Q1

(a)

M 106 - INTEGRAL CALCULUS
Solution of the first mid-term exam
First semester 1439-1440 H
Dr. Tarig A. Alfadhel

. (34342 Marks)

4z?
1
It F(x) :ln|2x|/ (1+)" dt . Find F’ (2)
1

Solution :

, 2 4z? o\ 10 d 4> o 10
Fl(a)= (o (1+6)" di+n 2] | — (L+¢%)" dt
T 1 T J1

1 [ 10 10
:7/1 (14" dr 2] [0+ (42)2) (50)]

X

4x
- ;/ (1+)" dt +8xn 22| (1+ 162*)"°
1

1

F (2) :2/11 (1+6)" dat+ @1 (2 =0

1
Note that / (1+ t2)10 dt =0 and In(1) =0
1

2
Use Riemann sums to find the value of / 322 dx

0
Solution : [a,b] = [0,2] , f(z) = 322 .

Am:b—a:2—0:
n

2
n
2 2k
Using the right-end point of the sub-intervals.
- - 2K\~ 2
Ry =" f (i) AIZ[3< ) 2
k=1 k=1

:% nn+1)2n+1) _4

2 — 4k2 24 &
()= mw

k=1

(n+1)(2n+1)

n3 6 n2
2 1)(2n + 1



s
(¢) Use Trapezoid rule with n = 4 to approximate the integral / sinz dx
0

Solution : [a,b] = [0,7] , n =4, and f(z) =sin*z .

b—a 7m-0 m
Ax — - -z
T 1 1
0| O 0 1 0
T
%_ 4 2
2 = 1 2 2
3271' 1 1
°c - ) -
4 4 2
T 0 1 0
3
R m—0 3
sin® ¢ dr = (3) = — ~ 1.178
/0 (2)(4) 8

Q2. (2+3+3 Marks)
(a) If f(z) =log, (sin™"z) , 2> 0. Find f'(z).

Solution :

—In|z|

dx

(b) Compute the integral /

4- In |z| 1
Solution : / dx = /4_1““”‘ — dx

x T

1 4—ln|x\
S RS S R
/ ( x) v In4 e

ol @)

Ina

Using the formula /af(x)f'(:zr) dx = + ¢, where a > 0

(c) Ify:xQIZ(x—l)% ,z>1.Find ¢/.

(NI

Solution : y = 22*° (x — 1)% = Injy|=In ’mQ‘”Q (x—1)

3
2

:2x21n\x|+gln|x—1|

-Hn‘(x—l)

= Inly[=1In ‘x%Q

Differentiating both sides with respect to z :



Q3.

()

/

1
r—1

1 3
= (4xln|x| + 222 ) + =
T 2

3
"=y (4x1 %4 ————
G )

3
y' :xsz(l‘— 1)% <4xln|x| + 2z + = 1)>

(34343 Marks)
2x 4+ 3
Evaluate the integral | ——— dz
& V4 — x2?
2¢+ 3 2x 3
Soluti — d
olution : —x2 <\/4—x2+\/4—x2> X
= [ 22(4 - ~3 dm—|—3/
/ vt
:—/(4—1'2) (= dx+3/\/7
(4—a2)2 x . (T
=— ——5—— +3sin” (7)+c:—2\/4—x2+3sm (7)—1—0
5 2 2
[f ()]

Using the formula / [f(@)]" f(z) doe = +c, where n # —1

n+1

J s e ()

where ¢ > 0 and |f(z)| < a .

and the formula

x

Find/  dx
7+ e”

x

. ez e%
Solution : / - dr = / — dzx
e T T )

_ /(¢;;+gfdx:2;%&m4(i2)+c

!
Using the formula / L)Q dr = 1 tan ™ (f(z)) +c, wherea >0
a?+ [f(z)] a a

sin x
Compute the integral / ——— dx

/ecosx — 1



sinx

dx

Solution : /& dx —/
: cosz _ | - | 2
Ve \/(82 cosw) _ (1)2

1 . 1 .
e2CoST oin g 62‘305ch (—% Sll’lﬂ?)
= dr = -2 dx

e%cosm \/(eé 0051)2 _ (1)2 e%cosz \/(65 0051)2 _ (1)2

_ 1
= —2sec”! (e?cosr) +c

Using the formula / o) f;((i))]z — dr = 1 sec™! (f(x)) +c,

where ¢ > 0 and |f(x)| > a .




Q1.
(a)

M 106 - INTEGRAL CALCULUS
Solution of the second mid-term exam
First semester 1439-1440 H
Dr. Tarig A. Alfadhel

(24343 Marks)

dz
e~ve?r —1

[ / 1 o
e—xm e < \/m
/ dz = cosh™ (e¥) + ¢
Jer-w

where ¢ > 0 and |f(x)| > a .

