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Definition Vector Fields in Two Dimensions |
Let f and g be defined on a region R of R%. A vector field in R? is a function |

A

F that assigns to each point in R a vector (f(x,y), g(x,y)). The vector field is |

"" i written as
F(x,y) = (f (x,¥),g(x,y)) or F(x,y) = f(x, )i + g(x, y)j.

| |A vector field F = (f, g) is continuous or differentiable on a region R of R? if|

| |f and g are continuous or differentiable on R, respectively. .
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" |Example | Vector Fields Sketch representative vector of the following fields. |
. [a) F(x,y) =(0,x) = xj; (a shear ficld). -

L = 2.0) = (1—y2)i, f 1; (channel fl
il F(x,y) =(1—y40) =(1—-y*)i, for |y| < 1; (channel flow). .
Sl gt i n L] . :
F(x,y) = (—y,x) = —yi+ xj; (arotation field). .
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Rotation vector field
F(x,y) = (—y, x).
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o Let f, g, and h be defined on a region D of R3. A vector field in R3 is a functi|
. '”z on F that assigns to each point in D a vector (f(x,v,2),g9(x,y,z),h(x,y,z), )
__ [The vector field is written as
F(x,y,2) = (f(x,5,2),9(x,,2), h(x,y,2)) or "
Flxy,z) = fx,y,2)i+ g(x Y 2)j + h(x,y, 2)k.

0 == L e e
- Example 2 Veetor Fields in R,
e .-§f"§-
s %a) F(x Y;Z) — (x y, e Z) fOfZ > O
b) F(x y,z)= (OOl—x —yz) forx +y2<1
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Deﬁmtlon of Inverse Square Field
Letr(t) = x(t)i+ y(t)j + z(t)k be a position vector. The vector field F is

lan inverse vector field if

F(x,y,z)=Wu,

o Where k 1s a real number and u = m 1s a unit vector in the direction of r.
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efinition Gradient Fields and Potential Functions
etz= f(x,y) and w = f(x,y, z) be differentiable functions on regions
R? and R3, respectively. The vector field F = V¢ is a gradient field,
land the function ¢ a 1s a potential function of F.
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Let f and g have continuous first partial derivatives on an open disk R.
The vector field given by F(x,y) = f(x,y)i + g(x, y)j is conservative if and only if
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The curl of F(x,y,2z) = f(x,y,2)i+ g(x,y,2)j |
curl F(x,y,z) = VXF(x,y, z) =
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Suppose that f, g and h have continuous first partial derivatives on an open sphere Q in space.
The vector field givenby F(x,y,2z) = f(x,y,2)i+ g(x,vy,2)j + h(x,y,z)k
1s conservative if and only 1f

curl F(x, y, z) =0,
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Example 1 Testing for conservative fields. Determine whether the following vector fields
are conservative on R? and R3, respectively.
) =(e*cosy,—e*siny);
—z°%,x° +
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Solution a. A potential function ¢ for F = (f, g) has the property that F = Vg
and satisfies the conditions see that

o (x,y) =e”*cosy and ¢, (x,y) = —e*siny.
The first equation is integrated with respect to x (holding y fixed) to obtain

B R
Jiat : s

B e e e

[ @,dx = [ e*cosydx, which implies that
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with respect to y and equate the resultto g(x,y):
| y=—e*siny+c'(y) and (x,y) = —e*siny.

e conclude that ¢’ (y)=0, which implies that c(y) is any real number,
which ensures that
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(x,y) = e*cosy +c.
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b. Let ¢ be a potential functionof F = (f, g, h), thatis, F = V¢ . Then
Px (ny'Z) — ny - ZZ’ Py = g(X,y,Z) — x2 + 2z,and @, = h(x,y,z) — Zy — 2XxZ.

To find c(y, z), we differentiate ¢ with respect to y, which results in
| @y=x°*+c,(y,2).
Equating ¢, and g(x,y,z) = x° + 2z, we see that ¢, (y,z) = 2z .

