
��Akt�� �AqybW� 1

: Applications of The Integral

: Areas �A�Asm�� 1.1

��d�tFA� ¤� dx A�� ��d�tFA� �yty�� �y� CwO�m�� T�Asm��  A�§� Annkm§

dmt`m�� T�§rK�� @�� Yl� dmt`§ ��Ð¤ dy

dx Yl� dmt`� x Cw�� Yl� �r�t� T�§rK�� �A� �Ð�� *

dy Yl� dmt`� y Cw�� Yl� �r�t� T�§rK�� �A� �Ð� A�� *

:T\�®�

.Yl�±� T��d�� ¨¡ rb�±� T��d��  �� x Cw�� Yl� �r�t� T�§rK�� �A� �Ð�

.rb�±� ¨¡ Ynmy�� T��d��  �� y Cw�� Yl� �r�t� T�§rK�� �A� �Ð�¤

g(x) ≥ 0 �A� ¤ [a, b] Yl� �ytlOt� �yt�� f(x) ≥ g(x) An§d�  A� �Ð� (1)

�A�¤ [a, b] rtf�� ¨l� f(x), g(x) �yt��d�� �y� CwO�m�� R T�Asm��  ��

: x Cw�� Yl� �r�t� T�§rK��

A(R) =

∫ b

a
[f(x)− g(x)] dx.

 �¤ [c, d] rtf�� ¨l� �ytlOt� �yt�� f(y) ≥ g(y) An§d�  A� �Ð� (2)

�A�¤ [c, d] rtf�� ¨l� f(y), g(y) �yt��d�� �y� CwO�m�� R T�Asm��

: y Cw�� Yl� �r�t� T�§rK��

A(R) =

∫ d

c
[f(y)− g(y)] dy.
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:T\�®�

A�y�} T�Asm��  A�§� �\§

A(R) =

∫ b

a
[f(x)− g(x)]dx.

T�ARA� ��Ð¤ ¨l�� ¨�� R1 TqWnm�� T��E� �km§ Ð� g(x) ≤ 0  A� �Ð� Yt�

: �bO�¤ g(x) + k ≥ 0 �y�� f(x), g(x) �yt��d�� �� �� ¨�� k 	�w�  d�

A(R1) = A(R) =

∫ b

a
[(f(x) + k)− (g(x) + k)]dx =

∫ b

a
[f(x)− g(x)]dx.
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.y = 4 ¤ y = x2 �yt��d�� �y�  ¤d�m�� TqWnml� T�Asm�� 	s�� :�A��

:����

x Cw�� Yl� T�§rK�� @��� ��Ð¤ Ahl�� �wq� �wF ¯¤�

�¤Asm� ��Ð¤ ��Akt��  ¤d�  A�§� �� d�®� ��Akt��  ¤d� YW`� �� �Ð�)

¨t��¤ �VAqt�� ªAq� Yl� �O�� Ahn�¤ �yt� A`m�� ��� ¤ {`b� �yt��d��

(�� AO�� ¤� �Anys�� Cw�� Yl� �º�wF ��Ð d`� ��Akt��  ¤d� d§d�� �km§

x2 = 4

x = ±
√
4

⇒ x = −2, x = 2

⇒ A =

∫ 2

−2
4− x2 dx

= .................................

= .................................

= .................................

=
32

3
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,y = 4 ¤ y = x2 �yt��d�� �y�  ¤d�m�� TqWnml� T�Asm�� 	s�� :�A��

y Cw�� Yl� �r�t� T�§rK�� �kt�¤

:����

¨l§ Am� y T�¯d� x  A�§¯

x2 = y

x = ±√y

TqWnml� T�Asm�� d�w�  ¯�¤ −√y ¨¡ «rsy��¤
√
y ¨¡ Ynmy�� T��d��  Ð�

�yt��d�� �y�A¡ �y� CwO�m��

⇒ A =

∫ 4

0

√
y − (−√y) dy

= .................................