Evaluate the integral

Solution :

dz = cosh™! <f(x)> +c,

a

Evaluate the integral tanr__
valuate the integra —_— dx
& V4 — costzx
tanx tanx
Solution : dr = / dx
Vi — cost 1,
- cos (2)2 — (cos? z)?

sinx cosx sinw
= / dx = / dx
cosx 1/(2)? — (cos? x cos?x 1/ (2)2 — (cos? z)?
1 / 2cosz (—sinx) 1 1 _ [cos’z
=—= — | —= sech +c
2 2, / 2, 2 2 2
cos (cos

1 2
= 1 sech™? <COS2 x) +c

Using the formula / (@) dx = ! sech™* (f(x)) +c,
fa)yfa2 = [f(@) ‘

where a > 0 and |f(x)| < a .

Find lim <1 _1 )
z—0+ \x sinz

Solution : lim <1 _1 ) (E)
z—0+ \ & sinz %)




Q2.

. 1 1 . sinx —x 0
lim | — — = = lim —— —
z—0+ \x sinx z—0+t T sSinx 0

Using L’Hopital’s rule.

. sinx —x . cosx —1 0
lim _ = lim _— e
rz—0+ T sinx z—0+ sinx + x cosx 0

Using L’Hopital’s rule.
cosxt — 1 . —sinx

lim ——————— lim -
e—0+ sine + 2 cosx  z—0+ cosx + (cosz —x sinx)

. —sinz 0
= lim - = =0
z—0t 2c0Sx — x sinx 2—-0

Therefore, lim <1 1 )0

z—0+t \ & sinz

(342+3 Marks)
Evaluate the integral / e?Tsinz dx

Solution : Using integration by parts twice.

u=-sinz dv = e?* dx

621

[N

du=cosx dr v=

. 1 . 1 1 . 1
e sing dr = —e* sinz— | =e** cosz dr = —e*® sinz—=
2 2 2
U = COSXT dv = €** dx
. 1
du = —sinz dx U:ieh

. 1 . 1
/62‘” sinz dr = 5621 sinx — 1629’: coszT + ¢

411 1
/623” sinz dz = R [262”: sinx — Zezx cos T + c}

Evaluate the integral / sectz tan” x dx

Solution : Put u = tanz = du = sec’z dz

2x
d
2/6 COST ax

1 1 1
e**sinx dr = 5621 sinz — — |:2€2I cos T — / 562m(—sinx) dx}



/sec4x tan” z dx = /sec2 x tan” z sec® z dz

:/(1+tan2x) tan” x sec? x dz:/(1+u2)u7 du

Evaluate the integral /
m3\/x2

Solution : Using Trigonometric substitutions.

Put £ = 2secd =— sech = g

dzr = 2secf tanf do
2secl tanb

/xBW /zbece st =1

7/ 2secf tanf dgfl/ tan 6
8sec? Ov/4dsec? § — 4 4) sec? /4 (sec2 —1)
:1/ tan 6 d 1/ tan 0 dé):l/ 1 20
sec? 04 tan2 4 | sec?6(2tan0) 8 ) sec2d
1 9 1 14 cos 26 1
8/cos d 8/( 5 )d % (14 cos20) d

1 sin 26 1 2sin6 cosd 1 )
16[0+ 5 }+cl6{9+2}+cm[9+sm0 cosf]+c

2
Note that x = 2sec — secﬁ—E — 0 =sec” 1 E) , also cos = —
x

Aw—

From the triangle : sinf =

1 71<z>+ 2 —4 2
23V —4 16 see 2 T T




Q3. (3+3+3 Marks)

622 8
(a) Evaluate the integral / % dx

Solution : Using the method of partial fractions.

62> +2+8 6r*+x+8 A Bx+C
w3+4r  x(x?4+4) 0 a2+4

62° + 2 +8=A(z>+4) + (Bx + C)x = Az® + 4A + B2 + Cx
622+ 2 +8=(A+ B)z? + Cx + 44
By comparing the coefficients of the two polynomials in both sides :

A+B=6 — (1)
C=1 — (2)
4A =8 — (3)

From Eq(3) : A=2
From Eq(1) : B =

/6x2+x—|—8dx_/ g+4m+1 dw—/gdx+/4x+1dx
3 + 4z n r x24+4 " 244

2 4x 1
—[Z4 Ty 4

/x er/962—1—4 m+/x2+4 o

1 2x 1
—of Zarv2 | -2 g -4

/x v /1‘2+4 ij/(90)2+(2)2 !

1
=2In|z|+2In (2* + 4) +§tan_1 (g) +c

dz
(z+1)8 —(z+1)2

6

(b) Evaluate the integral /

= dz = 6u® du

dx 6u® 6u®
5 T = 5 T du= [ ——= du
(x+1)6—(1'+1)2 (u6)6_<u6)2 u’ —u
6ud u? (u?—-1)+1
= [y =y = [ F T

u?—1 1 1
= - 4 — 1—
6/<u2—1 u2—1> du 6/( 1—u2> du

=6[u—tanh " u] +c=6 {(m—l— 1)s — tanh™* ((x—l— 1)é)] +e

Solution : Put x +1 =




dxr

Evaluate the int 1 P e—
(¢) Evaluate emegra/2+cosx

Solution : Using half-angle substitution.
x
Put u = tan ()
ut u = tan | o

1—u? d 2
2 dr= 2
14+u2’ 14 u?

