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ABSTRACT

In this paper, we introduce a new class of distributions by compounding the generalized class of
Lindley and power series family of distributions. This new class of distributions contains several
lifetime subclasses, such as Lindley Poisson, Lindley geometric, Lindley logarithmic and Lindley
binomial classes of distributions. It also can generate as many statistical distributions such as
power Lindley Poisson, power Lindley geometric, power Lindley logarithmic and power Lindley
binomial distributions. The proposed class has flexibility in the sense that it can generates many
new lifetime distributions as well as some existing distributions. For the proposed class, several
properties, such as survival functions, hazard rate functions, limiting behavior, quantile
functions, moments, and distribution of order statistics are derived. The method of maximum
likelihood estimation will be used to estimate the model parameters of this new class. We will
study the Lindley logarithmic distribution in some details including simulation as an example of
the proposed class. At the end, we will demonstrate applications of three real data sets to show
the flexibility and potential of the new class of distributions.

o Keywords: Generalized Lindley power series distributions, Lindley power series
distributions, power Lindley logarithmic distribution

1. Introduction

Consider the lifetime of a system with N components where the life of each component is
a positive continuous random variable, say X ;. Then, the life of such a system can be modeled

as a non-negative random variable X =min{X . }' orY =max{X,}', based on whether the

components are in a series or parallel. In some applications, we have an unknown random
number of causes for the failure of a system and each will live randomly according to the

distribution X ;. The discrete random variable N can have several distributions, such as zero-

truncated Poisson, geometric, logarithmic, binomial, and the generalized power series of
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distributions. The continuous random variables X, ,i =1,...,N are independent and can be

have any lifetime distribution, such as exponential, gamma, Weibull, or Lindley. We should
emphasize that we have a choice of two distribution types: Weibull type and Lindley type. The
relation between these two types was established in a larger class called, "a class of Lindley and
Weibull distributions", as discussed in Alkarni [1]. However, the Weibull types of distributions
cannot exhibit bathtub shapes for their hazard rate functions. Lindley [2] suggested an
alternative for exponential distribution and developed in many types of Lindley distributions.
These distributions have been able to overcome the weakness of the Weibull distribution by
exhibiting all types of hazard rate functions.

In this paper, we introduce the generalized Lindley power series of distributions since the Weibull
power series of distributions were studied intensively by Alkarni [3]. The proposed class of
distributions is obtained by compounding the generalized class of Lindley with the power series
of distributions. We call it generalized Lindley power series (GLPS) family of distributions. The
GLPS class of distributions is a flexible family and contains many types of Lindley compounded
with discrete distributions (truncated at one), such as Lindley Poisson (Gui et al. [4]), Lindley
geometric (Zakerzadeh and Mahmoudi [5], and Lindley logarithmic distribution (Liyanage and
Pararai [6]). In a similar manner, some classes of distributions are proposed in the literature:
Lindley power series (LPS) class of distributions (Liyanage and Pararai [6]), generalized extended
Weibull power series family of distributions (Alkarni [3]), exponentiated extended Weibull-
power series class of distributions (Tahmasebi and Jafari [7]), the exponential-power series of
distributions (Chahkandi and Ganjali [8]), Weibull-power series of distributions (Morais and
Barreto-Souza [9]), generalized exponential-power series of distributions (Mahmoudi and Jafari
[10]), complementary exponential power series (Flores et al. [11]), extended Weibull-power
series of distributions (Silva et al. [12]), double bounded Kumaraswamy power series (Bidram
and Nekoukhou [13]), Burr XII power series (Silva and Cordeiro [14]), generalized linear failure
rate-power series of distributions (Alamatsaz and Shams [15]), Birnbaum Saunders power series
of distribution (Bourguignon et al. [16]), linear failure rate-power series (Mahmoudi and Jafari
[17]), and complementary extended Weibull-power series (Cordeiro and Silva [18]). To
compound continuous distribution with discrete distribution, Nadarajah et al. [19] introduced
the package Compounding in R software (R Development Core Team, [20]).
We introduce the GLPS class of distributions for the following reasons:

(1) Lindley distributions are widely used in modeling lifetime data.

(2) The GLPS class of distributions exhibits some interesting behavior with non-
monotonic failure rates, such as bathtub, upside bathtub, and increasing-
decreasing-increasing failure rates.

(3) The theoretical results of this paper can be used to obtain new useful
distributions with all mathematical properties verified in this study.

The proposed family of distributions can be applied to other fields, such as business,
environment, actuarial science, biomedical studies, demography, and industrial reliability. This
family contains several subclasses and lifetime models as special cases. In addition, it gives us
the flexibility of choosing any compound lifetimes for modeling any type of lifetime data.

The remainder of this paper is organized as follows. In Section 2, we define the generalized
class of Lindley distributions, and demonstrate that many existing models can be deduced as
special cases of the proposed unified model. In Section 3, we define the GLPS class of
distributions in terms of cumulative distribution functions (cdf) and introduce some special cases
of some existing classes. In Section 4, we provide the general properties of the GLPS class,
including probability density function (pdf), survival and hazard rate function (hrf), quantile
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function, moments, moments generating functions, and distribution of order statistics. The
estimation of the GLPS parameters is investigated in Section 5 using the method of maximum
likelihood estimation and a large sample inference. In Section 6, special subclasses and some
special distributions are introduced along with the flexible mathematical forms of their
properties. In Section 7, the Lindley logarithmic distribution is introduced with some
mathematical properties as a special application of GLPS to show the benefits of this class. In
Section 8, we present some real data to illustrate the applicability and flexibility of the GLPS
distributions. Finally, some concluding remarks are addressed in Section 9.

