, solve the given differential equation

) { y0)=0, ¥(0) =0, y'0y=2
70) y@ + 2y +y=3z+4
y(0)=y'(0) =0, y"(0) =y ”’(0)ﬂ=1 '
3y’ +2y =z +€”
71 .
){yO)—l y(O0)=—-3n(0)=-3" .
) { z2y" + 4zy’ =0
y(1)=0,y'(1)=6 "
z? ”——Sxy +8y =0
73){y 2) =32, y(2) =0 °
a:y +y~x
y(1)=1,¢(1) = -3
y'—5:cy + 8y = 818
75 )
){ y(3)=0,y() =0
4:v +y=0
)=2,y'(-1)=4 "

22y’ — dzy + 6y =0
77){y(—>—8 y(=2)=0 -

78 ) Show that the general solution of the differential equation y@—y =0

can be written as

Yy =C1COST +cy8inx + c3coshx + ¢4 sinhzx .
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79) Find the particular solution of
Yy —4y =z +3cosz +eF .
80) Find the general solution of the differential equation

(z+2)%" + (z+2)y +y=0.
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and

T+ 1)?
(z — z0)%a)(z)/ay(z) = (——->—
z—1
Since both of these functions are analytic at 1y = —1, we conclude that
zo = —1 1s a regular singular point for the differential equation (4).

Example(4) Locate the ordinary points, regular singular points and ir-
regular singular points of the differential equation

(z-1%"—(z"—2)y +y=0 (7)

Solution. Here the functions

a)(z)/az(z) = - = ) (8)

and
1

ao(z)/az(z) = Go12 (9)

are analytic at any real number except zo = 1, so every real number zg is an
ordinary point of (7) zo = 1 which is a singular point. We now see whether
o = 1 is regular or irregular. We have

(x — zo)ar(z)/a2(z) = —=z,

and
(z — zo)%ag(z)/ay(z) = 1.

These functions are analytic at g = 1, so 2o = 1 is a regular singular point.

Exercises. In the following exercise answer true or false
1. The point zg = —1 is a regular singular point for the differential
equation ,
(1 —z?)y" — 2xy’ +12y = 0.

2. The point z¢ = 0 is an ordinary point for the differential equation
oy’ + (1 —z)y +2y=0.
3. The point z¢ = 0 is a singular point for the differential equation

(1+z)y" — 2y + 22y = 0.

190




iRiRiNiE g

given by
4
yr =142z 4+ 224 + 526....

— ot oad gy
vz EE TN

and y, is a particular solution of the given non-homogeneous and is given by

1 1 13 17

S TR TR R

Exercises

In exercises 1 through 9, locate the ordinary points, regular singular points
and irregular singular points of the given differential equation

1) zy’" —(2z+ 1)y +y =0.

2) Q-2 -y +zy=0.

3) z3(1 —zY)y" + (22 — 3)y' + zy = 0.

(1 —2)'y" -2y =0.

)
5) 2z%" +(z -2y —y=0.
6) zX(z?-9)y" — (22 —9)y' +zy=0.
7) z* —16)y" + 2y = 0.
8) xz(z?+1)% +y —8xy =0. K

9) z*—8)%" —2zy +y=0. o~
In exercises 10 through 13 verify that all singular points of the differential
equation are regular singular points
10) 2y + oy + (22 — vy =0. (Bessel equation)
11) (1 z)y” —zy’ + v’y = 0. (Chebyshev equation)
12) zy"+ (1 —2z)y' + vy = 0. (Laguerre equation)
13) (1 -2y — 22y +n(n+1)y=0. (Legendre equation)
For the following equations, specify an interval around zo = 0 for which
a power series solution converges
14) ¢" —zy' + 6y =0.
15) (z? —4)y" — 2zy’ + 9y = 0.
In exercises 16 through 22 solve the initial value problems by using the
method of power series about the given initial point g
16) { (1-22)y" —2zy +6y=0
y(0) =1, y'(0) =0,
17) { Yy —2(z+2)y +4y =0 .
y(=2) =1, y'(-2) =0,
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{ —z* + 4z ——3)y” -2z -2)y' +6y=0
(2)=1,y(2) =0, '
— 22y +2y=0
1) { W S
{ Yy’ —-2x—1)y +2y=0
=0, y(1) =1,
{ x+4z+3y”—%x+my—2y=
(=2) =0, ¥y (-2)=-1.
) | peo iy (—da-Ty=0
y(l) =1,y (1) =-1,
In exercises 23 through 27, compute the first four coefficients of power
series solution about the given initial point