_2 _2
/2+d(i)sx :/ <2<_~1_+:32) du/(2(1§-;—)11)u2> du

du

COsST =

14+u2 14+u2

2 2 1
/2+2u2—|—1—u2 b /u2+3 b /(u)2+(\/§)2 b

=2 %tan*l (\%) +c= %tan*l (\}g tan (g)) +c




M 106 - INTEGRAL CALCULUS
Solution of the final exam
First semester 1439-1440 H
Dr. Tarig A. Alfadhel

Q1. (242 Marks)
4
(a) Approximate the integral / v 23 + 8 dx using Simpson’s Rule with n = 4
0

Solution : [a,b] =[0,4] ,n =4, and f(z) = Va3 +8.

b—a 4 -0

A = = —— = ]_

* n 4

n | T | f(zn) [ m | mf(z,)

010 22 | 1| 2.82843

111 3 4 12

2] 2 4 2 8

3|1 3| V35 | 4] 23.6643

41 4| 6v2 | 1| 8.48528

54.978
4
4-0 54.978
Va3 + 8 dr ~ ——(54.978) ~ ~ 18.326

/o 3 + 8 dx 300) ( ) 3

(b) If F(z) = (2+sinz)® , find F'(z)
Solution : In |F(z)| =In ‘(2 + sin x)eT‘ =¢e”In|2 + sinz|
Differentiate both sides with respect to x

F'(x) , cos
=e’In|2 +si | ——
F(x) ¢"n[2+sinz|+e 2+sinx

xT
F() = F(2) ( In |2 + sinz| + 2+)

. xT
F'(z) = (2+sinz)° (ew In|2 +sinz| + eCO,SQj)
2+sinx

Q2. (3+3+3 Marks)

(a) Evaluate the integral / (3" +377+2) da

Solution : /(3’”—%3_”’—1—2) dx:/?)”’ daﬁ—&—/S_‘T dx+/2da:

10



Q3.

= [3"dz— [ 37" (-1 2dy = — 2
/3 dx /3 ( )da:—i—/ dx 3 1n3+ x+ec

f(=)
Using the formula /af(m) f(z) de = aln +c, where a >0

Evaluate the integral
& / R /22m

. 27
Solution : /W /\/2937 dﬂﬁ—/(270)2_(1)2 dx
2% In2 1
ec” (2%) 4+ ¢
"2 / oz / 2$
Using the formula / () dr = 1 sec™! <f(x)) +c,
fl@) \/[f (@) = a? ¢ ¢

where a > 0 and |f(z)| > a

Evaluate the integral

| i

T 1
/ﬁm:/ﬁm‘“

:2/<2\1/E>2 dz = 2sinh™! (\/5) +c

Solution :

Using the formula

dz = sinh™! <f(x)>+c , wherea >0

/ f'(x)
Va2 + [f (@)
(3+3+3 Marks)

Evaluate the integral /
& x\/4 — 6

Jtn S

Solution :




Using the formula / f'(x) dx = ! sech™* (f(x)) +c,
f(x) \Ja? = [f(2))? ¢

where a > 0 and |f(z)| < a

dzx

Evaluate the integral / EE—
(@ -1

Solution : Using trigonometric substitutions.
Put x = secd

dr = secf tan6 db
/ dx i :/ sec tan@3 dez/secﬁ tansﬁ dez/secﬁ ganﬁ a0
(22 —1)2 (sec2f —1)2 (tan?6) ® tan” ¢

1 2
:/ sec d9:/se09 cot? 6 d&:/ cos 6 d9:/ €030 g
tan® 0 cosf sin” 0 sin” 0

—/(sin9)72c059 dG—M—i—c——
N -1 ~ sinf
Note that x = sec — cose—f — sinf = 1— =4/1 ——2
T \/ T
21 \/ 1
— sinf = 5
T T 81110 x2—1
/ dx _ T Lo
(mQ—I)% z?—1
4z
Evaluate the int l [ ——————— d
valuate elnegra/(x_l)z(x+1) T

Solution : Using the method of partial fractions.

4z A i Az i As
(z—12@x+1) z+1 2-1 (z-—1)2

4a* = Ay(x — 1)? 4+ Ag(z — D)(z + 1) + Az(z + 1)
433‘2:A1 (.’132—237+1)+A2 ($2—1)+A3(.’E—|—1)

41)2 = A1$2 - 2A11‘ + Al + AQ.’L‘Q - A2 + A3$ + A3
= (A1 + AQ) [IJ2 + (—214.1 + Ag) x + (Al — A2 + Ag)
By comparing the coeflicients of the two polynomials in both sides :

A1+A2:4 — (1)
—2A1+A3=0 — (2)
Al — Ay +A3=0=0 —>(3)

12



Q4.