4

To obtain c(y, z), we integrate ¢, (y,z) = 2z withrespect to y (holding z fixed), which

results in c(y, z) = 2yz + d(z). The constant of integration is now a function of z, which we
call d(z). At this point, a potential functions looks like
o(x,v,2z) = x*y—xz? + 2yz + d(2).
To determine d(z), we differentiate ¢ with respect to z :
0,(x,y,2z) = =2xz+ 2y + d'(2).
Equating ¢, and h(x,y,z) = 2y — 2xz, we see that d’(2) = 0, that is, d(z) = d (constant)

o(x,v,z) = x’y —xz*+2yz + d.
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. 1(s) = (x(5),¥(5)),

a=59<5 < <8sp,_1<s,=hb.
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Suppose that the scalar-valued function f is defined on the smooth curve
. 1(s) = (x(s),¥(5)), for a < s <b.
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The line integral of f over C is defined to be
n

[ (), 52)as = tim > (x50, (50
¢ k=1

brovided this limit exists over all partitions of €. When the limit exists f is said to be
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Evaluating Line Integrals in the plane.
Let f be continuous on a region containing a smooth curve C: r(t) = (x(t), y(t)),

e

for a <t < b. Then

T

b

b
f fds = f fx(®), y(@©)[r'(©)|de (x(0), y(®))Vx' (D)2 + y' (t)?dt
C a
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3. Make substitutions for x and y and evaluate an ordinary integral

b
fs = f £ (), YOI ®)lde
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ine Integral in R3
The line integral f of over C is

b
(x(t),y(®), z(t))|r'(t)|dt

BN R s W R NN

a
b

ERCCNC N

(e (8),y(£), (D) x' ()% + y' ()2 + z'(¢)?dt .
] a
If f(x,y,z) = 1, then the line integral gives the length of C. Then

R N e oY

e e

b
Length of C = | ds = f Jx'(®)2+ y'(£)? + z'(t)%dt .
a

B e s

~

S e
Deparntment of Wathematico
Ring Saad Universcty




2rol i Ulcddasud Gonuliiel
Department of Mathematics
Ring Saud Univerdity

s
e

: St % &

g Sla e (T3 ! ol T T A ! e

s athr ety br Tyt ST s s e
e : TR 3 VG RE E e

SHITATITISL R

B e e

Example 3 Line integrals in R3. Evaluate C(xy + 2z)ds on the following line segments.
ine segment from P(1,0,0) to Q(0,1,1);
ine segment from Q(0,1,1) to P(1,0,0).

R o

~

BN

~

Solution a. A parametric description of the line segment from P (1,0,0) to Q(0,1,1) is
r(t) =(1,0,0) +t(-1,1,1) = (1 —¢,t,¢t), for 0<t< 1.
The speed factor is
7' @) =Jx'@®)2+y' )2+ 2 ()2 =(-1)2+ 12+ 12 =

Substituting x(t) = 1 —t, y(t) = t,and z(t) = t, the value of the line integral is
1

1
xy + 2z ds = (1—0)() +2(t))V3dt t —t? + 2t)dt
[ W3
0

BN NN

B T G S e R U N
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1
\/_j (3t — t2)dt =
0
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b. The line segment from Q(0,1,1) to P(1,0,0) may be described parametrically by
r(t) =(011) +¢t(1,-1,-1) =((1—-¢t1—1), for 0 <t<1.
The speed factor is
'@ = Jx' )2+ y' ()2 + 2 ()2 =/(-1D)2+12+ 12 =
'We substitute x(t) =t, y(t) =1—1¢t, and z(t) = 1 — t, the value of the line integral is

1 1
xy + 2z ds = f (A -t)+2(1—t))V3dt = \/_f (t — t2 +2 — 2t)dt
0 0 , ; . 7\/_
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Line Integrals of Vector fields

Let F be a vector field that is continuous on a region containing a smooth |
oriented curve C. Let T be the unit tangent vector at each point of C .

