12 Lecture 12: Holomorphic functions

For the remainder of this course we will be thinking hard about how the
following theorem allows one to explicitly evaluate a large class of Fourier
transforms. This will enable us to write down explicit solutions to a large
class of ODEs and PDEs.

The Cauchy Residue Theorem:

Let C' C C be a simple closed contour. Let f : C — C be a complex function

which is holomorphic along C' and inside C except possibly at a finite num-
ber of points ay, ..., a, at which f has a pole. Then, with C' oriented in an
anti-clockwise sense,

m

/Cf(z) dz = QWines(f,ak), (12.1)

k=1

where res(f, ay) is the residue of the function f at the pole a; € C.

You are probably not yet familiar with the meaning of the various components
in the statement of this theorem, in particular the underlined terms and what
is meant by the contour integral fC f(2)dz, and so our first task will be to
explain the terminology. The Cauchy Residue theorem has wide application
in many areas of pure and applied mathematics, it is a basic tool both in
engineering mathematics and also in the purest parts of geometric analysis.
The idea is that the right-side of (12.1), which is just a finite sum of complex
numbers, gives a simple method for evaluating the contour integral; on the
other hand, sometimes one can play the reverse game and use an ‘easy’
contour integral and (12.1) to evaluate a difficult infinite sum (allowing m —
o0). More broadly, the theory of functions of a complex variable provides
a considerably more powerful calculus than the calculus of functions of two
real variables (‘Calculus II).

As listed on the course webpage, a good text for this part of the course is:
H A Priestley, Introduction to Complex Analysis (2nd Edition) (OUP)

We start by considering complex functions and the sub class of holomorphic
functions.

12.1 Complex functions

Although as (real) vector spaces

C={a+ib|a,beR, i*=—1}
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and R? are indistinguishable, the complex numbers C are crucially differ-
ent from R? because C comes with a natural commutative multiplication
structure, as well as addition. That is,

C = R? + “structure of complex multiplication”. (12.2)

Moreover,

C* = C\{0}

is a abelian multiplicative group — meaning that complex multiplication is
commutative and (for non-zero numbers) invertible. Specifically, for z =
a+ b, w = a+1if € C one has

z+w=(a+a)+ilb+8), zw=(ax—"0F)+i(af+ba)=wz,

. a . —b z .
= 41 = — for z € C".
aZ & b2 a+ 0 |22

Here we have used complex conjugation

C—C, z=a+1ib+— Z:=a—1ib
and the identity |z|*> = a® + b%; note, in particular, that z = a +ib = 0 if and

only if a =0 and b = 0.

It is often convenient to use ‘polar coordinates’

z=re? (12.3)
where we define (or use power series to equate)
e’ = cosf + isin. (12.4)

From the double-angle formulae we then have

e9ei® = ¢! 0T9)  and so — = e (e =€ meR.  (12.5)
el

We will be interested in complex functions — meaning maps
f:C—C, 2z f(2), (12.6)
SO
z=x+iy— f(2) =u(z,y) +iv(zr,y) for some u,v:R*— R

Here are some examples of the type of complex function with which we shall
be working:



f(2) = amz™ + apm 12"+ + a1z +ag, a; €C,

5—m 5—m+1 B_l
= P s S b z ,
£(2) EE il e T ) + By + bz + €, B €C,
(12.14)
f(z) = ¢€* W = m (cosy +i siny), (12.15)
where z = x + iy. Notice that
e’ =" zweC, andso e*e*=1. (12.16)
) 1 ) .
f(z) =sinz:= % (e —e™) (12.17)
i
1, . .
f(z) =cosz:= 5 (e +e7) (12.18)
1
f(2) =sinh z := 3 (f —e™) (12.19)
1
f(2) = coshz := 5 (" +e7?) (12.20)

It is important to know the following identities, or be able to quickly
derive them:
siniz =4 sinhz or isinz= sinhiz (12.21)

and
cosiz =coshz or cosz = coshiz (12.22)

Note these reduce to the ‘usual’ formulae when z = x € R. Also note that,
as usual,

cos(z+w) = cosz cosw —sin zsinw, sin(z +w) = sin z cos w + cos z sin w.

(12.23)
However, notice that unlike the case of real variable trigonometric functions
it is not the case that cos(z) and sin(z) are bounded (a complex function f is
bounded if there exists a positive real number M > 0 such that |f(z)| < M
for all z).