Adding the three equations together: 243 =4 — A3 =2
From Eq(2) : —24; +2=0 = A; =1
From Eq(1l): 1+ Ay =4 = A, =3

/ Aa? p _/ 1,3 2 4

-12@+) ") er1 T 1 T @2 ™
1 3 2

—/Ld +3/Ld +2/( —-1)7%d

= x—i—l X r—1 X x X

— 1)t 2
u—kc: In|z4+1|+3ln|z—1]———+c¢
-1 z—1

=ln|z+1|+3In|z—1|+2

(34+3+2 Marks)

(o)
Does the integral / (14 2z)e™ dx converge? Find its value if it does.
0

Solution : Solving the integral /(1 + 2x)e™ " dx by parts :

u=14+2xr dv=e*dx
du=2dxr v=-e"%

/(1 +2z)e”" do = (14 2z) (—e™ ") — /2 (—e™™) da

=—(142x)e " — 2/ (—e™®) do=—(1+2z)e * =2 " +c

2 3
= e (4 2) + b= -
= ! . 2z + 37"
/ (14 2z)e™" dr = lim (1+2x)e™® do = lim ([— vt }
0 t—o00 0 t—00 er 0
o 2 +3 2(0) + 3\ _ B
thngo( o ( o ))0<3>3

oo
The integral / (14 2z)e™® dx converges, and its value is 3.
0

2t +3
t

Note that tlim (— ) = 0 by L’Hopital’s rule.
— 00

Sketch the region bounded by the curves y = (x —1)? ,y =3 -2,y =0
and find its area.

Solution : y = 0 is the z-axis.

13



y = (z — 1)? is a parabola with vertex (1,0) and opens upwards.

y = 3 — x is a straight line passing through (0, 3) and its slope is -1.

ar

y=0

Points of intersection of y = (x — 1)2 and y =3 — z :

2_9%p+41=3-2 = 22—2-2=0

(x—1)?=3-2 = =«
= (z-2)(z+1)=0 = z=-1, =2
Point of intersection of y=0and y=3—-2:3—-2=0 = x =3

Point of intersection of y=0and y = (z —1)?: (z - 1)? =0 = z=1

Area:/12(33—1)2 d:c—i—/:(?)—x) dx = F‘”‘SI)T} [3;5—””;]2

AR RCHRE RN

(¢) Set up an integral for the volume obtained by revolving the region bounded
by the curves x = y? +2 , x = 4 — y? about the line of equation z = —1

Solution :
x = y? + 2 is a parabola with vertex (2,0) and opens to the right.

x =4 — y? is a parabola with vertex (4,0) and opens to the left.

>~ _ 1

x=-1

Points of intersection of z =2 +2 and x = 4 — 32 :

14



Y H2=4—9y = 22 -2=0 = > -1=0
= W-Dy+1)=0 = y=-1,y=1
Using the washer method :

vz7r/1 {((4—y2)+1)2—((y2+2)—|—1)2} dy

-1

Q5. (3+3+3 Marks)

43
(a) Find the length of the curve given by the equations x = 5Y=
0<t<1

~
wlo

NeR il V)

3 dx
Solution : ©z = — — — =¢2
olution X 3 dt
2 9 dy 7
= Z¢2 2 —t2
Y=9 dt

() ) o= [ e
:/1mdt:/ V(1 +13) dt = / 2] V/1+ 3 dt

0
:1))/01 (1+t3)% (3t%) dt =2 |5 :%g [(1+t3)%]
-5 [0 -5t -] =5 (o)

(b) Sketch the region that lies inside the curve r = 3 4+ 3cos € and to the left

of the line 6§ = g and find its area.

Solution :

r=3+3cosf

15



r =34 3cosf is a cardioid symmetric with respect to the polar axis.

0= g is a straight line passing through the pole and perpendicular to the

polar axis.

Note that the desired region is symmetric with respect to the polar axis.

A:2<;/7r (3 + 3cos ) d@) :/ﬂ [3(1 4 cos0)]* db

™ ™
2

i i 1+ cos 26
2/ [9(1 + 2cos 0 + cos® )] daz/ 9|:1+2C089+(+C2OS>:| a0

2 2

T3 cos 20 3 . sin261"
9/1; <2+2c059+ 5 )d9—9{29+251n9+ 1 }

[ -Cral o)

(c) Find the area of the surface obtained by revolving the curve r = 8 cosf ,
0<6< g about the y-axis.

d
Solution : d—g = —8sinf

S.A = 27r/2 |8 cos@ cosd \/(8cos 0)* + (—8sin6)* db
0

= 27r-/5 |800829| \/6400529+64Sin20 df = 27r/5 800520\/64 (00520+Sin2 0) do
0 0

3 3 /1 52 3
= 277/ 8cos? 6 (8) df = 1287r/ <—|—c2050> do = 6471'/ (14 cos26) df
0 0 0

sin 29} 2

= 647w [0 +
0

— 6dn Kg +0) - (0+0)} — 3272

16



Q1.
(a)

M 106 - INTEGRAL CALCULUS
Solution of the first mid-term exam
Second semester 1439-1440 H
Dr. Tarig A. Alfadhel

(243+3 Marks)

tanz
Find the value of F'(0) if F(z) = (cos x)/ V14t dt
0

tan

Solution : F'(x) = % {(cos x)