= .................................

= .................................

=
32

3
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�kt�¤ ,y = 0 ¤ y = 3− x ¤ y = x �y� CwO�m�� T�Asm�� 	s�� :�A��

.y Cw�� Yl� �r�t� T�§rK��

:����

�yt� A`m�� ��� ��Ð¤ ��Akt��  ¤d� d�w�

y = 3− y
2y = 3

y =
3

2

⇒ y = 0, x =
3

2
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TqWnml� T�Asm�� d�w�  ¯�¤ y ¨¡ «rsy��¤ 3 − y ¨¡ Ynmy�� T��d��  Ð�

�yt��d�� �y�A¡ �y� CwO�m��

⇒ A =

∫ 3
2

0
3− y − y dy

=

∫ 3
2

0
3− 2y dy

= .................................

= .................................

=
9

4
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y = x ��As�� �A�m�� ¨� CwO�m�� TqWnm�� Hfn� T�Asm�� 	s�� :�A��

.x Cw�� Yl� �r�t� T�§rK�� �kt�¤ ,y = 0 ¤ y = 3− x ¤

:����

�y� CwO�� TqWnm��  � ^�®�  � d�¯ x Cw�� Yl� T�§rK�� @�� dn�

Am�) �ytflt�� �yt�� �y�  d�� Ah��� Yl�¯� �� ¤ �fF¯� �� y = 0 T��d��

.�ytqWn� ¨�� TqWmn�� º�z�� �wF ��@� ,(�kK�A� �Rw� w¡

�yt��d�� �y� �VAqt�� ªAq� d�w� ¯¤�

x = 3− x
2x = 3

x =
3

2

⇒ x =
3

2

x = 0 dn� y = 0 �VAqt� y = x T��d��¤

x = 3 dn� y = 0 �� �VAqt� y = 3− x T��d��¤
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⇒ A = A1 +A2 =

∫ 3
2

0
x− 0 dx+

∫ 3

3
2

(3− x)− 0 dx

= ...............................

= .................................

= .................................

= .................................

=
9

4
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¤ y = 3 − x �yt��d�� �y�  ¤d�m�� TqWnml� T�Asm�� 	s�� : �A��

.x Cw�� Yl� �r�t� T�§rK�� @���¤ ,y = x2 − 9
:����

x2 − 9 = 3− x
x2 + x− 12 = 0

Ty�A��� T�Cd�� �¯ A`� ��� zymm��  w�Aq�� ��d�tFA� ���� Annkm§

x2 + x− 12 = 0

(x+ 4)(x− 3) = 0

⇒ x = −4, x = 3

⇒ A =

∫ 3

−4

[
(3− x)− (x2 − 9)

]
dx
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y = 2−x2 ¤ y = x2 �yt��d�� �y�  ¤d�m�� TqWnm�� T�Asm�� 	s�� : �A��

. 0 ≤ x ≤ 2 rtfl�

:����

A =

∫ 1

0

[
(2− x2)− (x2)

]
dx+

∫ 2

1

[
(x2)− (2− x2)

]
dx
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.2y+ x = 0 ¤ y− x3 = 0 ¤ y− x = 6 �y� CwO�m�� T�Asm�� d�¤� :�A��

........... ¨l§Am� �®��� ��¤d�� �y� �VAqt�� ªAq� d�w� ¯¤� :����

(−4, 2) ¤ (0, 0) , (2, 8) ªAqn�� Yl� �O��¤

x Cw�� Yl� ¯¤� �r�t� T�§rK�� @��� ¤
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¨l§ Am� CwO�m�� T�Asm�� Yl� �O��

A = A1 +A2 =

∫ 0

−4

[
(x+ 6)− (

−x
2

)

]
dx+

∫ 2

0

[
(x+ 6)− (x3)