2. The generalized Lindley class of distributions

Lindley distribution is among the most widely used lifetime distributions in terms of
reliability. Many modifications have been suggested for Lindley distribution to improve the
shape of the hazard rate function. Peng and Yan [21] presented many references on this
matter. The following definition introduces the generalized Lindley (GL) class of
distributions, which generates most of the existing Lindley types of distributions and can be
used to generate new distributions.

Definition. Let H(X ; &) be a non-negative function that depends on a non-negative parameter
vector £ > 0, the GL class of distributions is defined by its cumulative cdf, G, as follows,

G(x;5,5,&) :1—(/”5*/35”()‘ ;f)je-ﬂ“w;ﬁ,a,g,x >0. (2.1)

p+0

The corresponding probability distribution function (pdf) becomes,

g(x;5,6,&) = s (L+SH(x;E))h(x;&)e M6 g5 & x >0, (2.2)
p+0

where h(x; &) is the first derivative of H(x ; &).

Many Lindley distributions can be written in form (2.1) depending on the parameters 3,5 and
the choice of the function H(x ; &), see Alkarni [1]. In the following sub section, we present
some special distributions of this class.

2.1 Special cases
2.1.1 Lindley distribution

If H(X)=X and ¢ =1.Then the cdfin (2.1) is then,

F(x;ﬂ):l—(%]e‘ﬂx,ﬂ,x >0, (2.1.1)

which is the cdf of Lindley distribution introduced by Lindley [2]. From (2.2), the pdf is given by
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. _ ﬂz - X
f (x,ﬁ)_ﬁ+1(1+x)e , B,x >0. (2.1.2)

2.1.2 Two parameters Lindley distribution

If H(x)=Xx. Then the cdfin (2.1) is then,

P+0+ fox

F(X;ﬂ,5)=1—( 2y

jeﬂx , 3,6, >0, (2.1.3)

which is the cdf of Lindley distribution introduced by Shanker et al. [22]. From (2.2), the pdf is
given by

. _ ﬁz —px
f (x,ﬁ,d)_ﬂ+5(l+5x)e ,B,0,x >0. (2.1.4)

2.1.3 Power Lindley distribution

If H(X)=x%,6=1. Then the cdfin (2.1) is then,

F(x;p,a) =1—[M]e‘ﬂxa,ﬂ,a,x >0, (2.1.5)
p+1

which is the cdf of power Lindley distribution introduced by Ghitany et al. [23]. From (2.2), the
pdf is given by

2
f (X;ﬂ,a)=;€1(l+x“)x T B a,x >0. (2.1.6)

2.1.4 Extended power Lindley distribution

If H(X)=x". Then the cdfin (2.1) is then,

P+ + Pox“

F(x;p’,&,a)zl—[ I

jeﬂ” B0, a,x >0, (2.1.7)

which is the cdf of extended power Lindley distribution introduced by Alkarni [24]. From (2.2),
the pdf is given by

2
f (x;ﬂ,5,a):lg’f§(1+5x VxR B.S5,a,x >0, (2.1.8)

3. The GLPS family



In this section, we derive the family of GLPS distributions by compounding the GL class of
distributions and the power series distributions.

Let N be a zero-truncated discrete random variable having a power series distributions

with the following probability mass function:
n

ado
= N =N)= n f n=1,2,...,
P =p(N =)=

where a_ > 0 dependsonlyon n, c(0) = Z:zlahﬁn , and @ € (0,s) is chosen in such a way

that c(0) is finite. The power series family of distributions, including Poisson, geometric,
logarithmic, and binomial distribution, are presented in Johnson et al. [25]. Useful quantities

such as a, ,C(H),C,(H) and C" (9) are introduced in Table 1.

Table 1: Useful quantities for some power series distributions

Distribution ~ d, c(6) c ) c 0) Parameter Space
Poisson 1 e’ e’ e’ (0, )
n
. 0 1 2
Geometric 1 ) m m (0,1)
! 1 2
Logarithmic o —log(1— @) m m 0,1
sinormial (mj A+0)" -1 m@A+0)"™ mm-1)1+0)"° n-
n
Given N, let X ,, = min(X,,...,X ), where X, ,i =1,...,N are independent and
identically distributed (iid) random variables following (2.1). Then, the cdf of X |N =Nis
given by
F, o (X)=1- pro+poHK:e) e "M x>0,n>1.
X(l)‘N n ﬁ+5

The GLPS distribution is then defined by the marginal cdf of X @ Which is given by

FGLPS (X ) = Fx(l) (X) — ianen 1_(ﬂ+5+ﬂ5 H(X 7§)jn einﬁH(X B

n:1C(0) IB+5
C{Q[ﬁmw&H(x;g)jeMxﬂ
1 pro 0.8,5,£.X >0 (3.1)
B c(0) RGN, '

which can be written as

Faes (X) = i: p, -G x)")=1-

c@A-GX)) ..,
c@® '

(3.2)



Remark. Let X n) = max{X i}iNzl, then the cdf of X (n) is given by,

R ()= Zp G —C(Hf;)x», 33)
C{g(l_(ﬂ+§+ﬂ5H(X;§)jeﬂH(x;é)I|
p+0
= ,0,0,0,5,x >0. (3.4)

c(0)

Note that if H(x ) = X, =1, then (3.1) is reduced to

(1]
FLPS (X) =1- ﬁ+

c(0)

distributions introduced by Liyanage and Pararai [6].

