A Usetul Theorem about Limits

Theorem 2.1.4 If

lim fix)=L; and lim gi{x)= L,

T—xp T—Xp
then
JAim (f +g)(x) =L1+ La,
Jim (f = £)x) = L1 — Lz,
Jim (f9)(x) = LiLo,
and, if L2 £ 0,

n (L)o=t
_rl—l?r_?q](g Il-‘x]_f_.z'

(2.1.9)

(2.1.10)
(2.1.11)
(2.1.12)

(2.1.13)
(2.1.14)
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Proof From(2.1.9) and Definition 2.1.2, if € = 0, there is a §; = () such that

| flx)—Li| <€ (2.1.15)

if 0 = |x — x| = §;, and a 8, = 0 such that
lglx) — La| < € (2.1.16)
if 0 < |x — x| < ;. Suppose that
0 < |x —xp| = § = min(8;. ), (2.1.17)
so that (2.1.15) and (2.1.16) both hold. Then

[(f £g)x)—(Ly £ L) = |(f(x)— L1) £ (g(x) — L2)|
= | flx)—Li| + |glx) = La| = 2,
which proves (2.1.10) and (2.1.11).
To prove (2.1.12), we assume (2.1.17) and write

|(fg)x) — Ly La| = | fix)glx) — Ly Ly
= | flx)glx) — L2) + L2(f(x) — L1)|
= | f)llglx) — Lz| + |Lz2|| f(x) — Li]
= (| f(x) +|L20)e (from(2.1.15) and (2.1.16))
= (| f(x) = Li| 4+ |La]| + |Lz2])e
= (e + |Li| + |L2])e from(2.1.15)
= (L + L]+ [L2])e

if € < 1 and x satisfies (2.1.17). This proves (2.1.12).
To prove (2.1.14), we first observe that if L» # 0, there is a §3 > 0 such that
L
15— Lo] < 2L
50
|Lz]

m&nb—;- (2.1.18)

if
0= |x —xg| < 84.

To see this, let L = L and € = |L3|/21n (2.1.4). Now suppose that
0 < |x — xp| = min{§, . 8;. 81),

so that (2.1.15), (2.1.16), and (2.1.18) all hold. Then



(£)ew-L)- |29 4
£ Lz‘ g(x) Lz‘
L f(x) = Lyglx)|
B lg(x)L2|

< Tl f() = Lig(e)
= |L23|2 |La[fix)— Li] + Ly[Lz — g(x})]] (from(2.1.18})
< o [Lall /) = Lal + LalI L2 — 5601
< ILzzIZ{ILﬂ +1|Li])e (from (2.1.15) and (2.1.16)).
This proves (2.1.14), T

Successive applications of the various parts of Theorem 2.1.4 permit us to find limits
without the e—§ arguments required by Definition 2.1.2.