aouy,

aconsistent with the orientation. The line integral of F over C is

RS 30 oot )
HEa PR eyl

the line integral may be evaluated in component form as
b

F -Tds=| F -r'(t)dt= | (fx'(t)+gy'(t) + hz'(t)) dt,
C a
where f stands for f (x(t),y "(¢t), z(t)) with analogous expression for g anc

DRI PIR e taty
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‘Another useful form is obtained by using that
x = x'(t)dt, dy = y'(t)dt, z =z (t)dt.
‘Making these replacementsin the previous integral results in the form

S e A e L e

_ This integral may be written in several different forms. If F = (f, g, h),
hen the line integral may be evaluated in component form as

F -Tds = | fdx + gdy + hdz.
C
fdx + gdy + hdz =F - dr, and we
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x(t),y(t),z(t)), for a <t <Db.
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fdx +gdy+ hdz = | F -dr.
C e G

e
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C
‘a) The quarter circle C; from P(0,1) to Q(1,0) ;

Type equation here.The quarter circle —C; from Q(1,0) to P(0,1) ;
'c) The path C, from P(0,1) to Q(1,0) via two line segments through 0(0,0).
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a) Working in R?, a parametric description of the curve with the required (clockwise)
orientationisr(t) = (sint,cost), for 0 <t < 2m. Along C; the vector field is
F=(y—x,x)=(cost—sint,sint).
The velocity vectorisr'(t) = (cost,—sint),
so the integrand of the line line integral is
. 1'(t) = (cost — sint,sint) - (cost,—sint) = cos?t — sin®t — sint cost.
The value of the line integral of F over C; is expressed in the following forms, where

B T e T e T e e e T e T e T e
o : : :

F = (f,g,h) and C has a parameterization r(t) = (x(t), y(t),z(t)), for a <t < b.
i V3 V3 T

R NN

2 2 2
F-r'(t)dt = | (cos?t—sin®t —sintcost)dt = cos 2t — =sin 2t | dt
0 0

BN

T
2

B e
+ Rt

= [f sin 2t + —cos 2t

B e e e O
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The vector field along the curve 1s
F=(y—x,x)=(sint —cost,cost).
‘The velocity vectoris r'(t)
= (—sint, cost).so the integrand of the line line integral is
- 1'(t) = (sint —cost,cost) - (—sint,cost)
—sin® t + sint cost + cos? t.
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Cheats

e
N wemee

VA T

2 2
F -r'(t)dt = | (sintcost + cos®t —sin®t)dt

0 0
[

2

B R NS SRR XN

—sin 2t + cos 2t | dt

ERCCNC N

0

et

T
2

RS

= [_— coS 2t + —=sin 2t

B

0

B e e

—— COSTT + —sinm —c0Ss0+ =sin0
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The results of parts (a)and (b)illustrate the important fact that reversing the
orientation of a curve reverses the sign of the line integral of a vector field.
The path C, consists of two line segments:
1. The segment from P to O is parameterizedby r(t) = (0,1 —¢t), for 0 <t < 1.
Therefore, r'(t) = (0,—1) andF = (y —x,x) = (1 — t, 0).

. The segment from O to Q is parameterized by r(t) = (t,0), for 0 <t < 1.
‘Therefore, r'(t) = (1,0) and F = (y — x,x) = (—¢t, t).
The line integral is split into two parts and evaluated as follows:

F - Tds = F - Tds + F - Tds

C, PO 00
1

1
= f (1-¢0)-(0,-1D)dt+ | (=t t)-(1,0)dt
0

B N
A : NI

0
1 1

Odt+ | —tdt
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'a) Working in R?, a parametric description of the curve with the required (clockwise)
orientationisr(t) = (sint,cost), for 0 <t < 2m. Along C; the vector field is
F=(—y+x,x)=(—cost+sint,sint).
The velocity vectorisr'(t) = (cost, —sint),
'so the integrand of the line line integral is
. F - r'(t) = (—cost +sint,sint) - (cost,—sint) = —cos?t — sin® t + sint cost
‘The value of the line integral of F over (; is expressed in the following forms, where

= (x(t),y(t),z(t)), for a <t <bh.

