
Definite Integral  ¤d�m�� ��Akt�� 1

Tmsqm�� n Ty¶z��� ��rtf��  d�  wk§ A�dn� ¢�� Tq�As�� rRA�m�� ¨� An\�¯


rtq§ ||P || �\tnm�� ¹z�t�� xAyq�  ��∞ Y�� �¤¥� f(x) T��dl� [a, b] rtfl�
.rfO�� ��

:�§r`�

 A� �Ð� A T�Asm�� ©¤As§ Ahl�Ak�¤ [a, b] Yl� ��Aktl� Tl�A�  wk� f T��d��

lim
||P ||→0

S(f, P, w) = A

�y�

.w � CAyt�¯�  A� Amh� ,S(f, P, w) =
n∑

i=1
f(wi)∆xi

:  A� �Ð� d§d�t�� ¢�¤ Yl�

 wk§ P Yl� w �kl� ||P || < δ �q�§ Ay¶z�� P  A�¤ δ > 0 d�w§ ε > 0 �k�

|S(f, P,w)−A| < δ
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:�§r`�

T��dl�  d�m�� ��Akt�� �r`� An��� , [a, b] rtf�� Yl� T�r`� f T��d�� �A� �Ð�

z�r�A� ¢� z�r§ ©@��¤ [a, b] rtf�� Yl� f∫ b

a
f(x) dx

¨l§ Am�

∫ b

a
f(x) dx = lim

n→∞
S(f, P, w) = lim

n→∞

n∑
i=1

f(xi)∆xi

. Am§C �wm�� ��d�tF� �§rV �� ��Akt�� d�w� T�A��� £@¡ ¨� :T\�®�

||P || → 0⇔ n→∞ :T\�®�

∫ b

a
mxdx = lim

n→∞
m(b− a)

[
a+

(a− b)(n+ 1)

2n

]
=
m(b2 − a2)

2

2



: �A��

[0, 1] rtf�� Yl� f(x) = x2 T��dl� ��Akt�� 
As��  Am§C �wm�� �d�tF�

An§d� :����∫ b

a
f(x) dx = lim

n→∞

n∑
i=1

f(xi)∆xi

∫ 1

0
x2 dx = lim

n→∞

n∑
i=1

f(xi)∆xi

∆xi =
b− a
n
⇒ ∆xi =

1− 0

n
=

1

n
,

xi = a+
i(b− a)

n
⇒ xi =

i

n

f(xi) = f

(
i

n

)
=

(
i

n

)2

=
i2

n2

⇒
∫ 1

0
x2 dx = lim

n→∞

n∑
i=1

(
i2

n2

)
1

n

=
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¨�At�� ��Akt�� Tmy� 
As��  Am§C �wm�� �d�tF� : �§rm�

∫ 3

0
(2x− 1) dx
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:�A\�®�

ryb`t�� �d�ts� �ws� [a, b] rtf�� Yl� ��Aktl� Tl�A� f �A� �Ð�(1)∫ b

a
f

ryb`t�� ¤�∫ b

a
f(x) dx

.��Akt�� Tmy� �� ryb`tl�

T��d�� ry�t� Yl� �¯dtF¯� �km§ ¢�®� ��¤ ¨lRAft�� z�r�� w¡ dx z�r��

.¢� ��Akt��  A�§� 	�§ ¨t��

:¨�At�� �kK�� Yl� T��d�� ��Ak�  A� a = b  A� �Ð� (2)

∫ a

a
f = 0

:¨�At�� �kK�� Yl� T��d�� ��Ak�  A� a > b  A� �ÐA(3)

∫ b

a
f = −

∫ a

b
f
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:T§r\�

T�As�  �� [a, b] rtf�� Yl� ��Aktl� Tl�A�¤ Tb�AF ry� T�� f(x) �A� �Ð�

:�®� �� ¨W`§ f(x) Yn�n� �� A TqWnm��

A =

∫ b

a
f(x)dx

:¨n`� ��Aktl� T��d�� Tyl�A�

(d§�zt� ¤� TO�Ant�) f(x) T��d�� (1)

f(x1) ≤ f(x2)  �� x1 ≤ x2 �k� ©� d§�zt� f(x)
f(x1) ≥ f(x2)  �� x1 ≤ x2 �k� TO�Ant� f(x)

x1, x2 ∈ [a, b] �y�

Yl� TlOtm�� ��¤d�� �l� ¨¡ ��Aktl� Tl�Aq�� ��¤d�� �� ¨�A��� �wn�� (2)

