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TybWq�� �Ay��d�³� 1.1

: Polar Coordinates and Polar Curves

An� ¨t�� ,¨bWq�� �Ay��d�³� �A\� ¨� TWq�  Ak� �O§ (r, θ) �yq�� �¤E

¨� TWqn�� £@¡ d§d�� ¤� �}w� (x, y) Ty�CAk§d�� �Ay��d�¯� �d�ts�

.«wtsm��

¤ ,O �}±� TWq� �� T�Asm�� ¨¡ r �y�

TWq� �®� �� �}� �� dtm� ©�C¤ ¨bWq�� Cw�� �y� T§¤�z�� xAyq� ¨¡ θ
Tny`�
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�kK�� Yl�  wk� (2, 3π4 ) TybWq�� Ahty��d�� ¨t�� TWqn�� :�A��

¨� �k� ,(x, y) w¡ dy�¤ �y�m� Ah� Ty�CAk§d�� �Ay��d�¯� ¨� TWqn�� :T\�®�

�kK�� r\�� �y�m� ¤� �}¤ �� r��� Ahsf� TWqnl�  wk§ TybWq�� �Ay��d�¯�

¨�At��

An§d�  wk§ �A� �kK�¤

(r, θ + 2nπ) = (r, θ) = (−r, θ + (2n+ 1)π)
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Ty�CAk§d�� �Ay��d�¯�¤ TybWq�� �Ay��d�³� �y� T�®`�� 2.1

:Relationship between Polar and Rectangular Coordinates

,¨�CAk§d�� �Ay��d�¯� �A\� (x, y)  A� �Ð�

¨bWq�� �Ay��d�¯� �A\� (r, θ)  A�¤

Ty�CAk§d�� ¤ TybWq�� �Ay��d�¯� �y� �Aqt�®�¤

x = r cos θ, y = r sin θ

r2 = x2 + y2, tan θ =
y

x
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.TybW� �¯ A`� ¨�� Ty�At�� Ty�CAk§d�� �¯ A`m�� �w� :�A��

(1) x2 + y2 = 1

(2) xy = 1
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.Ty�CAk§ �¯ A`� ¨�� Ty�At�� TybWq�� �¯ A`m�� �w� :�A��

(1) 2r + r cos θ = 6

(2)r sin θ = 2
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:Graphs in Polar Coordinates TybWq�� �Ayn�nm�� �FC 3.1

¤� ¨bWq�� Cw�m�� �r`�  � 	�§ TybWq�� �Ay��d�¯� ¨� �Ayn�nm�� �Fr�

θ = π/2 ¨bWq�� Cw�ml� d�A`m�� Cw�m��

(��Amt�� CAbt��) :Tn¡rb�

:�w� ®�Amt� r = f(θ) TybWq�� T� A`m��  Ay�  wk§

:Lines in Polar Coordinates TybWq�� �Ay��d�¯� ¨� �Amyqtsm�� 1.3.1

¨¡ TybWq�� ax+ by = c �A`�� �yqtsm�� T� A`�  wk�¤

r =
c

a cos θ + b sin θ
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:Circles in Polar Coordinates TybWq�� �Ay��d�¯� ¨� r¶�¤d�� 2.3.1

�Ay��d�¯� ¨� �}¯� TWqn� CAm��¤ (a, 0) A¡z�r� ¨t�� r¶�d�� T� A`�

T� A`m�A� YW`� TybWq��

r = 2a cos θ

�Ay��d�¯� ¨� �}¯� TWqn� CAm�� ¤ (0, a) A¡z�r� ¨t�� r¶�d�� T� A`�

T� A`m�A� YW`� TybWq��

r = 2a sin θ
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:Cardioids Tyblq�� �Ayn�nm�� 3.3.1

Ty�At�� TybWq�� �A�Ayb�A� YW`� (	lq�� �kJ @���) Tyblq�� �Ayn�nm�� �¯ A`�

r = a(1± cos θ), r = a(1± sin θ) ∀ a ∈ R

8



:Limacons T§r¶�d�� Ty�dO�� �Ayn�nm�� 4.3.1

Ty�At�� �A�Ayb�A� YW`� Ty�dO�� �Ayn�nm�� �¯ A`�

r = a± b cos θ, r = a± b sin θ, a > 0, b > 0

¨�At�� �kK�A� �Rw� w¡ Am�
a
b Tbsn�� Yl� dmt`§ Yn�nm�� �kJ¤

�y� �®t�A� r = a ± b cos θ T� A`m�� �kJ ¨� �®t�¯� �Rw§ ¨�At�� �kK��

a, b
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:Lemniscates �y�¤r`�� ��¤Ð 5.3.1