]
dx = 22
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.y Cw�� Yl� �r�t� T�§rK�� @���¤

¨l§ Am� CwO�m�� T�Asm�� Yl� �O�n�

A = A1 +A2 =

∫ 2

0

[
y

1
3 − (−2y)

]
dy +

∫ 8

2

[
y

1
3 − (y − 6)

]
dy = 22
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: Volumes of Solids of Revolution  �C¤d�� �As�� �w�� 2.1

�w� R T§wts� TqWn�  �C¤ �� ��An�� �s��� ¢�A� �r`§  �C¤d�� �s�

Cw�m� ��Ð ¨ms§¤ ©wtsm�� Hf� ¨l� �q§ ¤ TqWnm�� �CA� �yqts�

. �C¤d��

:�A��

�yt��d�� �y� T`��w�� R TqWnml� T�Asm�� xCd� An�� ^�®� a ¨�At�� �kK�� ¨�

x Cw�� �w� 360 T�Cd� R Tll\m�� TqWnm�� C¤d� A�dn�¤ .x = 1 ¤ y = 3x
b �kK�A� �Rw� w¡ Am� ¨V¤r�� �kJ Yl� �O�� An���

:�A��

x ¤� y Cw�� �w� TqWn�  �C¤ �� T·JA� �As�� �®� �b§ ¨�At�� �kK��
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: Disk Method Ty��wWF¯� Q�r�¯� 1.2.1

��An�� �����  �� [a, b] rtf�� ¨l� ��Aktl� ¢l�A� f(x) T��d�� An§d�  A� �Ð� (1)

:�� ¨W`§ a ≤ x ≤ b  � �y� ¤ x Cw�� �w� y = f(x)  �C¤ ��

V = π

∫ b

a
[f(x)]2dx.

��An�� �����  �� [c, d] rtf�� ¨l� ��Aktl� ¢l�A� g(y) T��d�� An§d�  A� �ÐA(2)

:�� ¨W`§ c ≤ y ≤ d  � �y� ¤ y Cw�� �w� x = g(y)  �C¤ ��

V = π

∫ d

c
[g(y)]2dy.
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T`��w�� R TqWnm��  �C¤ �� ��An�� ¨V¤r�m�� �kK�� ��� 	s�� : �A��

x Cw�� �w� x = 1 ¤ y = 3x �yt��d�� �y�

:����

V = π

∫ b

a
[f(x)]2 dx

= π

∫ 1

0
(3x)2 dx

= .................................

= .................................

= .................................

= 3π
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�Ayn�nm�A�  d�m�� TqWnm��  �C¤ �� ¸JAn�� �s��� ��� 	s�� : �A��

.y Cw�� �w� x = 0 ¤ y = 1¤ y = 4− x2
:����

¨�At�� w¡  wOqm�� �kK��

y T�¯d� x 	tk�  � 	�§ An��� y w¡  �C¤d�� Cw��  � Am�¤

⇒ g(y) = x =
√
4− y

y = 4 , y = 1 ¨¡ ��Akt��  ¤d� ¤

V = π

∫ b

a
[g(y)]2 dy

= π

∫ 4

1

(√
4− y

)2
dy

= .................................

= .................................

= .................................

=
9

2
π
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: Washers Method �� Cw�� Tq§rV 2.2.1

T�Wnm�� Ahy�  wk§ ¨t�� T�A�l� Ty��wWF¯� Q�r�¯� Tq§rV �ym`� �t§ An¡

.f, g �yt�� ¨�Ay� �y� C¤dm��

 �� [a, b] rtf�� ¨l� ��Aktl�  Atl�A� f(x) ≥ g(x) �yt��d�� An§d�  A� �Ð� (1)

 � �y� ¤ x Cw�� �w� y = g(x) ¤ y = f(x)  �C¤ �� ��An�� �����

:�� ¨W`§ a ≤ x ≤ b

V = π

∫ b

a
[f(x)2]− [g(x)]2dx.

