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Exercise 1:
Let (X, A, 1) be a probability space and f, g be two Borelian, positives func-
tions such that f.g > 1. Show that

(/X f(x)d’“‘(x)> ' (/X g(fv)du(a:)> > 1.

Let A be the Lebesgue measure on X = [0,1] and (f,,)n,>1 be a sequence of
measurable functions on X with real values and satisfying

lin+1 / | f(2)]*d\(z) = 0. Prove that
n— oo X

: fn(2) _
nl—lgloo/x NG d\(z) = 0.

Exercise 3:

1. Let (f,)n be a sequence of functions from LP(X, i), p > 1 such that
(i) (f,) converges to f almost everywhere.

(i) _tim [[£ull, =111}
We define the sequence (¢,), by:
On(x) = 207 (|f (@) + [ fu(@) ) — [ f(2) = fulz)].

(a) Prove that ¢, > 0 for all n.
(b) Use the Fatou’s lemma to prove that lim f, = f in LP.

n—-4o0o

2. Give a sequence (f,), of functions in L*(R) which converges to 0 almost
everywhere but (f,), does not convergent in L'.

Exercise 4:
Let (X, A, i) be a measure space, f be a function in L' (X, A, 1) and (f,,)n>1

be a sequence of functions in L*(X, A, u) such that lim / folz)dp(x) =
n— X

/X f(@)du(z). h



1. Show that if for all n > 1, the function f, is positive and if the sequence
(fn) converges a.e to f then (f,) converges to f in L.
Hint: Consider g, :== min(f, f,).
Now we consider the Lebesgue space (R, B(R), \) and the sequence (f,)
defined by:

Jo = X(0,1)y = X (-1 0)-

2. Prove that (f,,) converges to 0 and liI}_l /fn(x)d)\(x) = 0.
n—-r-0oo R
3. Does the sequence (f,,) converges to 0 in L? for p € [1, +00)?

Exercise 5:
Let (X, A, 1) be a probability space and f be a Borelian, positive, integrable
function.

1. Use Holder’s inequality to prove that:
if u({f >0}) <1 then lirgl+||f||p = 0.
p—>

2. Show that lim [ fPdu = u({f > 0}).
p—0t Jx

3. Show that for all p € (0,1) and Vz € (0, 400),

2> — 1)
——— <z+|lnz|.
We assume that f > 0 and In f is also yu—integrable.

i ff—1
4. Show that lim
=0t Jx D

dp = /X In( f)dp.

5. Show that lim ||f||, = exp (/ ln(f)du).
p—07+ X

Exercise 6:
Let p > 1. For every function f € LP(R,), we associate the function F
defined on (0, +00) by

F(z) = é /O " Ft.

1. Show that F'is well-defined.



2. We suppose that f € Cx(R%,R;)'. Show that:
+o0 +oo
/ (F(2))dz = —p / +(F(2))~'F'(z)dz and
0 0
+00 P +oo
| @i = 2 [ ey

p—1Jo
3. Deduce the Hardy’s inequality:

p
IWWpSEjTHﬂM

4. Prove the Hardy’s inequality for the functions in LP(R.).

5. Show that the Hardy’s inequality becomes equality if and only if f =0
almost everywhere.

6. Show that the constant ]ﬁ can not replaced by another smallest con-
stant.
Hint: Consider f(z) = xp a(z).x /.

1Cx (R%,R,) is the set of all continuous, positive, functions with compact support
K CRY.



