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*; Definition:
A infinite sequence is a real function whose domain is the set of all positive
| lintegers. A sequence u can be displayed in the form

B

e
5

e

U | Thevalue u(n) is called the n'™ term of the sequence and is usually written u,, .
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Example 1: If the sequence is simple enough one can look at the first few terms
\and guess the general rule for computing the n™ term. For instance:

. 1,1,1,1,1,1, ....... u, =1
| -1,0,1,2.3, ...... u, =n-2
-2,-4,-6,-8,-10, ...... u, =-2n
| 1,-1,1,-1,1, ... ... u, =(-1)n!
: 1 111 1
P u, =—
2 3 4°5 n
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_ If limf(x) =L, then lim f(n) =

So : X — 00 n—oco

e e R e

e 4n?+1 4% 41

b

‘

o T‘E).cample

Y Example 4: lim

n—0o

.%rf-u : e g gty RSNt

Si'milarly, if

ik 9 T _

; ; ;

s i

4

n2+3n

5

i
i

et

5: lim ‘ln(.n)

n—00

L

A)

not converg

S ager

e

13 '.': ’é&

= lim

x—>00 X2+3x

s "‘%"";E.S ‘2;2?4&

gl_)rglof(x) = o0, then lim f(n)

SR 7
ORI

IS e T

R4t o

)

<. 2!
PR

Rty
i LR

Fntar ’d'. i“s:

RS h s LI e LIzt SRSt Sty
i e RN SRR

n—0o

(A it e Rics

i 3

) 03

Il Example 6: Evaluate the limits || Sol.:

(a) lim

n—>00

n— o

(©)lim (142
n

n—>00o
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(1 +
(b) lim (1 +

n
, Wherec > 0,

C

(@) lim

; n—00

, wherec >0, || (b)lim

n
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T heorem 1:Each of the followmg sequences n'=1*2 * 3 * ek T (1f n>0)

approaches . By convention 0!is defined
i | = o
| limnl=oo, by 0! =

n—oo

| limb™ = o (if b>1), .. |
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In Problems 1-8, find the n' term of the sequence |
111 1 -

24816

2. —1,2,—3,4,—5,6, ...
3111132172 ..
: 2 4 8
4. 2,4,16, 256, ....
1 2 3 4
5, 5
2 3 4- 5
6. 2,510,17,26,37,...
7. 1,3,6,10,15, ...
8. 0.6,0.61,0.616,0.6161, ...
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Given an infinite sequence u,, each finite sum
u1 +u2 +"'+un

_lis defined . This sum is called the n'™partial sum of the series. Thus, with eac
'h 1nfinite series

dneiUp =UuUg +u, + ot uy + oo

ul, uz, (NN un, nen

S$1,S2, e, Syy e, Where S;,=Y 0 Uy = U Uy, + o0+ Uy,

Definition.:The sum of an infinite series is defined as the limit of the sequence
of partial sums if the limit exists,

Yo U = lim (QFp—;ur) = lim §,,.
n—>00 n— 0o
\The series is said to converge to a real number S, diverge, or diverge to o, if
the sequence of partial sums S,, converges to S, diverges, or diverges to oo,

TR B IR




(ol adcensines
iEatie T
Srpamisis !
B R 3 ¢ AT
@ 45 - 3 2 Tt itive . ¢1

Sy e ) g . Q‘x‘ g vt
i TR B AR AR

A s

FeE

GRS

it
i

T

UL

Faee

AP

Ring Saud Univensity

bt

)
"

I

vy iy T
It

L‘;‘
Sald

St edt o]
S

\$
3'5‘. seialset s
-.:::r.,m:;“

413
iRt
LA
L

iy

bogy

£
Sasictons st Wi
3 3
3 323 .A-.‘g
o gfw*r
Al

Sy
e S

s

arg 8
e

b3

TR L;»; .~ JEIE,

¢
[ ‘1,

et B e
TR et an el prataaiaes
A SR
ey

< S
N =
| 1
p—
I

<
w
1
eoo wl HNI

Bl LW RN =

- .

- m

- .

 Pral B 7/leddaoud Gouiliel

” - )

ST Rea
i

L5
et
A OFLE
ekt
i
ks

A

)52

<17Y
SR




el 5005 ST
S R R B T ST SO @ I *wlq’f-i{’*".‘ui?.’