yll _ xy — 0
%) { ¥(0)=0, ¥(0) =1,
24) { (@ +2)y" =3y +(z-1)y =0
y(1) = —20, y(1) = -2,
(z-1)y" —zy' +y=0
%) { y(0) =0, y'(0) =1,
26) { v —2z—-1)y +2y=0
2y(1) =1, y(1)=0. )
Yty +2y=0 A
27) { =1, y(1) = 0. -
28) Derive the Taylor series for the function cosz by solving the
initial value problem
y'+y=0
y(0)=1, y'(0) =0~
Solve the following equations in power series
29) (3—z%)y" —dzy' — Ty =0.
30) (1-z%)y" —3zy +y=0.
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that is

- . 1 1
y(t) = cre’ + coe™" + czcost + cqsint + Be?‘t + 1g cos 2t (40)

It follows from the second equation in (37) and (40) that

z(t) = —e* + lcos 2t + cret — cpe™t — cysint + ¢4 cost + ie% — }—sin 2t.
4 15 8
Exercises
In each problems 1 through 4 solve the given systems of equations
1 { +y—z=—t
Y —x—3y =2t °
9) { T — 4z +2y =2t
y -8z +4y =1,
3) { 7' 42y — 3z = —e !sint
Yy —4z +y = e tcost,
=z—5y, z(0)=1
Y =2z —5y, y(0)=0."
In each problems 5 through 8 solve the given system of equations
5 {m”—Baz’+y’+2x—y=0 .
v+ —2x+y=0

4)

y'+ 32 — 4y +4y =1
{ Y+ +2x—-2y=0, °
'+ —4x' + 2y +4z =0
{x"+y”+4y’—2x’+4y=0, ‘
Y +o +z=0
{y’—y-}—m———sint. ‘

)
)
)
)

6
7
8

Chapter 7

7. Fourier Series

7.1 Orthogonal functions
We will use a new tool called inner product to define orthogonal functions
and sets of orthogonal functions.
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.To find the orthonormal

So the given set of functions is orthogonal on [—2, 2
set, we have to compute

2 2

2 1
I'cos mmcH _ /(COS mm;>2dm _ / + cos mr 2,
2 2 2
~2 -2

™

2
mnz (|2 . mnzT., 1 — cosmnz
5 “ /(sm 5 Yedz / 5 dz =2

“sin
-T

Hence the orthonormal set

nmnr M nrr
{ cos "Z* sin 3% }
, ——— :
2 V2 S

Example (5) Show that the functions

f(z) =1, g(z) = 2z, h(z) = 42% — 2

are orthogonal with respect to the weight fur%ction w(z) = e~ on the interval

(=00, 00).

(1,22)w(z) = /Qxe—zzdx = —Z/d(e'ﬂ”z) =9 =0,
(1,42° — 2)(n) = /(43:2 —2)e ' dz = —_/ 2xd(e™") — 2/ e dzx
= 2z~ +'2/e*12dx — 2/e"xzd:r = 0.
o ,

In the same way and by integration by parts, we find that

(22,47% — 2)u(z) = 0.

