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: Indeterminate Forms and Improper Integrals

Tlt`m�� �®�Akt�� 1.1

: Improper Integrals
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 d�m�� ry� rtf�� T�A� 1.1.1

: Unbounded Inerval Case

¨l§ Am� �t`m�� ��Akt�� �r`� An�A� [a,∞) rtf�� Yl� TlOt� f �A� �Ð�∫ ∞
a

f(x) dx = lim
t→∞

∫ t

a
f(x) dx

Am� �t`m�� ��Akt�� �r`� An�A� (−∞, b] rtf�� Yl� TlOt� f �A� �Ð�

¨l§∫ b

−∞
f(x) dx = lim

t→−∞

∫ b

t
f(x) dx

Tmy� ©�  d�� T§Ahn�� �A� �Ð� ¨�CAq� �yq�As�� �yl�Akt�� �� ®�  wk§

±∞ �A� ¤�  w�w� ry� T§Ahn�� Tmy� �A� �Ð�¤ , d�� �t`m�� ��Akt��

.A§d�Ab�  wk§ �t`m�� ��Akt��  ��

¨l§ Am� ¢f§r`� Annkmy�

∫∞
−∞ f(x) dx �t`m�� ��Aktl� Tbsn�A�¤

∫ ∞
−∞

f(x) dx =

∫ a

−∞
f(x) dx+

∫ ∞
a

f(x) dx
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¨�At�� ��Akt�� 	s�� :�A��

∫ ∞
0

e−x dx

:����

¨l§Am� ��Akt�� 
As�A� �wq� �wF¤ ,�t`� ��Akt��  � ^�®�∫ ∞
0

e−x dx =
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¨�At�� ��Akt�� 	s�� :�A��

∫ ∞
0

x e−x dx
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:�A��

:¨�At�� ��Akt�� 	s��∫ 1

−∞
e2x dx
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��Akt�� 	s�� :�§rm�∫ ∞
1

1

x2
dx
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¨�At�� ��Akt�� 	s�� :�A��∫ ∞
−∞

x

(x2 + 3)2
dx

:����

¨l§Am� ¯¤� �wq� CwO�� £@¡ Yl�  wk� ¨t�� �®�Akt�� ��� :ry�@tl�∫ ∞
−∞

f(x) dx =

∫ a

−∞
f(x) dx+

∫ ∞
a

f(x) dx
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 d�m�� ry� T��d�� T�A� 2.1.1

: Unbounded Function Case

�A�¤ [a, b) rtf�� Yl� TlOt� f �A� �Ð� T�A��� £@¡ ¨�

lim
x→b−

f(x) = ±∞

�kK�� ¨� Am� b C�w��  d�� ry� ©� ,

�t`m�� ��Akt��  wky�∫ b

a
f(x) dx

¨l§ Am� A�r`�∫ b

a
f(x) dx = lim

t→b−

∫ t

a
f(x) dx
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�A�¤ (a, b] rtf�� Yl� TlOt� f �A� �Ð�¤

lim
x→a+

f(x) = ±∞

�kK�� ¨� Am� a C�w��  d�� ry� ©� ,

�t`m�� ��Akt��  wky�∫ b

a
f(x) dx

¨l§ Am� A�r`�∫ b

a
f(x) dx = lim

t→a+

∫ b

t
f(x) dx

�m§¯� ¢�rV ¨� T§Ahn�� �A� �Ð� ¨�CAq� �yq�As�� �yl�Akt�� �� ®�  wk§

��Akt��  �� ±∞ �A� ¤�  w�w� ry� T§Ahn�� Tmy� �A� �Ð�¤  w�w�

.A§d�Ab�  wk§ �t`m��
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c ∈ (a, b) TWqn�� dn� �d� A� [a, b] rtf�� Yl� TlOt� f T��d�� �A� �Ð� A��

 � �y��

lim
x→c±

= ±∞

¨�At�� �kK�A� �r`§

∫ b
a f(x) dx �t`m�� ��Akt�A�

∫ b

a
f(x) dx =

∫ c

a
f(x) dx+

∫ b

c
f(x) dx

,Ab§CAq� �m§¯� �rW�� ¨� �yl�Akt�� �� ��  A� �Ð� Ay�CAq� ��Akt��  wk§¤

.A§d�Ab� Am¡®� ¤� Am¡d��  A� �Ð� A§d�Ab�  wk§¤
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:�A��

��Akt�� 	s��∫ 1

0

dx√
1− x

:����

©� 1 C�w��  d�� ry�  ¯ ��Ð¤ �t`� ��Akt��  � ^�®�

lim
x→1−

dx√
1− x

=∞

¨l§Am� �wq� ��Akt�� �@¡ 
As��¤ [0, 1) rtf�� Yl� TlOt� f T��d��¤∫ 1

0

dx√
1− x

= lim
t→1−

∫ t

0

dx√
1− x

= −2 lim
t→1−

∫ t

0

−dx
2
√
1− x

= −2 lim
t→1−

[√
1− x

]t
0

= −2 lim
t→1−

[√
1− t− 1

]
= 2

.2 ©¤As� ¢tmy�¤ ¨�CAq� ��Akt��  � �tnts�¤

:�A��

��Akt�� 	s��∫ 1

0

dx√
x

:����

©� 0 C�w��  d�� ry�  ¯ ��Ð¤ �t`� ��Akt��  � ^�®�

lim
x→0+

dx√
x
=∞

¨l§Am� �wq� ��Akt�� �@¡ 
As��¤ (0, 1] rtf�� Yl� TlOt� f T��d��¤∫ 1

0

dx√
x

= lim
t→0+

∫ 1

t

dx√
x

= 2 lim
t→0+

∫ 1

t

dx

2
√
x

= 2 lim
t→0+

[√
x
]1
t

= 2 lim
t→0+

[√
1−
√
t
]
= 2

.2 ©¤As� ¢tmy�¤ ¨�CAq� ��Akt��  � �tnts�¤
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:�A��

��Akt�� 	s��∫ 2

0

dx

4x− 5

����

.x→ 5
4 A�dn� ∞ w�� Y`s� ¨h� x = 5

4 TWqn�� dn� �d� TlOt� T��d��

¨l§ Am� ¢�r`�  � �km§ ��Akt��  Ð�

∫ 2

0

dx

4x− 5
=

∫ 5
4

0

dx

4x− 5
+

∫ 2

5
4

dx

4x− 5

d� Yl� ��Ak� �� ���  ¯�¤∫ 5
4

0

dx

4x− 5
= lim

t→ 5
4

−

∫ t

0

dx

4x− 5

= lim
t→ 5

4

−

1

4

∫ t

0

4dx

4x− 5

= lim
t→ 5

4

−

[1
4
ln |(4x− 5)|

]t
0

= ..........

= ..........

= −∞

 � r�@t�  � 	�§ An¡

lim
x→0+

ln(x) = −∞

∫ 2

5
4

dx

4x− 5
= lim

t→ 5
4

+

∫ 2

t

dx

4x− 5

= lim
t→ 5

4

+

1

4

∫ 2

t

4dx

4x− 5

= lim
t→ 5

4

+

[1
4
ln |(4x− 5)|

]2
t

= ..........

= ..........

= ∞

d�Abt�

∫ 2
0

dx
4x−5 ��Akt��  �� �y§d�Ab� �yl�Akt��  � Am�¤
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