2/ 3 - e as o e e itk ~ f it o atabre -
I R S U e . s 8id e 03t 10 AR IS T L T e AR X SAELE i . e g {08k - w1 s / v 4
s N ¥ LaLert s v y * ~ 3 < 33 'y Sy T 4T (5aataret T = Tes y
Pt : T e L S gt TR S TR R : A e AL AT RS ; it e HHHRSRTE . ¢ IR0 '
£ { : : 3 SRSt K R Ak o ¢ S ‘{ R : LR R b s e 1 O Bl R «“ W (£ > (17 "y
. 3 iz ? R % : S R R AL AATDs ; ; it : / p
IS R e RO e SR R R L e 3 PR S R 5 A o Rtk 254 iy o
RS A e HHA SRR SRR : i RS S LR NSRRI SR : i e St 7
R ;38 HER Gt 40SEE SRR SR e B R L b i i 13,4 $54 R .
St Rt '
’L;"'-’: TSIt L

3t TR
il

u
it
i

RITHE
i e Bty
el ie) ‘:;:.;3‘2'. 2.
e RAnR b 5y
i 4SS St uu.‘};lé;;sf“ St R T T R S 1
“v"v;,".‘d.ny ,2; : A ‘J‘-"} FISaT tof SRR S 133 e Rreits a7
e Bt i3 (Rt Tt
SRR R R

AL s et S LTI RS

St R )

S T R
4 e aidics 6 AT
SR gt LU
RN T
13

35 je (840
ERentel i e A R 30
5 s R R et eered IR

. Firstwe decompose the n""term :

£isneitatiy
A

m+1)n+2) n+1 n+2
We compute the n‘* partial sum S,

Uy

L4

TR

LS aees

AT

[2%)

ITEHLY

PRASCR PN ReaEs

Us

n p+1 n+2’
3 3

n
o _ u = - — —

Therefore the sum of the seriesis

S=1limS§, = lim%——
n—00

<17Y
4144
T T

Ring Saud Univensity



CI0q el Conlliel,

Z
A4 A4A -’ GAS

‘//'_‘\ y l,'\
Letantme af (7%/

lathematicd

- ’ “{ e A

Ring Saud Universcty

(< 4 4% (44 /\/

TIPS NP1 rve ) r g B TIT3 g pire

[For each constant ¢, the series )", c"
1s called the geometric series for c.
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_ TEST 1: n! term test
If lim u, # 0, then the series ¥>0_ou, = u; +u, + ...+ u, + -, diverges.
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2:
1-If |c| = 1,the geometric series )., _,c" diverges.

2- The harmonic series 1 + % + % SRR % + --- diverges.
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. Theorem 3: Suppose ),,_, U, and ),>>_, v, are convergent.
(1) Constant Rule: For any constant ¢, ), cu,, = €Y. Uy, ;
| (ii) Sum Rule: Z%o=1 Un + Vn=2%0=1 un+21010=1 Uns
|(iii) Inequality Rule: If u,, < v, forallnthen )", u, < >, v,.
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series.

RAEAN

3
}
AdE
AL TS
RS20
b3

g

s

iChet) 144l \8% u

(i B
aud University




1AL ¢ N ¢ 32 %)
- &
, - b : 53
= 3 1 12 ¥ L .
§ o = R i
: i3 2 ' 4 f
2 AT &5 EHES % ILAA 20

2

. SR SRpHs G g rz—rﬁweg: sanoy
3z s : R L e R B
2 03798 i . : -y S 8 - €2 3! G007 R Ry
3 i Al £ €2 : S 5 goed BN

TR EnE
TR,
Ao,
gt

7
et
240

5

383

0583
e

0

Ry
N,
.;.4*».}.&»9.