Exercises.
1. Show that the following functions are orthogonal on the given intervals.
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a) f(z) =sin’z, g(z) =cosz, [0,7]

b) f(z) = cosz, g(z)=e"", [Z,°F]

c) f(z) =¢€%, g(z)=ze™ —e* [0,2]

2. Show that the following functions are orthogonal with respect to the
given weight function on the indicated interval

o) flz) = 42 = 2, 9(a) = 25; w(z) = ¢, (~00,00)

b) f(z) =1 -z, g(z 307 — 2z + 1 w(z) =e7%, [0,00)

3) Verify that the functlons f(z) = 32% g(z) = 2x3 are orthogonal on
[—1,1]. Determine the constants & and (3, so that the function

h(z) = az® + Bz +1

will be orthogonal to f(z) and g(z) on the interval [—1, 1].
4) Determine the constants A and ¢ so that the functions

f@) =Xz +2,g(z) =6z -6z + 1

and
h(z) =z —1

are mutually orthogonal on [0,1] and then obtam the corresponding ortho-
normal set. ' g

5) Show that the following set of functions are orthogonal on the given
intervals and find the norm of each function

2z Inz 4rzx Smx .
a) {sin %%, sin %%, sin %%, sin 7%, sin 7%, ...} ; [0, L]
b) {1,cos ®%, sin "’Z’};m,n—- 1,2,3,4...,[0,L]

c) {sin(2n+1)};n=0,1,2,3,4..; [0, 3].

7.2 Trigonometric series
Definition (7.2.1) A trigonometric series is a series of the form

. :
%9 + ;(an cos nz + b, sinnx), (1)

where the coeflicients a, and b,, are constants. If the coefficients a, and b,
satisfy certain conditions which will be specified later on, then the series is
called Fourier series. almost all trigonometric series encountered in physical
problems are of Fourier type.
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where
wl2 T

2 2
b, = ;T-/:z:sin:z;dx—}— —/(w — z) sinnzdz.

™
0 7l2

We let u = nz and integrate by parts, we get

b 4 . nm (0, n even
n = — Sin — \(ne
n? 2 %—1—)2, n odd
Hence the Fourier series
_ , 0<z<7/2,
f(z) = { /2 <z <.
4 1
= — smx——sm3x+—sm5x+ .....
T 25
4 & )"
= - Z 5 sin(2n + 1)z
T
At r = 7 and £ = —m, the Fourier series converges to 0.
Exercises
1. Compute the Fourler series for the followmg functions on the given
intervals 0 *
T+, —nm<z<
a)f(a:)—{ 0, 0<z<m. ‘
0, —nr<z<0
b) f(z) = sinz, 0<z<m.
c) fz)=|z| -z, —-3<z<3
w2, —-r<T<0
d)f(x)_{ﬁz——xz, 0<z <.
oQ
(_1)n+l .o
In b) deduce that Z m =3
n=0
z, O0<z<m
e) f(z) = z+m, —-7n<z<0
2. Given the function
1, —-2<z< -1
z? -1, —-1<z<0
flz)= 1—z?, 0<z<1

-1, 1<z<2.
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-

a) Determine whether the function f is even or odd -
b) Compute the Fourier series

c) Discuss the convergence of the obtained Fourier series at the points:
r=-1,z2z=0,z=1
3. a) Find the Fourier series for the function

f(z) = { 0,2 —rT<z<0

z°, 0<z <.

b) Use a) to show that
LIS Sy
2 g 2" 19
L@ 6 w1
c) Use b) to obtain a numerical series which represents the value "Tf.
4. 2. Compute the Fourier series fo the function
f(z) =|sinz|, - |z| < 7.

and deduce that

0o

1 :
2T

=4,

4. Test whether each of the following given functions is odd or even, then
expand it in a cosine or sine series

a) f(z) =|cosz|, |z|<m

b) g(z) =zcosz, |z| <

1, -2<z<~1
-z, -1<z<0
¢) hiz)= 0<z<l1
1, 1<z<2
d) k(z) =2* o], |o| <1
z+1, -3<z<0
e) M(z)= —z+1, 0<z<3

5. Find the half range sine series for the functions
z, 0<z<7l2
SIER

T — T, n/2<z <.
b)gz)=z—-2% 0<z<1

T, 0<z<l
©) h(z) =1 4, 1<z<2
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6. Find the half range cosine series for the functions

a) flz) =32(1—12),0<z<1
-1, 0<z<mwl2
b) g(z) = T — I, n/2<z<m '

¢) h(z) =1—cosz, 0 <z <.