,the Lindley power series (LPS) class of

Based on the choice of a,,c(6), H (X) and & with form (3.1) and (3.4), this class covers the

entire compound truncated discrete distributions with all the Lindley types of distributions for a
series and parallel components.

4. General properties
4.1 Density, survival, and hazard rate functions

The pdfs associated with (3.1), (3.2), (3.3) and (3.4), respectively, are given by

faps (X) =69(X) ¢ (0(126?) tI)) : (4.1.1)

{6[ﬂ+5+ﬁ5H(X ;é:)je_ﬂH(x;g)j|
- ﬂz . . —BH(X;¢)
0ﬂ+5(1+5H(x,§))h(x,§)e

IB-::?Q) (4.1.2)
and
¢ (9G(x)
X o0 , 41.3
fr, () =090 =2 (4.13)



ﬂ+5+ﬁ5H(X;§)jeﬂH(x;§)j:|'

B ) . ~BH(E) R —
=0 (L+SH(x:E)h(x: e CH% B+

L+0
(4.1.4)

The survival functions (sf) are given by

{e(mmwmx:@}emm}
c(0(-G (x)) _ B+0S

Sepis (X) = c(0) c(0) (4.1.5)
and
C{g@f{ﬂ+5:fiywhﬂjemwﬁq}

. (G Xx) _, +

sx(n)(x) =1 ) 1 0 . (4.1.6)
The corresponding hazard rate functions (hrf) are

_Be® ) c(00-G ()

Tepis (X)—W—gg(x) c(00-G (X))’ (4.1.7)

¢ {9(ﬂ+5+ﬂ5H(X ;f)Je—ﬂH(X:é)}
(4.1.8)

— ﬁz . . -BHX:&) ﬂ+5
=0 1+o0HX:;E))h(x; &) e )
ﬂ+5( FOREGEINGGS) c 9[ﬂ+5+ﬂ5H(X1§)je—ﬁH(x;é)
p+0
and
™ ¢ (66 ()
TX(H)(X)_W_ (X)C(G)—C(GG(X))’ (4.1.9)

2 C,{H[l—(ﬂ+5+ﬂ5:(x;§)]eﬁH(X;é)J}
=0 L @+ SH(x: ) h(x; £)e 71 =

pro C(@)_C|:0(l_[ﬁ+5+ﬂ§H(X;f)je—ﬂH(x;f)]i|'

p+0
(4.1.10)

The limiting distribution of the GLPS when 0 — 0" is



limFe, . (x) = lim1-SOE=C 0N _y i, €OA-C X))
o SRR c(0) e c(6)

3°8,6"(1-G ()"

=1-lim =—— , using the L'Hépital's rule, we obtain
00"
S a6
n=1

8,1-G (x))+ Y na, 0" *(1-G (x))"

=1-1lim
00"

a,+y nao""
n=2

P+6+PSHKXE) | -pmicio)
p+o |

~1-(1-G(x)) =G (x) :1—(

The pdf of GLPS distributions can be expressed as an infinite number of linear combinations

of densities of the order statistics. Given that C'(9) = Z nangnfl, therefore,
n=1
c (0(1-G (x)))

fGLPS (X)ZGQ(X) C(H)

=i:p(N=n)gYm(x;n),

where gYm (X;n)is the pdf of Y = min(Yl,...,Y n), given by

v, (x;n)=ng (x)A-G(x)"*

P . oo ptee | [ B+ BSHEGE) ) pren |
=n 5+ﬁ(1+5H(X,§))h(X,§)e H o je } , hence

_&nad" B , , - AT @ BHKGE)
FoLes (X)—nz:;, c(0) G178 L+ SHXGENNGE) [B+S+BSH(X;E)] e
(4.1.1)

4. 2 Moments, and moments generating function

The r™ moment of a random variable X from the GLPS distribution, ,U; is given by

, o0 © ; 0 anenw ;
u, =Y P[N :n]jx gy, (x)dx => C(Q)Ix Gy, (x)dx,
n=1 0 n=1 0

which can be obtained for any function H (x).

The moment generating functions (mgf) are obtained as follows:
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OO
tx

Mgpes (t) = (x )dx.
(6’)
w Ky k
Using the series expansion e¥ = Z , the above expressions are reduced to

k=0

0 octk Hn ,
GLPS() sz'in Hy -

n=1k=1
4. 3 Quantile function and order statistics

In this section, the quantile function of GLPS distributions will be derived. Let X be a

random variable with cdf as in (3.1). The quantile function, i.e., qu) (p), is the root of the

(Qx(1 (p)) pP,pe (O 1) Therefore,

equation F X

p+0
c(9)

i { 9(ﬁ+5+ﬂ5 HQy,, (p»jem% ﬂ
~1-p,

-1
multiply both sides by ¢(#) and apply C () for both sides, then multiply both sides by

a8
leads to
p+0
—B-5-PEHQ,, () ~p-o-poHQu, @) __ (B+0O)C ;e(g; p)c(6))

et z(p)=—-0-p-0 H(me (P)), then we have

(B+3)c((1-p)(9)

z(p)ez(p) =- 5o/ - Then the solution for z (p) is

2 (p) =W {_ (ﬂ+5)c6;e(g{; p)c(e))}

Where W (.) is the negative branch of Lambert W functions. See Corless et al. [26]. Hence, the
guantile functions of GLPS is given by

Qsurs (P) :Qx(l) (p)=H™ {—%—%_éw [_ (,B+5)C0e(g;; p)c(9) ﬂ (4.2.1)




Order statistics are among the most fundamental tools in non-parametric statistics and
inference. These can be used to tackle estimation problems and hypothesis tests in many ways.