IR
24
S50

-

O R e e e "«i;u"[-'q-! A B . ;v T e T N e R e R R A A L
IR AR I S (e 815 R Attt HAAe i AR Ak B 2% Bra it e A 3 SRS LS At S A
~’~‘1“‘~‘”’?‘z SR ‘}wf&}ﬁ‘%?kﬁ%ﬁ&:‘eé{yg%ﬁ S R R ..-_’szimz}}s,iz;;fii‘ﬁ&“:‘ag%‘&?umm‘:’;_»ze&s.- e R R B

3 3
TSR UL TN 248y

50k
',:_’}:.f' : JERAR DT 411548 -1: 1!:“31‘: Bt
LSt bt

: R R S TS S S
R B S T L Bt

’Z"m".f'r'f *.t%;v‘t.,.,-u,—, AL Ry it
St BEEL S SR Rl

TR HE ST

BEEG TRt ‘.‘x‘.‘n"-'!-?vji

I T e G
SIRRIRIC A 1

CH3E;
¥

DU

i

hesl

3
I

TImvin s,

AT L
stk

smriisirre sty
SRR S

e TRt
L e sy

ot



2rol i Ulcddasud Gonuliiel
Department of Mathematics
Réung Saud Unéverec

it
Trelel

SRS 4 e Sy erita
R st
etaceiiainl SIS 2esiass G atat

I et o

JetanseiesE

it s
¢ Fie 9

TG

e

Let ¥%°_, a, and ¥.°_, b, be positive term series and let ¢ = lim =2 > 0.

n— oo bn
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B RN XN
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-1 by, converges then ),;’_; a, Is convergent,
n is divergent.
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Example 1 For each of the following series determine if the series
2 00 .
; & Zn:ln(n+1) 4
7% N n* +cos?(n)’
e—Tl
n2+2n’
v2n2+4n+1

converges or diverges.
7
2™ sin?(5n)
00 :
8. 2n=1
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ej,gSuppose f is a continous decreasmg functwn and f (x) > 0 for all x > 1.
Then the improper integral f1 f(x)dx and the infinite series }.>°_, f(n)

OO ML
DDV

_ either both conver

rge or both

1
'-'(:()l1\/63r£§6¥5 l

if p>1 and diverges ifp <1

i3 re i(l "
qu.a. i "' (xx'
:’mtm. i i b

Example (p—serles) The Zn 1

Rmepeang
’"M)' ...-.Ef:::ﬁé‘,:‘

."{:{ g'tf\l AR é:l,). ..,n
Rrs i i

..n—-”nf}' e

_1-Case1: p =1, The p series s

o 1

1 .
= - Therefore the series converges.

sauzy
RS AIAR BT
&
ot {Aiasaa
; i

dx—llmf X

1 xP Nn—00 n—>oo

L T ATt

~ * 3-Case3:p <1, The improper integral diverges to oo,

L

=

e f00 1 : :

. | |, =dx = lim f x Pdx = 11m( ) = 00. Therefore the series dlverges.
Y1 xP new n—oo

v 't. X

-Ww_rﬁgwf
; R .« t".‘k}
e S

riiv:}%“ c‘gl :
o A‘¢ s '!g '*'9 # o ‘ 'ﬁt ! : 214 i . 3 : 1.2 3 ; g ¥ £ i
BRI S OB ¢ S ; St BT R BR S : s i R
LR , S il St S ﬁei,?;é-;ﬁ;» :

..z..'ﬁ RIS IRR LY 2 304 st TaRy T 3% 3, £ 3
e TR G TR S T 44 T o 1904 S ihiniay QR araie b & - P '} a:.:uu:r-m:-n-

aﬁiéﬁﬁiﬁﬁﬁff”‘fmf

3
ﬁa DRI
::

SR
Ao SR




PRI RE RIS
Be

i

T REh AT

s

it

e,
3

e
*

54
#
e

44 e

piiits
qg.cx i)

oty lsy

égig:>:¢l.(.lxl). g

v

a2t)

o

iR aiommist

SR

R
SR A
.
. 5 £
i R
fiheindn

i
o

RIS

TS Lob o

B

b

’.;'{l‘l—‘- 4l EL&!{(

3‘: 5 .;;5::

La
i
Ly

ravien:

S

o5t

3
S

TR

i
b

423

e
et

i~

e

WS
Aprpinest

e i he
22 )

,
=
.‘l;é‘ ;!

?