2 2 2 1
F-r'(t)dt = | (—cos?t—sin’t+ sintcost)dt = —1 +sin 2t dt
0 0

T
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‘The path C, consists of two line segments:

1. The segment from P to O is parameterizedby r(t) = (0,1 —t), for 0 <t < 1.
Therefore, r'(t) = (0,—1) and F = (—y + x,x) = (t — 1,0).

2. The segment from O to Q is parameterizedby r(t) = (t,0), for 0 <t < 1.
Therefore, r'(t) = (1,0) and F = (—y + x,x) = (¢t, t).

The line integral 1s split into two parts and evaluated as follows:

F - Tds = F - Tds + F - Tds

C, PO 0Q
1 1 1 1

1
=f(t—1,0)-(0,—1)dt+ (t,t) - (1,0)dt = | 0dt+ | tdt =
0
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Let be a continuous force field in a region of and let , be a smooth curve in with a unit tangent
vector consistent with the orientation. The work done in moving an object along in the positive

directionis

b
W=fF -Tds = | F -r'(t)dt.
C

Example Work Done in a Force Field
ind the work done by the force field F = (x, y + 2) in moving an object along the smooth

curve r(t) = (t—sint,1— cost), for 0 <t < 2m.

Solution Clearly we have
F=(x,y+2)=(t—sint,3—cost)and r'(t) = (1 —cost,sint)

2T 2T
F -Tds = F -r'(t)dt = (t —sint,3 —cost) - (1 — cost,sint) dt
C 0 0
2T

(t—tcost —sint+sintcost+ 3sint —sintcost)dt

0
2T
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F -r'(t)dt = | (cost,—sint)- - (—sint,cost)dt
0

T
2

—sin 2t dt
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= (—1,1) andF = (x,—y) = (1 — t, —t). Therefore

1
F-dr=| F -r’(t)dt=f (1—t —t)-(—1,1)dt
0

C2 C2
1

—1dt = [—t]§ = —1.
0
The two line integrals have the same value, which is equal to

Example 4 Line integral of a conservative vector field.
Evaluate

j((ny —z9)i+ (x? +22)j+ 2y — 2xz)k) - dr
C

where C is a simple curve from A(=3, ~2, 1) to 5(1,2,3)

Solution This vector field 1s conservative and has a potential function
(x,v,2z) = x?y — xz? + 2yz. Bv the Fundamental Theorem for line integrals,

f((ny —z9)i+ (x%+22)j+ 2y — ZxZ)k) dr = | V(x?y — xz? + 2yz) -dr =
C

T oy 24
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Since D is a disk of radius
2 and centered at the origin, so 1t 1s given by
0<r<2 and0 <6 < 2m.
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Theorem the line integral becomes,

3dx — x3dy de+Qdy=ff
c D

JJ (—3x% — 3y%)dA
D
21T 2
= —3[ f r3dr do
o Jo

~

e
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pplication of Green’s Theorem
We will use Green’s Theorem to determine the area of a region D with the following double

Area=ffdA.
D

integral
aQ oP

dx 0dy
There are many functions that will satisfy this equation. Here are some of the more common
functions.

PRI S

..;.‘A.
Hides

'We have to take P and Q so that

Area = | xdy = — | ydx = = | xdy — ydx,
C C
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Solution We use either of the integrals above.

1
Area = — | xdy — ydy,
2Jc

where C is the circle of radius a. So, to do this we will need a parameterization of C.
X = acost; y=asint forall 0t < 2m.

iThe area is then

1
Area = = | xdy — ydy
2 )¢
2T 2T

acost(acost) dt — asint(—asint) dt
0

21T
a’?cos?t + a®sin? tdt

2T

a’dt

3 i 25t aTare
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urface Integrals
1s now time to think about integrating functions over some

ffsf(x,y,Z)dS=ffD (x,y, (x,y))V

ere D 1s the projection of S on xy

o e

olution Here we have f(x,y,z) = 6xy and z =

ag ag
a = —1 and@ =

B S G R R N N

s NN
s

jjfxyds =J JD6xy\/(—1)2 + (-2 +1dA.