 �� [c, d] rtf�� ¨l� ��Aktl�  Atl�A� f(y) ≥ g(y) �yt��d�� An§d�  A� �ÐA(2)

 � �y� ¤ y Cw�� �w� x = g(y) ¤ x = f(y)  �C¤ �� ��An�� �����

:�� ¨W`§ c ≤ y ≤ d

V = π

∫ d

c
[f(y)]2 − [g(y)]2dy.

:T\�®�

�§Cw�m�� d��  �C¤d�� �k§ �� �Ð� ¨t�  Cw�� Tq§rV ��d�tF�  Ak�³A�

.(215 :T�f} 7 - 15�A�� ���C ).Am¡d�� ©E�w§ Amyqts�  A� �� �yy��d�¯�
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��¤d�� ¨�Ayb� CwO�m�� TqWnm��  �C¤ �� ��An�� ����� d�¤� : �A��

. x Cw�� �w� y = 4x− 3 ¤ y = x2

:����

¨l§Am� �VAqt�� ªAq� d�w�

x = 4x− 3

x2 − 4x+ 3 = 0

�yl�t�� ¤� Ty�A��� T�Cd�� �¯ A`� ��� zymm��  w�Aq�� ��d�tFA� ���� Annkm§

x2 − 4x+ 3 = 0

(x− 4)(x− 3) = 0

⇒ x = 1, x = 3

[1, 3] rtf�� ��� �� �y� @���) �Fr�� �§rV �� rb�¯� T��d�� T�r`m�¤

(�yt��d�� ¨� Ah� {§w`t��¤
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V = π

∫ b

a
[f(x)]2 − [g(x)]2dx

= π

∫ 3

1

[
(4x− 3)2 − (x2)2

]
dx

= .................................

= .................................

= .................................

= .................................

= .................................

=
184π

15
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��¤d�� ¨�Ayb� CwO�m�� TqWnm��  �C¤ �� ��An�� ����� d�¤� : �A��

.y Cw�� �w� y = 4x− 3 ¤ y = x2

:����

.y Cw�� �w� �����  A�§� 
wlWm�� �k�¤ ��As�� �A�m�� ¨� ��¤d�� Hf� ¨¡

¤ y = x2 ��¤dl� y T�¯d� x �r`�  � d�¯ T§�db�� ¨�  Ð�

y = 4x− 3
ªAq� Yl� �O��¤ x = y+3

4 ¤ x =
√
y ¨l§Am� ��¤d�� Yl� �O�n�

�� ªAqt��

y + 3

4
=
√
y

⇒ y + 3 = 4
√
y

Yl� �O�� �y�rW�� �y�rt�

y2 + 6y + 9 = 16y

y2 − 10y + 9 = 0

�yl�t�� ¤� Ty�A��� T�Cd�� �¯ A`� ��� zymm��  w�Aq�� ��d�tFA� ���� Annkm§

⇒ y = 1, y = 9

[1, 3] rtf�� ��� �� �y� @���) �Fr�� �§rV �� rb�¯� T��d�� T�r`m�

(�yt��d�� ¨� Ah� {§w`t��¤

V = π

∫ d

c
[f(y)]2 − [g(y)]2dy

= π

∫ 9

1

[
(
√
y)2 − (

y + 3

4
)2
]

dy

= .................................

= .................................

= .................................

= .................................

= .................................

=
16π

3
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: Method of Cylindrical Shells Ty��wWF¯� �¶�rK�� Tq§rV 3.2.1

 �C¤ �� ��An��  �� [a, b] Yl� ��Aktl� Tl�A�¤ Tb�AF ry� T�� f �A� �Ð�

©¤As� y Cw�� �w� f Yn�nm�� �� R TqWnm��

V = 2π

∫ b

a
xf(x) dx.