Sairioinds
BT
04

~.§§

AAR .t

55

1t

3 ipenans
Hns
Releen

i
Siny

EhTate ity
B
-
33 e
N
T

K3

3%,
357
o
iy
i

BT

—
—
St

B

Sl

Py
:
R

IS 425
PRIl

: 3
SIS i
LEB

Test the conver

IS L)
4]

L RICESIaG s $ate R Dt
ERERSE R SRR e i
ST

2530

sence of the following series:

£

o5

343

i

SummEREe et e e
i .‘v;iai’ R r’ﬁg. ‘}‘2&;%& e :ZEEJI‘S BT T ST e OO _‘E)S;ggg‘gﬁ& FH e ds e )g_: S s T ey 2E§ i A

S St ; TPREh I SR s RSO SRR R RER I 0 e ey 3

SRR SR Semisaan il 1

5
2
0%

i
: ‘“‘g%‘*" H
e

iR 2

:-
i
13

3’

) ¢
S ; . GLEEHRaTE
i 2 5
Gk ¢
i b L
33 * hy {
i 3
= e
i3 L
"’ 5 & ¢ At 4y J I ]
3 ﬁ. 3 3 Jg
: :
. Sonate 1o

x4
8
A

i
SRHIR IS
4”.

&/ y
(,QL;/:%/L(//%/A&@@ @@{ 23 ; g il SR aGh Giadlias S B
v / | i S X 2%
A Y, ) ¢

o
LSnid At EIp Attt

%,
IR o




3

3
1,

-y gn

45

e

Lree

R

Salaialey
g 2

3,

7
g%
4L,

eyt

sy

¥

358
o
$1537
e
D
#

0%
5

i

%

§
Bk

5

S .35 SR R
L0t L AT e
14 “f‘& 3‘3‘»}" ZE :1“‘;:}‘31;‘

PRI RS At E D

't 1]

s

e di13>:

s

3
et 5!
el

el

I

ST
F0rs
Aty

N
&
g ]

Tl
s ts:
S Pecind

¢ of Wathen

R S

N :0
.

525t
T, ]
31T

S
A

3¢
et

-.i

e

i

SALRAs

ST T, ,{
e
IR RIS e FEN T
SR

FRenE

3

'

o

eyess

Podiesit s
3

&

KR

$eos g;if 1313

TR

Siars T4l
3]

PN

AN
e

STy

a3
b

7S

AR
5T SE4S
<A R
)!'. .'X‘&‘ _'£
33t

Rt

0 2! ""'{’3‘.3’:’-
pis=d)

LRIy

B

a
3%
<

it
e

ouH

ST
o

G SR 3%

S .iiu
25 38 ,’ﬂg‘ﬁf

5

31
<

131aY
"‘»wk QaRs

HH T i
v,ga.“\oﬂ.‘.z;

AR

"

{543

741

ohi s

15203
(3 it
3 3l

¥

i

3

o
.t*v
41l

oot vt LA RTIRCIIEN AT &F N 19 T
R r i A S ST aN ey Fan s arg 18 RaT BEAC 8% pe st R 32520
ki SRR RIS At Ll PO G SIS

S Ty

A
JE
a3

e
S
i

R B
EREREGh
e e R
AT

B

¢ ¥ 3 Ty,
LOBDEECH ORI RS

R L L OB

|

N

it
i

fat
s

st

WIS
«1-,\-:".?.‘ ?.}Z‘."’

SR
e




-
s

TR
et e

o e N T/le0daaya N ol

S22t e te 15

-
+

Fi iRy s : ; HRETEG s
AN Jieinn 3 e ! ; AT 0 it % AEEEe 3
S Fi et I R B pn s et AR R Sl y y
¢ = et $ SRR % : S i 5 O it ) oo e % 1 4is : £ Y 3 (2! : cd
1Tt T e e LIt 390! ; R e B R T T O S ST S 13 15 : e ‘I i
s S e CER RIS it AR e R it i B e RS e i :
TR ¢ IR 303 i5e SRS s ; q’ ana oves s & y
etits ST S 43 Nt s NG GRS G 252 e : 3¢ K0 St at et S dectty HERGE: R 33508 0 . D
SleTeLep st {9818 5158t ST e ey s e e TN $ :
: biatsse 53533 bl 0 ; St LT 3 el i3 NI Lot 3es s 21300 e : e d 6 mm
i A 2R & s 3 Bt e £k 2
! RS TS AR BRI Rt / K :
0 2Ly {2 ;»*‘:» i L, - < i 3

i
N
"