The pdf of the k ™ order statistics from a random sample X 11 X n from the GLPS is given by

n! 1 .
Fen 0 = G nm i v 0o COT T =Fougs GO
n! SNk i k+i-1
 (k —1)!(n—k)!fGLPS(X)iZ_(;( i j(—l) [Foes 1" (4.2.2)

The associate cdf can be obtained as

R )
n! ﬂk[ I j k +i
Fen(X) = KDk —1); Z(; o [Fops O] (4.2.3)

5. Estimation and inference

Let X,,..., X , be a random sample, with the observed value X =(X,...,X, ) obtained

from the GLPS distribution with parameters @, 2,6 and &. Let ® = (8, 5,5,E)" be the
p x1 parameter vector. The log likelihood function is given by

I, =1,(0,x)=nlogé+2nlog f—nlog(f+J)—n Iog(c(<9))+ilog(1+5H (X;)

i=1

+ilog(h(xi )) _ﬂi(H(Xi )) +i|09 {C’ |:9£ﬁ+5+ﬂﬁ+5;(x ;‘f)}e—ﬁH(x ;5):|}_ (51)

L+0+ PLOoH(X;E)
p+0o

score function is given by U n (@) = (('5|n 106, 8|n /5,5, 5|n /00, a|n /5§)T .

Consider p; =( jeﬂ'*(x‘”), Pis =0P; /0B, pis =3P, | 05.Then the

%:ﬂ_nc (‘9)+z p;C (Hpi)’
06 6 cO = c'@p)
o, _2n n

_ _ "(ep )p|ﬁ
o B f+6 ;H( ) 9; c'(Op;)

al, __.n 5 H(x,) _ nc”(gpi)pib‘
65_ /3+5+;1+5H(xi) @ c'(@p;)

BH(X,) & 1 oh(x,) oH (x,) c"(0p.) op,
D e i e O Y
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Where &, is the kth element of the vector .

The maximum likelihood estimation (MLE) of ® say ® is obtained by solving the
nonlinear system U _(x; ®) =0 . Since this nonlinear system of equations does not have a
closed form solution, any numerical method such as the Newton-Raphson procedure can
be used. For the interval estimation and hypothesis tests on the model parameters, we
require the following observed information matrix:

In(®):_

where the elements of | (@) are the second partial derivatives of U _(®). Under the
standard regular conditions for the large sample approximation in Cox and Hinkley [27], which
was fulfilled for the proposed model, the distribution of @ is approximately N | (®,J, @™,

where J_(®) = E[I, (®)]. Whenever the parameters are in the interior of the parameter space
but not on the boundary, the asymptotic distribution of ﬁ(@—@) isN p(O,J (1), where

J (@)™ =limn~'l (®)is the unit information matrix and P is the number of parameters of
n—o0

the distribution. The asymptotic multivariate normal N | (®,1 | (®)™) distribution of ® can be

used to approximate the confidence interval for the parameters, the hazard rate, and the survival
functions. An 100(1— ) asymptotic confidence interval for parameter @, is given by

(O _ZZ 1" O +Zy\/|T),
2 2

where 1" isthe (i,i) diagonal elementof |, (®©) for i =1,...,p and Z, isthe quantile
2

1_1 of the standard normal distribution.

6. Special subclasses

In this section, we present some subclasses of GLPS distributions. Using (3.2), (3.3),
(4.1.1), (4.1.3), (4.1.5), (4.1.6), (4.1.7), and (4.1.9), we provide the forms of the cdf, pdf, sf, and

hrf for X(1) and X(n) for Poisson, geometric, logarithmic, and binomial distributions

compounded with any continuous lifetime distributions defined in (2.1).

6.1 The Lindley Poisson class of distributions
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The Lindley Poisson (LP) class of distributions is a special case of the GLPS class, with
1

n!

a, =— and c(6) =e?—1,0>0. Table 2 shows the cdf, pdf, sf, and hrf for this class in
both (series and parallel) systems.

Table 2: cdf, pdf, sf, and hrf for the LP class

Xy =min(X,,... X ) | X =max(X,,.,Xy)
0 0(1-G(x) -6(1-G(x)) -0
e’ —e ) e -e
F(X)=——— | F(Xx)=
) e’-1 ) 1-e™’
04 (x e9(1fe(x)) 04 (x e—e(l—G(x))
foo=200— )= 20E
e” -1 1-e
ee(l—e(x)) 1 1- @-0(1-6(x)
S(X)= = -
) == ()=
Hg (X )e 0(1-G(x)) 199 (X )ee—9(1—<3<x»
) =—gomew 7 | 700 = o™

The Lindley Poisson distribution, which was proposed by Gui et al. [4], is a special case of the LP
class with G (X) and g (X ) the cdf and pdf of Lindley distribution as in (2.1.1) and (2.1.2),
respectively.