V1+¢? dt}

0

tan tan

d
= (—sinx) V1412 dt + (cosx) e V142 dt

0 0

tanx

= (—sinz) V1+t2 dt + (cosz) (\/ 1+ tan®z sec? J:)

0
tan(0)
F(0) = (- Sin(O))/O V1412 dt + (cos(0)) ( 1 + tan?(0) Se02(0)>
=(0)(0)+ (1)v1+0(1) =1

Evaluate the indefinite integral / d7$2 , x>0
Vz (14 /)
dz -2 1
Solution:/iz/l—i—ﬁ — dx
Vz (1 +vz)? ( ) e

o1 (1+z)~ ! )

=2 1 —dr =2 ——— =
/( Jr\/E) NG x 1 +c 1+\/5+c
. n ey de = L@
Using the formula [ [f(2)]" f'(x) dx = a1 + ¢, where n # —1
n

x

Approximate the integral / T dx using Trapezoid rule with n = 5.
0 x
Solution : [a,b] =[0,5] , n =05, and f(x) = 2
* Y - ) Y - ) - 1 +x *
Am:b—a: 57021
n )

17



n| xy | flzn) | m| mf(z,)
0|0 1 1 1
171 1 2 2
2|2 | 1333 |2 | 2667
3|3 2 2 4
4| 4 3.2 2 6.4
51 95 (58333 |1 5.333
214
/ 2 dx =~ ﬂ(21.4) ~ 214 ~ 10.7
0o 1+ (2)(5)

Q2. (3+2+3 Marks)

(a) Evaluate the integral /(1n|x| +1) 3=zl gg

d 1
Solution : Note that e (zlnfz|) = 1) In|z| + = o In|z|+1

3zln\z|
/(ln|z|—|—1) 3einle] dx:/?)xln'“"‘ (In|z|+1) do = o3 +c
of @
Using the formula /af(x) f(z) de = e T where a > 1

x(z? +1)3

. z(z? +1)3 r(a? +1)°
Solution : Infy| = In | —e—mx| = In| =
olution : In|y| =In Pr—1 (2510—1)i

In|y| =In |:c(x2 + 1)3| —In ‘(2x — 1)%

Iny| = In|z| 4+ In|(z* + 1)°| —111’(21‘— 1)i

1
In|y| = In || +3ln’m2 + 1‘ — Zln|2x -1
Differentiating both sides with respect to x :
y 1 2 1 2
43 =_)_-Z
Y 33+ ($2—|—1> 4 \2x—1

S L
R | 22z —1)

, w(2?+1)° 1 6x 1
T O Yr—1 |z x2+1 dx—2

18



()

Q3.

Compute

Solution :

sec2 x

\/ anw

beC T

beC X

V9 —( tanx v/ (3 tanx

— gin-! tanx te
N 3

Using the formula

J e (5)

where ¢ > 0 and |f(z)| < a

(3+34+3 M

1
Find [ ————— d
o /m\/16x4—1 v

Solution :

arks)

1
/ zv1624 — 1

4z

B / (4a)
S w e

Using the formula /

\/ (422)?
\/ (422)?

dr =

1
/x\/(4x2)72_1 dx

x(2)
/4902\/ 422)

— sec (4x2) +c

f@)y/[f (@) = a? ¢

where a > 0 and |f(z)| > a

Evaluate the integral /

Solution :

1
= 3 cosh™

x
— dz
/ Vb — 25

3
(5)

Using the formula /

where a >

\/j

1 32
=— | ——=drx
i/ (2)? = (5)2

0 and |f(x)] > a

19



dx

(¢) Compute /

zln|z|\/1 - (In|z))*

/a:ln|x|\/ (In|z|)* /ln|x| — (In? |x|)
Y ST Y S T
In? |z]y/1 1n2 |x| In? |z]4/1 1n2 |x|

(—sech™" (1112 z])) +c= —%sech_1 (ln2 |z|) + ¢

Using the formula / (@) dx = —lsech_1 (f(x)) +c,
f(@)yfa2 = [f(@) ‘ ‘

where ¢ > 0 and |f(z)| < a

dx

Solution :

N | =

20



Q1.

(a)

M 106 - INTEGRAL CALCULUS
Solution of the second mid-term exam
Second semester 1439-1440 H
Dr. Tarig A. Alfadhel

(243+3 Marks)

/ sin(t?) dt
Find lim %

z—0 1’3

/ sin(t?) dt 0
Solution : lim 2&— ()

x—0 x3

Using L’Hopital’s rule.

0

lim = lim 5
x—0 1,‘3 x—0 3x

/Oz sin(t?) dt _sin (a?) (0>

Using L’Hopital’s rule.