)

i
d R e e SHtces
r8i ) et

E01355)

ptitasost

3
i3 ada
B

TR L Feren - . ¥ LR RIT L feasaR SEIR TN S ariely 41 e eral sty % Jeretat P 2 gt

RN R R I e S R St SRR RS SRERAIG 4
R R ; L R SRA it SRR

it e 3arEete 23 ¢ EHeT e teT 3 ST et
O S e e S b S T L et C TN RS I

i
3 K. 1
g patag bt 1hrs

EeSIICIant T ThOCHBTH : L i 3 gl
R 5 it i I3 i Bt R st

e DG LTS ORI, 52100 51 BN

2431

BRI
SRR

e e B Tt e 2
305 thi i

-
b eatoier]

iezh s

If L > 1,then the series ), _,

HESE
LIS .7
LIS &t Tatee
ERa

L i

30

il st S £ th N 2n+n+7
Example: Test the convergence o e series
| b Y n3 +5n? — 1

Sy

n ot []
a, = lim
1 n3+5n2—

n—00 n—->0o

..




i

TREE 0

2
Y

iy Sau

Fiegese

-

&

R e e
*;1‘;.‘;,‘9 T P I

AR RSN

HETe Rty
S it is eI e aeyd e ke
TRt e T einel

i
7

e

"

o
i

Y

3

o O St
ESECINAERE B

etk alt
AREEED

pevy

2

EOTarLE
o

SERR
LVt
e

&

SRSt R R
S N A T R N et d :

el
A SIS i

3
>

LRy

£
1823 bt

NROTGHEE S
: S
e R TEIOR B e dsics
3 + - et ot s} i W3 % Filasital 2
s ¢ : Sas ¥ . 1% REHE TIRD 3
PRI S eI SISt s ey
AR e ;
Hipae: RESTRIeET it A I,

Ta

St : ALy
D E L e e I8t ek
‘.-""F_e:"z}}’% {ree3 FaH et RS Bt

Passdaes
Tl
At

ek

3
FEEE,
st

Firab g
st
e WAL IO

RIS

Hrres

I 4%
SRS RN
CEITierAieea)




2rol i Ulcddasud Gonuliiel

Department of Mathematics
Tc’ny

Y (=1)™*1q, is an alternating series;
ii. The terms (a,,) are decreasing,a,; > a,
i. The terms approach zero, lim a,, = 0.

n—>0o

Then the series converges to a sum Y.>_,(—1)"*'a,, = S. Moreover, the
sum S is between any two consecutive partial sums,
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Example 2: The alternating series
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diverges. The terms nTH are decreasing, but their limit is one instead of zero,
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. Approximate the series ) > 1( 1)"*1n=3 to two decimal places;
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: 3 4 :
bproximate the series 1 — = + — — —%_ + ... to four decimal places;
10 = 100 1000

(-)"
n!
pproximate the series Y>>, (—n)~"™ to three decimal places.

broximate the series Y., to two decimal places;
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A series Yo 1 ay is said to be absolutely convergent if its absolute value
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series Y, |a,| is convergent.
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exists or 1s oo,

a
uppose that the limit of the ratio lim %n+y

n—oco |an

If L < 1, the series )., a,, converges absolutely,

If L > 1, or L = oo, the series diverges.

If L = 1, the test gives no information and the series may converge

. absolutely, converge Condltlonally, or diverge.
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A, X" =ag +a;x +ax*+ -+ apx™ + o,

n=0

'he nt" finite partial sum of a power series is just a polynomial of degree n,
n

apx®=ay+a;x+a,x*+ -+ a,x™

R R R D S

0.0)

a,x" =ay+ax+a,x*+--+a,x"+ .

n=0
ne series converges absolutely at x = 0 and diverges everywhere else,
ne series converges absolutely on the whole real line (—o0, o),
o ne series converges absolutely at every point in an open interval (—r,7)
| and diverges at every point outside the closed interval [—r,7]. At the
_ Endpoints —r and r the series may converge or diverge, so the interval

e

_of convergence is one of the sets
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.| Absolute Ratio Test the series converges for |x| < 1 and diverges for
E 1,so the radius of convergence isr = 1.
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Example 4 Find the interval of convergence of
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Solution. For all x # 0 we have

n+1
lim LD i (4 D) Jx| = 0 > 1
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By the Absolute Ratio Test the series diverges for all x # 0 and the radius |
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Yoo @, x™ and the interval of convergence is simply moved over so that
its center is ¢ instead of 0. For example, if }.>°_, a,, x™ has the interval of
convergence (—1,r], then ¥>_, a,, (x — ¢)™ has the interval of
convergence (¢ —r,c +r].
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ple 5. Find the interval of convergence of
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(x+5)"=1+=(x+5)+

n=0

n+1)!(n+1)!'(2n)!
(2n+ 2)! (n!)?
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By the Absolute Ratio Test the series converges for |x

