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Chapter 6: Free Electron Fermi Gas
EFFECT OF TEMPERATURE ON THE FERMI‐DIRAC DISTRIBUTION

• The ground state is the state of the N electron system at absolute
zero. What happens as the temperature is increased? The solution
is given by the Fermi‐Dirac distribution functionis given by the Fermi‐Dirac distribution function.
• The kinetic energy of the electron gas increases as the
temperature is increased: some energy levels are occupied which

b l d l l h hwere vacant at absolute zero, and some levels are vacant which
were occupied at absolute zero .The Fermi‐Dirac distribution gives
the probability that an orbital at energy ε will be occupied in ant e p obab ty t at a o b ta at e e gy ε be occup ed a
ideal electron gas in thermal equilibrium.
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μ is a function of the temperature; it is to be chosen in such a way 
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μ p y
that the total number of particles = N. At absolute zero μ = εF
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because in the limit T 0 the
function f(ε) changes
discontinuously from the valuediscontinuously from the value
1 (filled) to the value 0
(empty) at ε = εF = μ. At all

f( ) l ½temperatures f(ε) is equal to ½
when ε = μ, for then the
denominator of (5) has the( )
value 2.

f(ε) = 1  (means full)
f(ε) = 0  (means vacant)

At very low temp. f(ε) becomes similar to Boltzmann or Maxwell 
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Distribution.
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f(ε) at thef(ε) at the 
various 
temperatures, 
ffor
Tε = εF/KBT = 
50,000 K. The 
total number 
of  particles is 
constantconstant, 
independent 
of 
t t
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temperature. 
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FERMI‐DIRAC DISTRIBUTION

This is what the f(ε) looks like at 
different Temperatures
• As T 0 K it becomes a step• As T  0 K, it becomes a step
function
• Note that the lower energy 
levels are usually filled first, and 
as temperature increases;
no of electrons at higher energy g gy
levels increases.

Fermi energy changes as the temperature changes because it is 
defined as: µ =Fn+1‐Fn (n= no. of particles, electrons)
Where F is the Helmholtz Free Energy: F=U‐TS
U: System energy, S: Entropy (Increases as T increase)
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U: System energy, S: Entropy (Increases as T increase)
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Different DISTRIBUTION Systems

Distribution 
System

Notes

Maxwell‐ •identical particles /( ) Bk Tf A Maxwell
Boltzmann 
distribution 

identical particles 
•distinguishable
•wave function : not overlap

/( ) Bk Tf Ae  

Bose‐
Einstein 
distribution 

•Identical particles 
•indistinguishable
•wave function : overlap

/

1( )
1Bk T

f
e e 

p
•spin quantum number = 0,1,2, …

Fermi‐Dirac 
di ib i

•Identical particles
i di i i h bl 1distribution  •indistinguishable

•wave function: overlap
•spin quantum number = 1/2,3/2,5/2 
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Chapter 6: Free Electron Fermi Gas
FREE ELECTRON GAS IN THREE DIMENSIONS

We just need to extend our results for 1‐D.
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for a cube of length L we have:
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i i di i ith i d L Th is periodic in x, y, z  with period L. Thus:
( , , ) ( , , )                                                   (8)
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FREE ELECTRON GAS IN THREE DIMENSIONS

Wave functions satisfying the free particle Schrodinger equation 
and the periodicity condition are of the form of a traveling plane 
wave:( ) (9)ik rwave: .( )                                                                           (9)

2 4with: , , 0; ; ; ......                                 (10)
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Any component of k of the form 2nπlL will satisfy the periodicity
condition over a length L, where n is a positive or negative integer.
h l f k i f (8) fthese values of kx satisfy (8), for:

2 2 2( )( ) 2= . = (11)x x

n n ni x L i x i xik x L ik xi nL L Le e e e e e
  

   .                 (11)e e e e e e
Differentiate (9) twice then put it back in Eq. (6):
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The energy at the surface of the sphere is the Fermi energy:
2

2=                                     (1 4 )
2F Fk  ( )
2F Fm

We can calculate the total No. of states inside Fermi Sphere from 
dividing the total Fermi sphere volume on the volume of one stateg p
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Chapter 6: Free Electron Fermi Gas
FREE ELECTRON GAS IN THREE DIMENSIONS – Fermi Sphere

The occupied states are inside the Fermi sphere in k‐space as 
shown below; the radius is Fermi wave number kF
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Fermi surface

ε= εF
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  
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k

kF

The surface of the Fermi sphere 
represents the boundary betweenky

kx

represents the boundary between 
occupied & unoccupied  k states 
at absolute zero for the free 
electron gas
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kx electron gas.
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Chapter 6: Free Electron Fermi Gas
FREE ELECTRON GAS IN THREE DIMENSIONS – Fermi Sphere

The number of orbitals per unit energy range: D(є) = density of 
states.

2/3
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This leads to:This leads to:
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Equation (19):

ln3ln constN   .ln
2

ln constN  

33  NdNddN
Hence:

Within a factor of the order of unity, 
the number of orbitals per unit energy 
range at the Fermi energy is the
total number of conduction electrons
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
total number of conduction electrons 
divided by the Fermi energy.