: 2 2 2 (2 5 1

o S0 (z?) _ iy 2% C08 (z?) — i cos(z?) _ cos(0) 1

z—0 3z2 0 6z z—0 3 3 3
/ sin(t?) dt 1
Therefore, lim 073 = -
z—0 x 3

Evaluate the indefinite integral / cosh ' 2 dx

Solution : Using integration by parts.

u=cosh !z dv = dx
1
du= ———dz v==x
2 —1
-1 -1 1
/cosh x dx = x cosh x—/xid:c
2 —1

1 _1
:xcosh_lei/(xzfl) ? (22) dx

1

2_1 2

f% u+c:xcosh_lx7\/wzfl+c
2

Compute the integral /(sin z)3(cosz)” dx

Solution : Put u =cosxz =— —du=-sinz dz
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/(sinx)3(cosx)7 dx = /sian cos” x sinz dx
= / (1 —coszx) cos” x sinx dr = —/ (1 —u2) u” du

8 10 8 10

7 9 U U cos®r  cos T
= — — d = — _—— — —_ —
/(u u) U <8 10)-1—0 3 + 10 +c

Q2. (3+3+2 Marks)

dx
(22 +4)°

Solution : Using Trigonometric substitutions.

(a) Evaluate the integral /

Put x =2tanf — tanezg

dx = 2sec? 6 db

/ dx 2:/ 2sec? 0 2d0/25ec292d9
(22 +4) (4tan®6 + 4) 4 (tan?60 + 1)]
2 2
:/ﬂ%dgz/mdgzl/ 1 d0:1/60s20d0
[4sec? 0] 16 sect 0 8 ) sec?d 8
1 1+ cos 26 1 1 sin 26

1 ( 2sin 6 c050>
= — 9+7 +c=

1 (0 +sinf cosb) +c

16 2 16
’LXD(
*
X
0
2
From the triangle : sin x cosf 2
rom riangle : sinf = —— = —
& vz 44 VaZ 44
Note that tanH—E 0 = tan™ <E>
2 2
[ == G) v vl
(x2+4 16 2 2+ 4
=Ly 1( )+ +
~ tan il -
160\ 8x2+4 ¢
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(b) Find / _dr

x4 + 22
Solution : Using the method of partial fractions.

1 1 _A1 A2 B$+C

ri4+22 2222 +1) x 22 2241

1=Ayz(a? +1) + As(2? + 1) 4+ (Bz + C)a?

1=A2% + Az + Asx® + Ay + Ba® + Cx?

1=(A1+B)a® + (A2 + C)2® + A1z + Ay

By comparing the coefficients of the two polynomials in both sides :

A1+B=0 — (1)

Ay +C=0 — (2)
Ay =1 — (4)
From Eq(1) : B=0
From Eq(2) : C = -1
dz 1 -1 1
[ — . d — —2d _ d
/x4—|—x2 /<m2+m2+1) v /x . /x2+1 .
—L_l t -1 _ 1 -1
= —tan x4+ c=———tan " +c
1 -
d
(¢) Compute /%
s + 3
Solution : Put 2 = 8 — u = 26

dz = 6u® du

dx 6ud 6u®
T - = - - du = 5 du
xrs +x3 (uG)E + (u6)§ U+ u
6 5 6 4 4
:/Ldu:/iduzﬁ/u du
u(l 4 u) u+1 u+1
Using long division of polynomials
4 1
6/ Y du:6/ Wl tu—1+ du
u+1 u+1

ut wd P
= (4—3+2—u+ln|u+1|>+c

3
:§u4—2u3—|—3u2—6u+6ln\u+1|+c

() 2o o) -t o

x%Jrl’Jrc

23



Q3.
(a)

23 — 222 + 323 — 626 +61In

xﬁ +1‘—|—c

(3+3+3 Marks)

dx
Find
1n /3—|—cosx—|—2sinx

Solution : Using half-angle substitution.

Put v = tan (£>
2

2 1 —u? 2
v cosgc:iu dr = —— du

Smx:lJruQ7 14u2’ v 1+ u?

/ dzr / <1+2u2)
- = du
3+ cosx+2sinx 3+1 u2+2( )

1+u2
2
(1+u2) 2 2
_/ (3+17u2‘+4u) du_/—u2+4u+4 du_/4—(u2—4u) du
14+u2
1
=2 d
/8—(u2—4u+4 / \f u_g) B

=2 %tanh*1 ( ) tanh ! (W) +c

Show that the integral /

1 1
Solution : / n|2x| dr = lim / n|m| hm/ r % In|z| dz
1 x t—00

Using integration by parts.

u=1Inlz| dv=2"2dw

¢ 1 Lot
lim % 1n |z| de = lim ([—ln|x|] —/ - (—) d;zj)
t—oo Jq =00 x 1 1T x
t t t _1qt
= lim [_lnxq +/ z 2 dz | = lim [_lnxq + [x]
t—00 r | 1 t—o0 r |, -1]4

. In|z|1" 11" , Injz| 17° . —Injz| -1
= lim | |[-———| +|— = lim |[-—— —-=| = lim | ———

24
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:E&<_m|§|_1 - (—ln(i)—1)> :t%(_mﬂq _(_1))

“nlt—1
= lim <n|t|+1)=0+1=1

t—o0

It -1
Note that lim (nH) — 0, using L’Hopital’s rule.
t—00 t

Sketch the region bounded by the curves x = y? , £ = 8 — y? , and find
its area.