6.2 The Lindley geometric class of distributions

The Lindley geometric (LG) class of distributions is a special case of GLPS class, with

a =1and c(9) = %,9 € (0,1). Table 3 shows the cdf, pdf, sf, and hrf for this

class in both (series and parallel) systems.

Table 3: cdf, pdf, sf, and hrf for the LG class

X g =min(X,,...X )

F) - G0 ) - =060
1-0(1— G(x)) 1-6G(x)

f (X): (1_9)9()() f (X): (1_9)9()()
(1-6(1-G(x))* (L-0G(x))’*

S(X): (1_‘9)(1_6()()) S(X)Zl— (1_0)G(X)
1-6(1-G(x)) 1-6G(x)

T(X)Z g(X) T(X): (1_0)9 (X)
[1-60-GMX)I1-G(X)] (1-0G(x))A-G(x))

The Lindley geometric distribution was introduced and studied by Zakerzadeh and Mahmoudi
[5] belongs to the LG with G (X ) and g (X ) the cdf and pdf of Lindley distribution as in (2.1.1)
and (2.1.2), respectively.
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6.3 The Lindley logarithmic class of distributions

The Lindley logarithmic (LL) class of distributions is a special case of GLPS class, with a, = l and
n

c(0) =—log(l—6),0 € (0,1). Table 4 shows the cdf, pdf, sf, and hrf for this class in both (series

and parallel) systems.

Table 4: cdf, pdf, sf, and hrf for the LL class

X g =min(X,,...X ) X gy =max(X ..., X )
F(x) =1 log(1-0(1-G(x))) F(x) = log(1-0G(x))
log(1-6) log(1-0)

f(X): —gg(X) f(X): —Hg(X)

(1-6(1-G(x)))log(L-0) (1-6G(x))log(L-6)
S(x) = log(1-60(1-G(x))) S(x) =1 log(1-0G(x)))

log(1-6) log(1-6)

T(X) — _Hg (X) T(X) — eg (X)

logd—- 01— G(x))[1 -1 - G(x))] (1-0G(x))[log(1-G(x)) —log(1- )]

The Lindley logarithmic distribution was proposed by Liyanage and Pararai [6] belongs to the LL
class with G(X) and g(x) the cdf and pdf of Lindley distribution as in (2.1.1) and (2.1.2),

respectively.

6.4 The Lindley binomial class of distributions

m
The Lindley binomial (LB) class of distributions is a special case of GLPS class, with &, :[ )
n

and c(0)=(0+1)" -1,6 [0,1]. Table 5 shows the cdf, pdf, sf, and hrf for this class in
both (series and parallel) systems.

Table 5: cdf, pdf, sf, and hrf for the LB class

X g =min(X,,...X ) Xy =max(X,...,X )

F(x) _q [0A-G() +1]" ~1 F () = OG(X)+1)" -1
O+1)" -1 G+1)" -1

f (x)= méeg(x)(01-G(x))+1)"* f (x) = méegx)(@G(x)+1)™™
O+1)" -1 G+1)" -1

S(X) = (9(12 ;ﬁ;gilim -1 so)=1- L0 (Ge(i)l;ml)_ml_l

(x) = m99(><)(6’(1—C5(><)r1+1)"“l X) = m@g(:)(eG(x) +1)m:

(0A-G(x))+1)" -1 (O+1)™ —(0G(X) +1)
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7. Power Lindley logarithmic distribution

In this section, the power Lindley logarithmic (PLL) distribution is introduced as a special
case of the GLPS family of distributions. The PLL will be introduced in some details.

7.1 The model

The PLL distribution is defined directly in Table 4 withG (x ) and g(X) to be the cdf and pdf of
power Lindley distributions as in (2.1.5) and (2.1.6), respectively, Gaitany et al. [23]. In the case

of GLPS H (X) =x“and 6 =1 with a_ _t and c(0) =—log(1-0),6 € (0,1). The cdf, pdf,
n

and hrf are given respectively by

.ogﬁl_g(ﬂﬂwv}ew]
p+1
Fo (X560, 8,a) =1~

’

log(1-6)
fe (30, 5.0) = Oop” (@L+x*)x * e . and
Wloet=o) {a[ﬂﬂwx“j e }
BLEBR ), pe 4
p+1

OB (L+x *)x e A"

(B+1)log {1—9[%}&“ }[Q(WJEW —1}

7, (X0, B,a) =

Figure 1 shows the pdf and hrf of the PLL distribution for the selected parameter values.
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Figure 1. Plots of the density and hazard rate functions of the PLL for different values of
@, p/ and .

It can be seen that for ¢ =1, PLL distribution is reduced to Lindley logarithmic (LL) distribution

as in Liyanage and Pararai [6].

7. 2 Quantile function and order statistics

The quantile function of the PLL can be obtained by substituting in (4.2.1) with
1

o=1c"(@)=1-e""and H*(x)=x= tobe

QPLL(p): -1-——=W e Pl

L £ [_ (,B‘l'l)(l—e(l‘P)'Og(l—e)
B B

] , 0<0<1,

Where W (.) is the negative branch of the Lambert functions.
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The pdf and cdf of the kth order statistics of the PLL distribution can be obtained directly
from (4.2.2) and (4.2.3) as

n! &(n-k i K+i-1
frn (X)mem(x)i_o( i J(—l) [Fe GO, (7.2.1)
n| n-k ( 1 j( 1)
k n( ) = N ) [FPLL (X )]k+I (722)

(k =Dk —i)! frue =

7.3 Moments and related measures

In this section, moments, moments generating function (mgf) and some related
measures, such as means, variance, skewness, and kurtosis, are discussed. The moments and the
mgf are presented in the following theorem.