R TqWnm��  �C¤ �� ��An��  �� [c, d] Yl� ��Aktl� Tl�A�¤ T�� g �A� �Ð�¤

©¤As� x Cw�� �w� g Yn�nm�� ��

V = 2π

∫ d

c
yg(y) dy.

�� ����� Yl� �O�n� y �w�  �Cd�� Cw��¤ �yt�� An§d�  A� �Ð�

V = 2π

∫ b

a
x(f(x)− g(x)) dx.

x Cw�� �w�  �Cd��  A� �Ð� A��¤

V = 2π

∫ d

c
y(f(y)− g(y)) dy.
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�� ��An�� �s��� ��� d�¤� Ty��wWF¯� �¶�rK�� Tq§rV ��d�tF�� :�A��

:���� .y Cw�� �w�  �Cd��¤ y = x3 ¤ y = x2 �y� CwO�m�� TqWnm��  �C¤ 

�� ¨W`§ �wF ����A� y Cw�� �w�  �C¤d��  � Am�

V = 2π

∫ b

a
x(f(x)− g(x)) dx.

f > g �y�

�VAqt�� ªAq� d�w�

x3 = x2

x3 − x2 = 0

= .................................

= .................................

⇒ x = 0, x = 1

[0, 1] rtf�� ��� �� �y� @��� ¤�) �Fr�� �§rV �� rb�¯� T��d�� T�r`m�

(�yt��d�� ¨� Ah� {§w`t��¤
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⇒ V = 2π

∫ 1

0
x(x2 − x3) dx

= .................................

= .................................

= .................................

=
2π

20

¨l§ Am� y T�¯d� An§d� ��¤d�� �bOt� x �w�  �C¤d�A� �A�m�� �� 	lV �ÐA*

�� ����� Yl� �wO��� �t§¤ x = y1/3 ,x = y1/2

V = 2π

∫ d

c
y(f(y)− g(y)) dy.

f > g �y�

 �C¤d��  A� �Ð� T§¤Ast� �w����  wk�  � C¤rS�� �� Hy� :T\�®�

.y ¤� x �w�
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: Method of Cross Sections TyRr`�� �VAqm�� Tq§rV 4.2.1

Ah`VAq� �A�As�  wk� ¨t�� �As�¯� �w�� 
As�� �d�ts� Tq§rW�� £@¡

�Wqm��) .��Aktl� Tl�A� T��d� T�wk�� 	FAn� Cw�m� d�A`m�� TyRr`��

.(�s��� �� wts� �VAq� w¡ ¨Rr`��

:�yt�A�� Tq§rW�� £@h� ����� Yl� Yl� �wO��� Annkm§ ¨�At�A�

x dn� x Cw�m� d�A`� wtsm� �s�l� ¨Rr`�� �Wqm�� T�As� �A� �Ð� (1)

¤ a dn� �y§wtsm�A� CwO�� S �s���  A�¤ ,TlOt� T�� A �y� A(x) ¨¡

w¡ S �s��� ���  �� ,b

V =

∫ b

a
A(x) dx

¨� T�Rwm��) h Ah�Af�C�¤ r A¡rW� �O� T��wWF¯ ����� d�¤� :�A��

.(£®�� �kK��

:����

 wk§¤ h Y�� 0 �� x Cw�� Yl� w¡ T��wWF¯� Cw��  � ^�®� �Fr�� ��

.r A¡rW� �O� r¶� w¡ x Cw�m� d�A`m�� T��wWF®� ¨Rr`�� �Wqm��

⇒ A(x) = πr2

w¡ T��wWF¯� ���  wk§ ¨�At�A�¤

V =

∫ h

0
A(x) dx

=

∫ h

0
πr2 dx
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dn� y Cw�m� d�A`� wtsm� �s�l� ¨Rr`�� �Wqm�� T�As� �A� �Ð� (1)

¤ c dn� �y§wtsm�A� CwO�� S �s���  A�¤ ,TlOt� T�� A �y� A(y) ¨¡ y
w¡ S �s��� ���  �� ,d