7.8 Complex form of a Fourier series
We have seen that the Fourier series in the interval (=T, T') of a function

f(z) is given by

oo
ag nnx . nux
= — Qyp, COS —— + by sin ——). 1
f(@) 2+,;( s~ + bnsin =) (1)
From Eulerts formula we have
eit 4 it eit — e—it »
t=———, sint= 2
coS 3 , sin 2% (2)
Substitution of (2) in (1) leads to
a o0 ezn%rx + ein’;: ei_anr:c_ e_in;rﬂ
0 _
= — . bn —_—
o = §oSie (T (=)
ag - an — 7’bn innz an + 'Lbn _innz
—_— — _ T 4 —_— e T
0rd (m5) e+ (25
m . w o
n=1 n=1
where
.__ao _an——-’ibn c -an‘*"ibn n>1
CO - 2 ] Cn - 2 ] -1 T 2 ) el -

Hence the complex form of the Fourier series of f is given by

f@y=) cue

n=—00

innx

T

Y

where

innz

T

dz.

T
cnzilf/f(:v)e'
CoaT
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By equating the real part, we have

T > (=1
Asinh Ar n;w A 4+ n2
Exercises
1. Find the complex form of the Fourier series for:
a) flz)=e€*, —m<z<m
b) g(z) =e™*, —-1<z<1
2. Compute the and find the complex form of the Fourier series for the
function:
f(z) =cosbzr, —m <z <.

Chapter 8
8. Fourier Integral

We have seen that a periodic function defined on-a finite interval (—L, L)
or (0, L) can be represented by a Fourier series which converges to the periodic
extension of the function outside the interval. We can say that Fourier series
are associated only with periodic functions. We now try to represent a given
non periodic function defined either on an infinite interval (—oo, c0) or semi-
infinite interval (0, 00). '

8.1 Fourier series to Fourier integral

If f is a function defined on (—L, L), then formulas (11) — (14) give

nnr

T T
1 1 &
flz) = 2—f/f(z)dx+?; /f(t)cos n—%édt COST
-‘T n= II\

w /T
+% /f(t) sin ndet sin E;g (1)
n=1 T
By letting n :
T
M= T A= Ans = Ao =
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where -
50 = [ f@)eedz,

Example 4 Find the complex form of the Fourier integral for the function

_ e =<t
f(z) = { 0, Jz[>1
We have

(o] 1
B(A) = /f(:c)ei’\rdm.:/e(i’\+1)xdx
—00 -1

1 ; 1 1 : .
— GEA+1)z — (EA+1) _ —(ira+1)
+1°© - (M+U(e ¢ )
11— [ .
. (iA+1) —(ix+1)
= e —e .
1+A2[ . J
Hence - .
1 1—1A i -2 —ilz
f(x):%/m[e()‘+l)—€ ()‘+l)]€ /\d/\
Exercises. .
1. Find the Fourier integral for the following functions:
0, <0
9 s@={ %50
0, —oco<zT<-2
4 -2, —2<z<0
b) g(=)= 2, 0<z<2
0, > 2.
¢) h(z) = e cos ,
d) k(z)=ePlsinz
0, —oo<z<-1
e) M(z)=¢ 2z, —-1l<z<l1
0, l<zx<oo
0, <0

f) N(z:)———{ sinz, 0<z<m
3. a) Using the Fourier sine integral to show that
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e o]

/l——c;)sw/\sinx/\d/\:{ 2, O<z<m

0, >
0
b) Find the Fourier cosine of the functions:
i) f(z) =e®cosz, z >0, ii)g(z)=ze 2"
. _Joz zl <
i) h(z) —{ 0 Jz|>m
4. Use Fourier integral to show that
[sinTA Zsinz, 0<z<m
: - 2 ’ =4 >
/1 —z sin zAdA { 0 g (a)
0
fcos /\Id/\ T _, >0 )
o ——=dA=—e"", z2>0.
1+ X 2
0
Asin Az Ee'ﬁ‘", z >0, 8>0. (c)

et T3
0
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