Solution : z = y? is a parabola with vertex (0,0) and opens to the right.
x = 8 — y? is a parabola with vertex (8,0) and opens to the left.

—

2L

X=y x=8-)7

2

"1
Points of intersection of x = y? and z = 8 — y? :
P=8—-1y2 = 242 -8=0 = 2 —-4=0
= (y-2)(y+2)=0 = y=-2, y=2

Area=/2 (8 =y - 7] dy=/2 (8=2y7) dy = {Sy‘gyi

—2 —2

16 16 32 64
(18-3) - (o 3) == F =5
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M 106 - INTEGRAL CALCULUS
Solution of the final exam
Second semester 1439-1440 H
Dr. Tarig A. Alfadhel

Q1. (2+2 Marks)

6
(a) Approximate the integral / v 1+ 22 dx using Simpson’s Rule with n = 6
0

Solution : [a,b] =[0,6] ,n =6, and f(zx) =1+ 22 .

ppte 60,
n 6
n | Ty | fza) [m | mf(z,)
0] 0 1 1 1
1| 1 |1.41421 | 4 | 5.65685
2 [ 2 [2.23607 | 2 | 4.47214
3 3 [316228 | 4 | 12.6491
4| 4 [4.12311 ] 2 | 8.24621
51 5 | 5.00902 | 4 | 20.3961
6| 6 | 6.08276 | 1 | 6.08276
53.5032
6 6-0 58.5032
2 ~ ~ ~
/O V1+z dx~%(58.5032)~ 3 ~ 19.5011

(b) Find the number ¢ in the mean value theorem for f(x) = % on [2,4]
x

b
Solution : Using the formula (b —a) f(c) = / f(x) dx

8 18 4
(4—2)—2:/—2dx:8/ r 2% dx
& 2 T 2

ool oo ()0 ()-

8
@5=2= 3=1= =8 — c=+V8

Note that v/8 € (2,4) , while —v/8 ¢ (2,4)

Q2. (3+3+3 Marks)

dxr

a) Evaluate the integral / _—
(a) g T
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Solution :

/ dx _ / 1 de

Ve =2 ey - (512

:/ e szlf () dz
&3 /(egz)Q — (5)2 3 &3 /(e3m)2 — (5)2

_111—1 g +—i1_]‘ ﬁ +
—35beC 5 C—15beC 5 &

Using the formula / o JE;((J;))f — dr = % sec™! (f(x)) +c,

where a > 0 and |f(z)| > a

d
(b) Compute the integral /7

x
V1 — 28

. dz _ 1 .
Solution : /Im /mmd
- 23 - 1 43 -
_/ﬁVm%wﬁfd 4/ﬂVmeﬁﬁd

(—sech_1 (:r4)) +c= —isech_1 (x4) +c

Using the formula / /() - dr = —é sech™! (f(x)) +c,
f(x) \fa? = [f(2)]

where a > 0 and |f(z)| < a

e~ =

(¢) Find /xtanflx dx

Solution : Using integration by parts.

u=tan 'z dv =z dr
1 2
du = —— dx U:x—
1422 2

2 2
1
/J: tanflxdx:%tanflx—/% mdm

2 2 2 2
T . 1 x oz . 1 f(z°+1)—1
=Gty [ =Gty [EE @

th 1 1/ 241 1 d th 1 1/ 1 1
= —tan " x—— —_— r=—tan  r—— -
2 2 1422 1422 2 2 1+ 22
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7tan m—f/dz—&— /( 1_’_1 >dx

z? x?

tan™? 1()+ ta + ta Lo
="—tan 'z — —(x)+ -tan 'x +c= "~ tan
2 2 2 2

1 ertan’
r— =
2 2

+c

Q3. (3+3+3 Marks)
(a) Compute the following integral / tan® z sec®x dx

Solution : Put u = secx — du =secx tanx dx

/tan5x secd x dx = /tan4x sec’x secx tanz dx
2
:/(tan2 x) sec?z secx tanz dz
2 2
:/(seCQx—l) sec2z secx tanzx dx:/(u2 — 1) u? du

:/(u472u2+1)u2 du:/(u672u4+u2) du

U7 7.L5 ’LL3 sec7 xT 2 SeC5 xT SBC3 xT

= _9 4 - _
7 5+3+c - 5 + 3 +c

(b) Find the integral /cos(?m) cos(5x) dx
Solution : Using cos(ax) cos(bx) = % [cos(az — bx) + cos(ax + bx)]
/cos(?x) cos(bx) dx = / % [cos(Tx — bx) + cos(Tx + bx)] dx
1 1 1
=3 / [cos(2x) + cos(12x)] dx = §/COS(21‘) dx + 3 /cos(l?x) dx

11 11
3 i/cos(Zx) (2) dz + 313 cos(12x) (12) dz
— Lin(22) + L cos(122) +
7 5in(22) + 57 cos(122) + ¢
dz
(22~ 1)

Solution : Using trigonometric substitutions.