Ty�At�� �A�Ayb�A� YW`� �y�¤r`�� ©Ð �Ayn�nm�� �¯ A`�

r2 = ±a2 cos 2θ, r2 = a2 sin 2θ, a > 0

:Roses T§ Cw�� �Ayn�nm�� 6.3.1

 C¤ �kJ Yl�  wk� Ty�At�� �Ayn�nm�� �¯ A`�

r = a cosnθ, r = a sinnθ, a > 0, n ∈ N

:T\�®�

n ©¤As§ �Aq§Cw��  d�  �� © r�  d� n  A� �Ð�

,2n ©¤As§ �Aq§Cw��  d`� ¨�¤E  d� n  A� �Ð�¤

.(��As�� �kK�� ¨� An§�C Am�)
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:Spiral of Archimedes xdym�C�  ¤zl� 7.3.1

� d� �}¯� TWq� �w� C¤d§ ©@�� Yn�nm�� w¡ xdym�C�  ¤zl� Yn�n�

¢t� A`�¤ .θ d§�zt� A�dn� (P�Ant§) d§�zt§ r  � �y�� ��rm�� �� Yhtn� ry�

�®� �� YW`�

r = aθ, θ ≤ 0, or r = aθ, θ ≥ 0, a > 0.
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:Areas in Polar Coordinates TybWq�� �Ay��d�¯� ¨� �A�Asm�� 4.1

d§z§¯ ¨t��¤ ,[α, β] rtf�� Yl� Tb�w� ¤ TlOt� r = f(θ) T��d�� �A� �Ð�

r = f(θ) Yn�nm�A�  ¤d�m�� TybWq�� TqWnm�� ¨¡R�A� �Ð�¤ .2π �� Ah�wV

,θ = β ¤ θ = α �ymyqtsm��¤

�� YW`� R TqWnm�� T�As�  ��

A =
1

2

∫ β

α
[f(θ)]2 dθ

�� g(θ) ¤ f(θ) �ytlOtm�� �yt��d�� �y� T�Asm�� Yl� �wO��� �km§¤

A =
1

2

∫ β

α
[(f(θ))2 − (g(θ))2] dθ
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:�A��

r = 1 + cos θ ¨blq�� Yn�nm�� ��� ¨�A��� ��r�� ¨� R T�As� 	s��

A¡ A�§�  wky� ¨�A��� ��r�� ¨� T�wlWm�� TqWnm�� T�As�  � Am� :����

¨l§Am�

A =
1

2

∫ π

π/2
(1 + cos θ)2 dθ

=
1

2

∫ π

π/2
(1 + 2 cos θ + cos2 θ) dθ

=
1

2

[∫ π

π/2
1 dθ +

∫ π

π/2
2 cos θ dθ +

∫ π

π/2
cos2 θ dθ

]

=
1

2

[
[θ]ππ/2 − 2[sin θ]ππ/2 +

∫ π

π/2

1

2
(1 + cos 2θ) dθ

]

= ...............................................

= ...............................................

= ...............................................

= ...............................................

=
3π

8
− 1
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:�A��

.r = sin 4θ  Cw�� Yn�n� �� Tq§C¤ T�As� 	s��

sin 4θ = 0  �� ¨�At�A�¤ r = 0 �Rw� ��Ð¤ ��Akt��  ¤d�  A�§� d§r� :����

sin = 0 �`�� ¨t�� T§¤�z�� �y�  A�§� d§r� ¢�� ©�

A =
1

2

∫ π/4

0
(sin 4θ)2 dθ

=
1

2

∫ π/4

0

1

2
(1− sin 8θ) dθ

= ...............................................

= ...............................................

= ...............................................

= ...............................................

=
π

16
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:�A��

¨blq�� Yn�nm�� �CA� ¤ r = 3 sin θ r¶�d�� ��� TqWnm�� T�As� 	s��

.r = 1 + sin θ
An��� ¨�At�A�¤ �yyt� A`m�� �¤Asm� ��Ð¤ ��Akt��  ¤d�  A�§� d§r� :����

Ty�At�� T� A`m�� ���  � 	�§

3 sin θ = 1 + sin θ

2 sin θ = 1

sin θ =
1

2

sin = 1/2 �`�� ¨t�� θ �y�  A�§� d§r� ©�

⇒ θ = π/6, θ = 5π/6
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�� A¡ A�§� �km§ T�wlWm�� TqWnm�� T�As�  �� ¨�At�A�¤

A =
1

2

∫ β

α
[(f(θ))2 − (g(θ))2] dθ

=
1

2

∫ 5π/6

π/6

[
(3 sin θ)2 − (1 + sin θ)2

]
dθ

= ...............................................

= ...............................................

= ...............................................

= ...............................................

= ...............................................

= ...............................................

= ...............................................

= π
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