(1) [a, b] rtf��

:�¶At�

n ∈ R ¤ f(x) = xn �kt�∫ b

0
xndx =

[ xn+1

n+ 1

]b
0

=
bn+1

n+ 1

∫ b

a
xndx =

[ xn+1

n+ 1

]b
a

=
1

1 + n

[
bn+1 − an+1

]
: �A��

rtf�� Yl� f(x) = 2 + x − x2 T��dl� Yn�nm�� �� TqWnm�� T�As� d�¤�

[0, 1]
:����

A =

∫ b

a
f(x)dx

=

∫ 1

0
(2 + x− x2)dx

=
[2x

1
+
x2

2
− x3

3

]1
0

= 2 +
1

2
− 1

3
=

13

6

[a, b] rtf�� Yl� TlOt� f(x) T��d��  wk�
(1)

rtf�� ¨�rV ¨tWq� Ahy� Am� (a, b) rtf�� ªAq� �� dn� TlOt� f(x) �A� �Ð� -

b TWqn�� CAs§ Yl� TlOt� f(x) �A� �Ð� -

a TWqn�� �ym§ Yl� TlOt� f(x) �A� �Ð�-
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rtf�� Yl� f(x) = 4−x2 T��dl� Yn�nm�� �� TqWnm�� T�As� d�¤� :�§rm�

[−2, 2]
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Properties of the Definite Integral  ¤d�m�� ��Akt�� Q�w� 1.1

��Akt�� TyW� Ty}A� •

 �� [a, b] rtf�� Yl� ��Aktl� �ytl�A� �yt�� f, g �� ��  A� �Ð� ◦
�y�� ��Aktl� Tl�A� f + g∫ b

a
f ± g =

∫ b

a
f ±

∫ b

a
g

 �� k ∈ R  A�¤ [a, b] rtf�� Yl� ��Aktl� Tl�A� T�� f �A� �Ð� ◦
�y�� ��Aktl� Tl�A� kf∫ b

a
kf = k

∫ b

a
f

��rtf�� �m� Ty}A� •

 �� [c, b] , [a, c] �y�rtf�� Yl� ��Aktl� Tl�A� T�� f �� ��  A� �Ð� ◦∫ b

a
f =

∫ c

a
f +

∫ b

c
f

(d§�zt��)  �rV±� Ty}A� •

�y�� [a, b] rtf�� Yl� ��Aktl� �ytl�A� �yt�� f, g �� ��  A� �Ð� ◦
 �� x ∈ [a, b] �k� f(x) ≥ g(x)∫ b

a
f ≥

∫ b

a
g

f(x) ≥ 0 �A�¤ [a, b] rtf�� Yl� ��Aktl� Tl�A� T�� f �A� �Ð� ◦
 �� x ∈ [a, b] �k�∫ b

a
f ≥ 0

. . .

:T\�®�

�yhst� ��Ð¤ �®�Akt��  A�§¯ Tyl�Af� ��Akt�� Q�w� �d�ts� •
.Ah`� ��A`t�� T�whs� ¤ �A�As���

•∫ b

a
f.g 6=

∫ b

a
f.

∫ b

a
g
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��Akt�� Tmy� d�¤�: �A��∫ 1

−1
|x| dx

Anm� w� f(x) T��dl� TqlWm�� Tmyql� ��Akt��  A�§� d§r� An�� ^�®� :����

T��d�� �Fr�

|x| =

{
x , 1 ≥ x > 0

−x , 0 > x ≥ −1
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��Akt�� Tmy� d�¤� : �A��∫ 4

−1
(2 + |x− 3|) dx

¨l§Am� ��Akt��  A�§� Annkm§  ¤d�m�� ��Akt�� Q�w� ��d�tFA� :����∫ 4

−1
(2 + |x− 3|) dx =

∫ 4

−1
2 dx+

∫ 4

−1
|x− 3| dx

:¨l§Am� f(x) � ��Akt��  A�§� �d� �hs�� �� g(x) = |x− 3| ,f(x) = 2 �y�∫ 4

−1
f(x)dx =

∫ 4

−1
2 dx =

[
2x
]4
−1

=
[
2(4)− 2(−1)

