King Saud University Dr. Borhen Halouani
College of sciences Time: 3 hours

Department of mathematics Full Marks: 50
Second semester 1431/1432 H

Final Exam Math 580 (Theory Measure I)

Exercise 1:(15 points)
Let f,, f be positives, measurables functions on a measure space (X,.A, i)
and f € L'. We suppose that:

f <liminf f, p—a.e and limsup/fndp < /fd,u.

n—+0oo n—+o0

1. Prove that [ fdu < liminf/fnd,u. Deduce that

lirf /fnd,u:/fd,u.

2. Show that f = liminffn W — a.e.

3. Prove that Va,b € R, |a —b| = a+b—2min{a, b} and deduce that (f,)

converges to f in L.

4. Give an example of sequence (f,,) to show that (f,,) does not necessary
convergent to f u — a.e.

Exercise 2:(15 points)
Let f:[0,1] — [0, +00) be a Borel function and A C R? be the set

A={(z,y,2)/0 <2 <1; 9" +2° < f(a)}

1. Prove that the function F': [0,1] x R x R — R defined by F(x,y, z) =
y?® + 22 — f(x) is a Borel function and deduce that A € B(R?).

2. For every x € [0, 1], determine the section A, := {(y,2)/(x,y,2) € A}.
Verify that A, € B(R?) and compute its Lebesgue measure \y(A,).

3. Compute the volume A3(A) of A as function of f.

1



Zif f(z) = a*, Va € [0,1].

4. Verify that \3(A)
Problem:(20 points)
Let R, = [0,400) and for n > 1, the function f, : Rx R, x R, — C

ef(ner)y (eiyt . 1) )

defined by
fn<t7 xz, y) =

1. Show that V(t,z,y) € R x Ry x (0, 400),

> altw,y)] < It

n>1

zy

and f(t,z,y) : antxy —3

2. Show that for every (¢,z) € R x R, the function
Yy f(t7x7y) € Ll(R+, )\) and

(e ~1).

it
f(tz,y)dy = Z (n+x—it)(n+z)

n>1

—+00

0
L sm(yt) Show that

3. For (t,7,y) € Rx R, xRy, let u(t,z,y) = 5
V(t,x) € R x R, the function y — u(t,z,y) € L' (R, \) and

o0 e Y J
in(yt = —_—.
/0 sin(yt)dy Z (n+x)% + 2

ey —1
n>1

4. Show that the function g : R x R, — R defined by
+o0 e T
glta) = [ S sinluty

is of class C*(R x R,)" and satisfying the equation 2 atg + (%g =0 on

R xR,.

IThe class C?(R x R, ) is the set of all functions f twice differentiable and f”

continuous on R x R;.