(c¢) Evaluate the integral /

Put x = secf

dxr = secf tan6 df
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Q4.

do

sec9 tan@ _ / sech tan@
N tans3 0

wlw

tan 0

/ dzx B / secH tan@
(z2-1) (sec? 6 — 1

2
:/ sec d9f/sect9 cot? do / cos 6 9:/ ‘fosfe d

tan? 6 cosf sin? 6 sin

= /(sin@)”cos@ do = % +ec=-—

— sin 6

Note that x = secd — cos@—f — sinf = 1— 1/1——2
T \/ T

2-1 \/2 1

xz z snf x2 1
/ dzx T n
= — c
(22 — 1)% z? —1

(34343 Marks)

— sinf =

20 —1
22 + 42 + 20

. 2z —1 2z +4) -5
lut : ———dz = | —F——— d
Solution /x2+4x—|—20 v /m2+4m+20 v

_/4E1iim_/44i4iw
) a2 +42+20 22 + 42 + 20

1
=Inlz?+4z+20| -5 d
n |2 + 4z + 20| /(x2+4a;+4)+16 T

Evaluate the integral /

1
=Inl|z?+4 20| — —_———d
n|x + 4x + O’ 5/(m+2)2—|—(4)2 T

1 2
:ln|x2+4x—|—20’—5 Ztaun_1 (ajl_)—i—c

Sketch the region bounded by the curvesy =2—2? ,y=2,2=0,2 =2
and find its area.

Solution :

y = 2 — 2% is a parabola with vertex (0,2) and opens downwards.

y = z is a straight line passing through the origin with slope equals 1.
x = 2 is a straight line parallel to the y-axis and passing through (2, 0)

x = 0 is the y-axis.

29



x=2
y=x

Points of intersection of y =2 — 22 and y =« :

2

r=2-22 = 2°4+2-2=0 = (z+2)(x—1)=0

— rz=-2,2x=1

Note that 1 € [0,2] , while —2 ¢ [0, 2]

Areaz/ol (2 - 2) — ] dx+/12 [ — (2 —%)] do
:/01(—:52—:6—1-2) dm+/12(:c2+a:—2) dx

3 2 1 3 2 2
zkx—x+ﬂ-ﬂx+m—ﬂ
0 1

3 2 3 2
1 1 8 1 1
(- en) om0 [(Brama) - (22 -2)]
7 11 18
"5t "6 °

Set up an integral for the volume obtained by revolving the region bounded
by the curves y = 22 , y = 4 about the line of equation

(i) y=6
(i) x = —3
Solution :

y = 2% is a parabola with vertex (0,0) and opens upwards.

y = 4 is a straight line parallel to the z-axis and passing through (0, 4).
Points of intersection of y = 22 and y = 4 :

2 =4 = =42
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(7) About the line y =6

y=6 \

Using Washer method :

V:w/z [(6-22)" = (6 - 4)?] dx:7r/_2 [(6-2)° - (2)?] dx

(74) About the line x = —3

-1\ oy

x==3 y=x

Using Cylindrical shells method :

2

V= 271'/ (3+x)(4 —2?) da
-2

Q5. (3+3+3 Marks)

(a) Sketch the region R that lies inside the curve r = 2sin 6 and outside the
curve 7 = 2 — 2sinf and find its area.

Solution :
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i
r=2—2sinf is a cardioid , symmetric with respect to the line § = 5

r = 2sin@ is a circle with center (r,60) = (1, g) and radius equals 1.
Points of intersection of r =2 — 2sinf and r = 2sinf :

2sinf =2 —2sinf) — 4sinf =2 — sin@:% — 0=

r=2-2sinf

T
Note that the desired area is symmetric with respect to the line 6 = 5"

Area = 2 (; [rg [(2 sinf)? — (2 — 2sin0)2] d9>

— /E [4sin29— (4—851n9—|—4sin29)] do
5

™

:/2 [45in20 — 4+ 8in 0 — 4sin? 0] d&:/ [8sin0 — 4] do

[ME]

™

6

o)

AERNE

:4/2 [2sinf — 1] df = 4[—2cosf — 0]

O R | R -

Find the area of the surface obtained by revolving the curve r = 4 cos#@ ,
0<o< g about the y-axis.

Solution : @ = —4gsinf

do

i 2 N2
S. A= 27r/ |[4cos@ cosd) \/(4 cos)” + (—4sinf)” do
0

= 277/5 ’400829‘ \/1600529+ 16sin2 6 df = 27?/5 400829\/16 ((:0529—1—81112 9) do
0 0
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w3

Bl 1 ) Bl
:277/ dcos? (4 )d9:87r/ 4(“2059) d9:167r/ (1+ cos20) do
0 0 0
sin2072

} =167 (5 +0) = (0+0)] = 87

= 167 {9—!—

tt to
(c) Find the length of the curve given by the equations z = TY=%
0<t<1

4 dx
Solution : 7= — = — =¢
olution X 4 dt

16 d
-5 y =1

N () = [t e
:/0 Wdt:/o (1447 dt = /It3|mdt

! 1 ni ! s
:1/0 (1+t4)§ (4t%) dt:i [M] :ig [(1+t4)2];

:é [(1+t4)%};: é [(2)% —1} - % (2\/5—1)

=~ |
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