]
= 10

w� |x − 3| T��dl� TqlWm�� Tmyql� ��Akt��  A�§� d§r� An�� ^�®� w�  ¯�

T��d�� £@¡ �Fr� Anm�
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g(x) = |x− 3| =

{
x− 3 , x ≥ 3

3− x , x < 3

⇒
∫ 4

−1
|x− 3| dx =

∫ 3

−1
3− x dx+

∫ 4

3
x− 3 dx

=
[
3x− x2

2

]3
−1

+
[x2

2
− 3x

]4
3

=
[
3(3)− 32

2

]
−
[
3(−1)− (−1)2

2

]
+

[42

2
− 3(4)

]
−
[32

2
− 3(3)

]
= 8 +

1

2
=

17

2

⇒
∫ 4

−1
2 + |x− 3| dx =

∫ 4

−1
f(x) dx+

∫ 4

−1
g(x) dx = 10 +

17

2
=

37

2
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��Akt�� Tmy� d�¤� :�§rm�∫ 3

0
|2x− 3| dx

9
2 ©¤As§ ��Aktl� ¨¶Ahn�� ��An�� ¤ TmFr�� d�Asml�
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��Akt�� Tmy� d�¤� : �A��∫ 1

0
|x(2x− 1)| dx

T��d�� �Fr� :����

.�rf} x(2x− 1) C�dqm�� �`�� x = 0 ¤ x = 1
2 �ytWqn��  � ^�®�

|x(2x− 1)| =

{
x(2x− 1) , 1 ≥ x > 0.5

−(x(2x− 1)) , 0.5 > x > 0

x Cw�� �w� ¤ �Ayn�nm�� �� �VAnm�� T�As� d�w� ��Akt�� Tmy�  A�§¯
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¨l§Am�

⇒
∫ 1

0
|x(2x− 1)| dx =

∫ 1
2

0
−
(
x(2x− 1)

)
dx+

∫ 1

1
2

x(2x− 1) dx

= −
∫ 1

2

0

(
x(2x− 1)

)
dx+

∫ 1

1
2

x(2x− 1) dx

=
1

4
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��Aktl� TWFwtm�� Tmyq�� Tn¡rb� 2.1

Mean Value Theroem for Integrals

c ∈ (a, b)  d� ��±� Yl� d�w§ ¢��� [a, b] rtf�� Yl� TlOt� f �A� �Ð�

:�y��∫ b

a
f(x) dx = f(c)(b− a)

: A¡rb��


Atk�� ���C

:�A��

Yl� f(x) = x2 + 3x + 2 T��dl� ��Aktl� TWFwtm�� Tmyq�� Tn¡rb� �� �q��

c ∈ (a, b) �y� ��  A�§�� ��Ð¤ [1, 4] rtf��

:����

Tn¡rbm�� ª¤rJ  Ð� [1, 4] rtf�� Yl� TlOt� ¨¡¤  ¤d� ry�� f(x) T��d��

¨�At�� ��Akt�� Tmy�  A�§A� ¯¤� ��Ð¤ c ∈ [1, 4] ��  ¯� ��b� .Tqq��∫ 4

1
(x2 + 3x+ 2) dx =

99

2

 � d�� Tn¡rbm�� �ybWt�¤

99

2
= (c2 + 3c+ 2)(4− 1)

99

2
= 3(c2 + 3c+ 2)

99

2
= 3c2 + 9c+ 6

0 = 3c2 + 9c− 87

2

zymm��  w�Aq�� ��d�tF�� Ty�A��� T�Cd�� �� ¨¡ ¨t��¤ T� A`m�� £@¡ ���¤
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c2 = −5.6 ¤ c1 = 2.6 T� A`m�� @h� �yl� d��

.Tn¡rbm�� �q�� Ah�¯ c = 2.6 ⇐ c2 6∈ (1, 4)  � Am�¤
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Yl�f(x) = 1+x2 T��dl� ��Aktl� TWFwtm�� Tmyq�� Tn¡rb����q� :�§rm�

.c ∈ (a, b) �y� ��  A�§�� ��Ð¤[−1, 2] rtf��
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