- We need to determine the region D.
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Theregion D 1s givenby 0 < x < 1and 0 <y <1 -—x. Then

jL6xde = ff 6xyy/ (—1)2 + (-1)2+ 1dA = 6\/_flfl_xxydydx
D 0 Jo

2 1—x

1 1 1
= 6\/_j [— X = 3\/_j x(1 —x)?%dx = 3\/_j x — 2x?% 4+ x3dx
0 0 0

2
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urface Integrals of Vector Fields

Given a vector field F with unit normal vector n, then the surface integral of F over the sur

[[pas= [vnas

where the right hand integral is a surface integral of a scalar function. This integral 1s called
the flux of F across S.
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‘Therefore

R N e oY

surface integral becomes

fdeS= F-ndS = —M
S S D
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In this case the surface integral becomes

~

Cheats

B e e e N N e e o

Example 1 Evaluate [ | ¢ F dS where F = (0,y,—z) and S 1s the surface oriented outward and
given by the paraboloidy = x? + 22,0 <y <1 and thedisk x> +z2 < laty = 1.
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| Solution As noted in the sketch we will denote the paraboloid by S; and the
disk by S, and S is composed of the two surfaces. We will evaluate the s

_urface integral on each and then add the results to get the overall surface int

£ r
H

egral. Let’s start with the paraboloid. In this case we have y = g(x,z) =

x? + z% and the

ag ag
ijdS=fj M-=Z-N+P-Z)dA
s, p,\ 0x 0z

D,

[

surface integral has the form

(0:-2x—y+ (—2)2z)dA = — y + 2z%) dA

(x? + 3z%) dA.

Here D, 1s the disk in the xz-plane with radius 1 and centered at the origin so it is given by
D, ={(r,0):0<r <1 and 0 < 6 < 2mr}. In this case we have x = rcos 6 and z = r sin 6

2 1

ff FdSz—ff (x?+3z%)dA = —f f('r2+2rzsin2 0) rdrdf
g, D,

2w 1

o

1
2sin? ) r3drdf = ——j (2 —cos26)db = ——’29 —Esm 29]
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'So: The cap of the paraboloid. and S is composed of the two surfaces.
We will evaluate the surface integral on each and then add the results to get -
the overall surface integral. Let’s start with the paraboloid. In this case we h
ave y = g(x,z) = x? + z*? and the surface integral has the form

9] d ,
s, ax 0z

ST

(0:-2x —y+ (—2z)2z)dA
Dl

it

(x? + 3z%) dA.

I}

W
e

Here D, 1s the disk in the xz-pn with radius 1 and centered at the rigin 50 it is gienby |
D, ={(,0):0<r <1 and 0 < 6 < 2mr}. In this case we have x = rcos 8 and z = r sin 6
Therefore,

2w 1

JJ FdS = —ff (x? + 3z%) —f f('r2 + 2r?sin? 0) rdrd6
S, D, .

21
2T
—f f(1+Zsin29)r3drd9=——j (2—c0529)d9=——’29——sin29]
0 | .
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In this case we have y = g(x,z) = 1 and so

dg\> [0g\°

9 + (DY) +1]da=da
T o) Tl jesse

B R NS SRR XN
! e

21T 21

[[ras=[[vas[ [ raa=]] ”dd

BN ey

i 12
i

0

B e
alelos

Finally, we obtain

[[ras=] [ ras+ [ [ pas=cnscm=o
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Divergence Theorem
In this section we are going to relate surface integrals to triple integrals. We will do this with!

e

e

Example 1 Use the divergence theorem to evaluate [ | JFdS, where F = xyi — % y4j + zK
— 3x% — 3y?,1 < z < 4 on the top,

d z

414 441 P
SRt T

the surface.
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n E 1s given by (in cylindrical coordinates system):
E={(r,0,2):0<0<2m 0<r <1, 0<z<4-3r?}. Wewill also need the divergen
ce of the vector field
1 5
d(xy) 7Y d(z)

ivF = =y — 1=1.
div P + 3y + 5, Y y +

- would be be a simple solid region and S is the boundary surface of E with positive orientati
on. Let F be a vector field whose components have continuous first
order partial derivatives.