Theorem 1. Let X be a random variable that follows the PLL distribution, then the r
moment (about the origin) is given by

_ BR L Sis (i +1 L(r/ia+j+1)
E(X ) Zzzlog(l 9)( j[ J j(/3+1)nnr/a+j+lﬂr/a+j—i_1’ (731)

n=1i=0 j=0

and the mgf is given by

_ YRS n=i)(i+1)  T(/a+]j+])
M (t) ZZZZk |Og(1 9)( ]( J j(ﬁ+1)nnk/a+j+lﬂk/a+jil’ (732)

n=1k=1i=0 j=0

where I'a = IX ala X(x .

Proof: 1 =E (X ") = jxffx(x)dx.

ag@"

For H(X)=X“,& >0 and a power series p[N =n]= Cn((9) ,N=123,..., , we have

an6?n

(6’)

— N —10n naﬂ r+a-1 a ay\n-14 -npx“
—nz_log(l 5B j (L+x“)A+ BL+x ) e dx,

:ur’ JX gX(l)(X )dx

o0 a . ,
using (1+2)* = Z( jZ ' and using integral by substitute, we have U, proved.
i=0

The mgf of a continuous random variable X , when it exists, is given by

M, (t):J:e‘Xf (X )x.
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0 tk k
Using the series expansion, €* = Z
k=0

, we get the mgf using the same ideas above.

Therefore, the mean and the variance of the PLL distributions, respectively, are

inlll o" n—i\(i+1 F'l/a+j+1)
H= /Ul L og(1-6) j (ﬂ+l)nnl/a+j+1ﬂ1/a+j7ifl’

+

and

2

2 _ ’
o =l -H.
The skewness and kurtosis measures can be obtained from the expressions,

Ha =gt + 2487
03

_ My = Apu+6u,0° - 3u
4 )
O

skewness =

curtosis

upon substituting for the row moments in (7.3.1).

7.4 Maximum likelihood estimation

Let X;X,,..., X, be a random sample with size n obtained from the PLL distribution

with parameters @, # and o . Let @ = (0, B, )" be the 3x1 unknown parameter vector.
From equation (5.1), the log likelihood function of the PLL distribution is given by

. =1,(0,x)=nlogéd+nloga+2nlog f—nlog(f+1)—nlog[log(l-6)]

+ilog(1+xia)+(a—1)znllogxi—ﬁzn:x Z'Og{ [1+,Bﬂ+ﬂx J : 'a—l}.

1

The associate score function is U n (®) = (8ln 106, 6|n /aﬂ, 8|n /805)T where the elements of
U n (®) are given by
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o, n n S 1+ B+ BXi)

20 0 1-0)log(1-0) F 0@+ B+ px)—(B+De’
a,_2n_ n < Hﬁi X{(2+B+X{" + px{)

o8 B Al & B0 px7) - (frDe

%=£+im+i|ogxi —ﬁZXia logx,
]

50[ (04 i1 1+Xia i i-1

e xflogx: L+x.7)
9 ] 1 ] ,
"o Zi:9(1+ﬂ+ﬁxf)—(ﬁ+1)eﬂ*i”

respectively.

The maximum likelihood estimates of © can be obtained as a solution of U n (®) =0 by any

numerical method, such as Newton-Raphson in R. Fisher information matrix is a 3x3 matrix

consisting of the second partial derivatives of U n (®) and given by

|n(®): IﬂH Iﬂﬂ Iﬂa'
|

ab

o%In(x ;0)
Where | i (@)) = _Eg W . These elements can be obtained from R or MATLAB to get
i

a confidence interval for the estimates.

7.5. Simulation study

In this section, the performances of the mle's estimators are discussed using their Average bias
(AB), Root mean squared error (RMSE), Coverage probability of 95% confidence intervals of the
parameters (CP) and Average width (AW) of 95% confidence intervals of the parameters.

Table 6 shows the comparative behavior of AB, RMSE, CP and AW. We generated 5000 random
samples of different sizes for two sets of parameters using the following Lemma.

Lemma 7.5.1. Let U be a standard uniform variable between zero and one. Then the random
variable

X = [—1—£—£w (_ (S +1)(L—e*Y)osl-0) Ha
ﬂ ﬂ geﬂ-ﬂ

is said to be come from the PLL distribution with parameters 8,  and .
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For each samples of size n =800,1000, 2000, 3000, 4000 and 5000 combined with two sets of
parameters: (0 =0.75, 4 =0.5,¢=0.95) and (0 =0.75, f =2, =4), for simulation on the
basis of 5000samples generated by using Lemma 7.5.1. It can be seen that as the sample size
increase, the RMSE and the bias decrease toward zero. Moreover, the average confidence width
decreased as the sample size increases and the coverage probabilities of the confidence interval
are quite close to the nominal 95% level. We conclude that the mle's estimate and their
asymptotic results can be used in inference applications such as hypothesis and confidence
intervals.

Table 6: The AB, RMSE, CP and AW for varying N, &,  and «.