0
2

B

3

for |x +5| > 4.
The radius of convergence is r = 4 and interval of convergence is centered

at —5,thatis,x € (—9,—1). We note that
1 1\"

n)? 1122 n n
2n 2 2

2n)! 1 2 3 4 2n-—1

I herefore atx = —9, the series becomes
n? n . 1 W n . n
( ) ( 1) >Zn=0 ( 1) _Zn——O( 1) )

o ﬂ ( + 5)”— o L
Zn=0 (2n)! X N Zn=0 (2n)!
and at x = —1, the series becomes
S0 (x4 5)'= By B8 (4> 32, (1) (=2, (1)
n=0 (2n)! n=0 (2n)! n=0 \ 4 n=0 .
By Basic Comparison Test these two series are divergentand hence the inter

val of convergence is (—9, —1).
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Theorem. Suppose that f(x) is the sum of a power series , i.e
o

(x) an xn)

iy

2
G14

TSt

n=0
‘with radius of convergencer >0 and let —r <x <r. Then:
a) f hasthederivative f'(x) =Y, na,x"*;
f has the integral foxf(x)dx = Z,‘;":O%X"“ ;
The power series in (a) and (b) both have radius of convergence r;
The nt" finite partial sum of a power series is just a polynomial of
degree n,

n
k — 2 n
Zakx = Qg T A1 X + A, X" + -+ a,x".
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Differentiate a power series;

Integrate a power series;

Substitute bu for x;

Substitute u? for x;

Multiply a power series by a constant;

Multiply a power series by x?;

Add two power series.

, and g) may change the radius of convergence.

We will use the following methods:
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Power series are one of the most i m'pc')rta‘n
in mathematics. Consider a power series
| f(xX)=X% ga,x"=ayg+a;x +ax*+ -+ a,x™ + -
. The partial sums give approximate values for the function,
n
f(x) = apx® =ag+a;x +a,x?+ -+ a,x™
k=0 R I S
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_ We use the power series for In(1 — x),

In(1—x) = —x———— - — g 4
e n

Setting 1 — x = 1% gives x = —% ,
1 1 1 1

4

1
1 11 =——_ — —— — 0 O O
(1) =5-s2t3 5 116 T 5 32

’This is an alternating series. The last term shown is less than 0.01,
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2-4 3.8 4-16° 0 —5.32
or This is an alternating series. The last term shown is less than 0.01,

| In(1%) = 0.401, error < 0.006.
hectual value is In

al value (1%2) ~ 0.405.

FuREaaR AT 3z i TR Rt E I Tt et at 3 Sl TSI R T
PRIt BTN S TR e RLRE P AT AT AT 413 Tt We PSP A T By TS T4 T4 S T T b 14 T TR0 4 e Tl THA SR 30

Tt TR R

T LTI T
3481250092 SEDn A

The power series for tan™*
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x Is tan™

i =1 5 1112, 1
DElifing 27 = ;0 8lves  tan (2) 2 38 532 7128 | 9512
This is an alternating series. The last term is less than 0.001,

~ (). 2.
9512 0.000

< 0.0002.
3.8 5.32 7-128 OF=
= 0.4635, error < 0.0002.
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This series is called the Taylor series for the function f(x)

about the point x = c. When ¢ = 0, Taylor series is called MacLaurin series

and becomes
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Example 2. Find MacLaurin series , for the function f(x) = e*.
Sol. The n" derivativeis f™(x) =e*, f™(0) =1. Then
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Example 3. Find Maclaurin series , for the function f(x) = sinx.
Sol. The nt" derivative of f:
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Sin x,
COS X, f'(0) =1.

"(x) = —sinx, f"(0)=0. f‘.‘
) (x) = —cos x, 3)(0) = —1.
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