SFdS=JE[ dideV:OfJof
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Around the edge of this surface we have a curve C. This curve is called the boundary curve.
The orientation of the surface 5 will induce the positive orientation of C. To get the positive

orientation of C think of yoursclf as walking along the curve. While you arc walking along the
curve if vour head is pointing in the same direction as the unit normal vectors while the surface i1s
on the left then you are walking in the positive direction on C.

$ ¢ TP : :
B TR LR ey

o~

3i>earsTatie)
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R e

bounded by a simple, closed, smooth boundary curve C with
positive orientation. Let F be a vector field then

S
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‘Example 1 Use Stokes Theorem to evaluate [ |, scurl Fds, where F = z%i — 3xyj + x3y’ka
nd the surface S is the part of z = 5 — x* — y* above the plane z = 1 and oriented upward.

LI
1

£3 (RIS

olution In this case the boundary curve C is the intersection of the surface and the plane z = 1
andso1 =5 — x? — y?, thatis, x?+y* =4 atz= 1.
:So the boundary curve will be the circle of radius 2 which is in the plane z = 1.
. The parameterization of the curve is

r(f) =2costi+2sintj+Kk, for 0=t <2m.
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f fcurl FdS =] Fdr = F (r(t)) - r(t)dt.
S C 0

B Le0s
B s s T e s

~

2is

F(r(t)) =1-i—3(2cost)(2sint)j+ (2cost)3(2sint)’k
=i—12costsintj+ 64cos>t sindtKk,

e T e T e T

F(r(t)) -r@® = ({—12costsintj+ 64cos>t sin®tk) - (2costi+ 2sintj+ k)

= 2cost — 24 costsin?t + 64 cos3t sin3t
2T

jfcurleS = | Fdr = (2cost — 24 costsin®t + 64cos>t sin®
s C 0
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curl FdS = | Fdr = (2cost — 24 costsin®t + 64cos> t sin3 t)dt
C

2T 2T 2T

costdt — 24 cos t sin® t dt + 64 cos3 t sindtdt =

0 0
2TC 2TT

tdt — 24 sin® t cos tdt + 64 cos® t sin3 tcost dt

0 0
2TC 2T

tdt —24 | sin®tcostdt + 64 (1 — sin? t)sin3 t cos t dt

0 0
2TT 2TT

costdt — 24 sin® t cos tdt + 64 (sin®t — sin® t)cost dt

0 0
2TT 2TT

sint]z™ — 24 lzsin2 t| + 64 [Zsin‘L t ——sin®t
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Example 2 Use Stokes Theorem to evaluate | o F dr, where F = z%i + y*j + xk and C is the tr

iangle with vertices (1,0,0), (0,1,0) and (0,0,1) with counter-clockwise direction.
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Solution By Stokes Theorem we have

Fdr=churleS
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Cheats

i+j+k
Fdr=jjcurleS=jjcurlF-ndS=jj((Zz—1)j)- )
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Fdr = ffD(Zz —1)dA = jol fol_x(Zg(x,y) — 1)dydx

1 1-x 1
= f f (1 —-2x —2y)dydx = 1 —2x)y —y?]§ *dx
0o Jo

C

0

1
=j [(1—-2x)(1—x)— (1 —x)%]dx
0
1

1—x—2x+2x%) — (1 —2x+x?)]dx
0

1
=f [(1—x—2x+2x%—1+42x —x?)]dx
0

1
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