0=0.75=0.5a=0.95 0=075p=2,a=4
Par. n AB RMSE  CP AW AB RMSE cp AW
¢ 800 -0.134 0.315 0.983 1.508 -0.066 0.205 0.975 0.937
1000 -0.085 0.222 0.997 1.100 -0.058 0.191 0.961 0.819
2000 -0.054 0.176 0.958 0.709 -0.028 0.136 0.925 0.523
3000 -0.033 0.142 0.935 0.545 -0.015 0.106 0.923 0.408
4000 -0.024 0.122 0.935 0.459 -0.011 0.091 0.929 0.348
5000 -0.018 0.105 0.938 0.402 -0.011 0.082 0.938 0.311
f 800 0.0308 0.112 0.998 0.567 0.038 0.234 0.997 1.148
1000 0.0240 0.097 0.999 0.520 0.035 0.221 0.994 1.026
2000 0.0133 0.082 0.990 0.363 0.009 0.174 0.963 0.717
3000 0.0062 0.071 0.975 0.295 0.000 0.145 0.957 0.584
4000 0.0038 0.063 0.961 0.254 0.000 0.127 0.953 0.505
5000 0.0023 0.056 0.955 0.227 0.000 0.114 0.952 0.452
a 800 -0.008 0.063 0.974 0.325 -0.008 0.276 0.986 1.391
1000 -0.004 0.029 0.989 0.160 -0.006 0.260 0.980 1.246
2000 -0.001 0.025 0.966 0.114 0.009 0.211 0.970 0.887
3000 0.000 0.022 0.965 0.094 0.016 0.183 0.959 0.727
4000 0.000 0.020 0.958 0.081 0.012 0.161 0.951 0.628
5000 0.000 0.018 0.958 0.073 0.006 0.143 0.951 0.561
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8. Applications

In this section, we fit the PLL (8, 3, «) distribution to three real data sets and compare it with
some of the other distributions, such as the Lindley logarithmic distribution (LL) introduced by
Liyanage and Pararai [6], the Weibull logarithmic distribution (LW) introduced by Ciumara and
Preda [28], exponential logarithmic distribution (LE) introduced by Tahmasebi and Rezaei [29],
the Weibull distribution (W), and the Lindley distributions(L), whose densities are given by

L (x:0,8)=— Aexje ™
(3 +1)log(L— ) {0(ﬂ+1+ﬁxj px }
PE2TPR o g
p+1
_ 1 QBaxTe
fLw (X’H’ﬁ’a)_log(l—e) e 1
fe(x;6,0)= L Q,Be_ﬂx

log(1-0) e -1

f, (X;8,a)=apx e,

fL(x;ﬂ)zﬂﬂjl(ux)eﬂx,

for B,a,x>0,0< 0 <1, respectively. The first data set represents the number of successive
failures for the air-conditioning system of each member in a fleet of 13 Boeing 720 jet airplanes
as shown in Proschan [30]. This data consists of 188 observations and has the following values:
1,1,3,3,34,5,5,5,5,5,7,7,7,9,9,10, 11, 11, 11, 11, 12, 12, 12, 12, 13, 14, 14, 14, 14, 14,
14, 14, 14, 15, 15, 16, 16, 16, 18, 18, 18, 18, 18, 18, 20, 20, 21, 22, 22,22, 23, 23, 23, 24, 25, 26,
26, 27, 27, 29, 29, 29, 30, 31, 31, 32, 33, 33, 34, 34, 34, 35, 35, 36, 36, 37, 39, 39, 41, 42, 43, 44,
44, 44, 46, 46, 48, 49, 50, 50, 51, 52, 54, 54, 55, 56, 57, 57,57, 58, 59, 59, 60, 61, 61, 62, 62, 63,
65, 66, 67,70,71,71,72,74,76,79, 79, 80, 82, 84, 87, 88, 90, 90, 95, 97, 97, 98, 100, 100, 101,
102, 102, 104, 104, 106, 111, 118, 118, 120, 120, 130, 130, 130, 134, 139, 141, 152, 153, 156,
163,181, 182, 184, 186, 188, 191, 194, 201, 206, 208, 208, 209, 210, 216, 220, 230, 230, 239,
246, 254, 261, 270, 283, 310, 320, 326, 359, 386, 413, 438, 487, 493, 502, 603.

The second data set consists of 69 observations, which were introduced by Bader and Priest
[31] as the tensile strength measurements on 1,000 carbon fiber-impregnated tows at four
different gauge lengths. Its values are 1.312, 1.314, 1.479, 1.552, 1.700, 1.803, 1.861, 1.865,
1.944, 1.958, 1.966, 1.997, 2.006, 2.021, 2.027, 2.055, 2.063, 2.098, 2.140, 2.179, 2.224, 2.240,
2.253,2.270,2.272,2.274, 2.301, 2.301, 2.359, 2.382,2.382,2.426, 2.434, 2.435, 2.478, 2.490,
2.511, 2.514, 2.535, 2.554, 2.566, 2.570, 2.586, 2.629, 2.633, 2.642, 2.648, 2.684, 2.697, 2.726,
2.770, 2.773, 2.800, 2.809, 2.818, 2.821,2.848, 2.880, 2.954, 3.012, 3.067, 3.084, 3.090, 3.096,
3.128, 3.233, 3.433,3.585, 3.585.