V =

∫ b

a
A(y) dy

Ah�Af�C�¤ L ¢`lR �wV ��r� �� CAb� ¢�d�A� ©@�� �rhl� ����� d�¤� :�A��

.(£®�� �Rwm�� �kK�� ).TyRr`�� �VAqm�� Tq§rV ��d�tFA� , h
:����
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�� CAb� w¡ �rh�� x�C ¤ y Cw�� Yl� �bWn� �rh�� Cw��  � ^�®� An¡

CAb� w¡ y Cw�� Yl� d�A`m�� �rh�� �Wq�  � ^�®� ��@�¤ (0, 0) TWq�

.s ¢`lR �wV ��r� ��

�@¡¤ �l�� �� CAb� ¢�� ^�®� �rh�� �wWF �� d��¤ �WF Xq� A�@�� w�

,y Yl� �rh�� �� d�A`m�� �Wqm�� @�A� A�dn�¤ ,�y`lS�� ©¤Ast� �l�m��

Ahn�¤ �y`lS�� ¤Ast� w¡¤ �rh�� �� �Ws�� Hf� Yl� �l�� Yl� �O��

Yl� �O��

s

L
=
y

h
⇒ s =

Ly

h

⇒ A(y) = s2 =
L2y2

h2

w¡ �rh�� ���  wk§ ¨�At�A�¤

V =

∫ h

0
A(y) dy

=

∫ h

0

L2y2

h2
dy

= .................................

= .................................

= .................................

= .................................

=
1

3
L2h
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:Arclength and Surface of Revolution  �C¤d�� �WF¤xwq�� �wV 3.1

:Arclength xwq�� �wV 1.3.1

xwq�� �wV  �� [a, b] Yl� TlOt�¤ f ′(x) AhtqtK� T�� f(x) �A� �Ð� -

©¤As§ x = b TWqn�� Y�� x = a TWqn�� �� f(x) Yn�nml�

L(f) =

∫ b

a

√
1 + [f ′(x)]2 dx,

[c, d] rtf�� Yl� TlOt� g �y� g(y) T�yO�A� YW`� Yn�nm��  A� �Ð� A�� -

Y�� y = c TWqn�� �� g(y) Yn�nml� xwq�� �wV  � ,g′(y) ¨¡ AhtqtK�¤

©¤As§ y = d TWqn��

L(g) =

∫ d

c

√
1 + [g′(y)]2 dy.
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.x = 27 ¨�� x = 8 �� f(x) = 3x
2
3 − 10 ¨n�nm�� �wV 	s�� : �A��

:����

L(f) =

∫ b

a

√
1 + [f ′(x)]2 dx,

29



: Surface of Revolution  �C¤d�� �WF 2.3.1

[a, b] rtf�� ¨l� ��Aktl� Tl�A� TlOt� T�� y = f(x) ≥ 0 T��d�� An§d�  A� �Ð�

¨l� �O�� [a, b] rtf�� ¨l� x Cw�� �w� y = f(x)  �C¤d� Anm� w� ¢�A� .

 �C¤d�� �WF

:Tn¡rb�

rtf�� ¨l� ��Aktl� Tl�A�¤ TlOt� T�� y = f(x) ≥ 0 T��d�� An§d�  A� �Ð�

x Cw�� �w� y = f(x)  �C¤ �� ��An��¤ S  �C¤d�� �WF T�As�  A� .[a, b]
:�� ¨W`§

S = 2π

∫ b

a
f(x)

√
1 + [f ′(x)]2dx = 2π

∫ b

a
y

√
1 + (

dy

dx
)2dx.
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¨l� y =
√
x T��d��  Ay�  �C¤ �� ¸JAn�� �Ws�� T�As� 	s�� : �A��

.x Cw�� �w� [1, 4] rtf��
:����
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