20



The third data set represents the waiting times (in minutes) before service of 100 bank
customers, which was examined and analyzed by Ghitany et al. [32] after fitting the Lindley
distributions. The values of this data are 0.8,0.8,1.3,1.5,1.8,1.9,1.9,2.1,2.6,2.7,2.9,3.1, 3.2,
3.3,3.5,3.6,4.0,4.1,42,4.2,4.3,43,4.4,4.4,46,4.7,4.7,4.8,4.9,4.9,5.0,5.3,5.5,5.7, 5.7,
6.1,6.2,6.2,6.2,6.3,6.7,6.9,7.1,7.1,7.1,7.1,7.4,7.6,7.7, 8.0, 8.2, 8.6, 8.6, 8.6, 8.8, 8.8, 8.9,
8.9, 9.5, 9.6, 9.7, 9.8, 10.7, 10.9, 11.0, 11.0, 11.1, 11.2, 11.2, 11.5, 11.9, 12.4, 12.5, 12.9, 13.0,

13.1, 13.3, 13.6, 13.7, 13.9, 14.1, 15.4, 15.4, 17.3, 17.3, 18.1, 18.2, 18.4, 18.9, 19.0, 19.9, 20.6,
21.3,21.4,21.9, 23.0, 27.0, 31.6, 33.1, 38.5.

For each distribution, we derive the maximum likelihood estimates (MLE), the maximized
log likelihood (Log L), the Kolmogorov-Smirnov statistics (K-S) with its respective p-value, the
Akaike Information Criterion (AIC), and the Bayesian Information Criterion (BIC). The K-S test is
valid to test the goodness of fit of underlying distributions to the failure data, as shown in Bagheri
et al. [33]. The results of all data sets are presented in Table 7, Table 8, and Table 9, respectively.
The fitted densities and the empirical distribution versus the fitted cdfs for all the data sets are
shown in Figures 2, 3, and 4, respectively. They indicate that the PLL distribution fits the data
better than the other distributions, except the first data, which was all mostly the same with LL
distributions. The KS test statistic takes the smallest value with the largest value of its
corresponding p-value for the PLL distribution. Moreover, this conclusion is confirmed from the
log likelihood, the AIC, and the BIC for all the fitted models.

Table 7: Parameter estimates, KS statistic, P-value, log likelihood, AIC, and BIC of the air-conditioning system.

Dist. MLE K-S p-value -log(L) AlC BIC
6 =0.9907
pLL  B=0.0107 0.0362 0.9663 1031.9 2069.8  2079.5
a=0.9727
6 =0.9932
T, 0.0359 0.969 1031.9 2067.8  2074.3
3 =0.008897
6 =0.9926
LW ﬂ =0.0001 0.0403 0.921 1031.8 2069.6  2079.3
a =1.6344
6 =0.6669
LE . 0.0523 0.6815 1035.1 20742  2080.7
£ =0.0082
/3 =0.0170
W 0.0562 0.5918 1036.8 2078 2084
a =0.9110
L ﬁ =0.0215 0.2134 0.0000 1082.7 2167.3 21705
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Figure 2. Plots of fitted models of the air-conditioning system data.

Table 8: Parameter estimates, KS statistic, P-value, log likelihood, AIC, and BIC for carbon fiber tensile strength.

Dist.  MLE(std.) K-S p-value -log(L) AIC BIC

0 = 0.6094

pLL S =0.0314 0.0422 0.9993 49 104 110.7
a =4.1465

o ¢=000001 4 4011 0.000 119.2 2424 2509
7 =0.6545

0 =0.8614

lw 3 =0.0006 0.0571 0.9684 49.2 1043 111
a =6.9313
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S =0.000001
LE . 0.4483 0.0000 130.7 265.4 269.9
a =0.4079
S =0.0047
. 0.0563 0.9725 49.6 103.2 107.7
a =5.5049
L F=0.6545 0.4012 0.000 119.2 2404 2426
=
o T -
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Figure 3. Plots of fitted models of the carbon fiber tensile strength data.
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Table 9: Parameter estimates, KS statistics, P-value, log likelihood, AIC, and BIC for the waiting times.

Dist. MLE K-S p-value -log(L) AIC BIC
6 = 0.9582
PLL [3 =0.0385 0.0349 0.9997 317.1 640.2 648
a =1.3962
6 =0.00001
. 0.0674 0.7542 319 642 647.2
S =0.1866
6 =0.9544
LW ﬁ =0.0023 0.0496 0.9664 317.4 640.8 648.6
a =2.1039
6 =0.000001
LE . 0.1739 0.0047 329 662 667.2
£=0.1012
S =0.0305
w 0.0587 0.8807 318.7 641.4  646.6
a =1.4585
L ﬁ =0.1866 0.0686 0.7344 319 640 642.6
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Figure 5. Plots of fitted models of the waiting time data.
9. Concluding remarks

The purpose of this paper was to define a new family of lifetime distributions called the
GLPS family of distributions, which generalizes the Lindley power series class of distributions
introduced by Liyanage and Pararai [6]. The GLPS class contains some lifetime subclasses and can
generates as many useful distributions. The properties of the GLPS class of distributions were
derived in flexible and useful forms, including density, survival function, hazard rate function,
guantile function, moments, moments generating function, distribution of order statistics, and
maximum likelihood estimates. We introduced four subclasses of GLPS distributions in simple
and flexible ways for researchers. In addition, we introduced power Lindley logarithmic (PLL)
distribution in details to illustrate the befits of the proposed class. Finally, we fitted the PLL
distribution to three real data sets and compared it with some existing distributions.
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