Clearly, as is already evident from some of the examples above, we may
compose complex functions just as with real functions. That is, from

f:C—C and g:C—C (12.24)
we may form
fog:C—C or gof:C—C. (12.25)

In general, these will not be the same. If it so happens that f is bijective
(one-to-one and onto) then there exists a function we denote f~' : C — C
and called the inverse function to f and which is characterized by

foft=y and ftof:u (12.26)

Be careful not to confuse f= (if it exists!) with % (if it exists!). (For
example, if f(z) =1 — 2, then 1/f(2) =1/(1 — 2) while f7'(2) =1—2.) In
fact, ‘reciprocal’ functions like, for example,

fz) = —— and g(z) = 21_4:3( Lo ) (12.27)

zZ—a z z2—2 z4+2

will be playing a central role in everything that follows. Notice that these
reciprocal functions are not defined everywhere on C, but rather on C minus
those points where the denominator function vanishes.

Of course ,we can also add and multiply functions together which, unlike
taking the reciprocal, can be done without further thought

f+9g:C—C and gf = fg:C— C. (12.28)

and also define the quotient

z— /) provided g¢(z) # 0. (12.29)

9(2)

That is, we may regard f/g as a function on C which has singularities at
those points zg € C where g(zp) = 0 (meaning the function is not defined at
those points).

12.2 Holomorphic functions

Within the space of all functions f : C — C there is a distinguished sub-
space of holomorphic functions, often also called analytic functions. Being



holomorphic is just a local property, meaning that whether a function is holo-
morphic at a point a € C depends only on the value of f at a and, for some
small real number € > 0, and its behaviour in a small disc

B.(a) : {z€C||z—a| <e}

around a. (By definition, B.(a) consists of those complex numbers whose
distance from a is less than ¢.)

Working definition: A function is holomorphic at a € C if it is in-
dependent of Z near a and has no singularity at z = a (meaning it is well
defined at all points near a and is differentiable (smooth) in z) there.

In practise, those are the properties we look for in order to identify
whether function is holomorphic at a given point: it must be a function
of z alone and must be differentiable, the latter meaning (in practise) that if
you replace z by a real variable x then you recognize the resulting function
as differentiable in the usual (real variable) sense.

Specifically, in the above examples of functions f : C — C, each of the
functions in (12.9), (12.10), (12.11), (12.12) is not holomorphic at any z € C,
but all the others are holomorphic everywhere in C except (12.14) which is
holomorphic at all points of C\{2} — that is, it is not holomorphic at z = 2,
because it has a singularity there, but it is holomorphic everywhere else. In
particular, for any given b € C the exponential function

fz) =€

is holomorphic at all z € C. That immediately implies, from (12.17) —
(12.20), that all the trigonometric and hyperbolic functions

f(z)=sinz, f(z)=cosz, f(z)=sinhz, f(z)=coshz, (12.30)

are all holomorphic at all z € C. The implication is immediate because of the
following properties which tell us we can build many holomorphic functions
just by knowing a few simple ones:

f,g,: C— C holomorphic ata € C = f.g, f+g, fog holomorphic ata € C.
(12.31)

and

! holomorphic at a € C provided g(a) # 0. (12.32)
9

Thus, as another example, because f(z) = z is holomorphic (everywhere)
then so is any polynomial

f(2) = amz™ + ama2™ 4+ @z +ay,  a; €C. (12.33)
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On the other hand,

f(z) = (12.34)

is holomorphic at all points except at z = b.
When we have a function which is holomorphic at a € C then its deriva-

tive of
"(a) = =— eC
fla) = = .
at a is defined and we may compute it in the usual way — as a partial

derivative with respect to z. All the usual identities hold:

gz" =nz""! (if n < 0 then for z # 0).

0z

8 Az z

For any fixed A € C, —e™ = )e
0z

and hence from (12.17) — (12.20)
2cos.,z——sinz 2sinz—cosz
0z N "0z N ’
— cosh z =sinh z, — sinh z = cosh z.

0z 0z

‘Hence’ because all the usual properties of (partial) differentiation hold:
if f, g : C — C are holomorphic at z € C then

(f+9)(x) =f(2)+d(), A=) =A(2),

(f9)'(2) = f(2)'(2) + ['(2)g(2),  (fo9)(2) =g (2) [ (g(2)),
and also (f(2)/9(2))" = (9(2)f'(2) — f(2)g'(2))/(9°(2)) provided g(z) # 0.

A more mathematically rigorous definition of holomorphic: Let

a € C and let € > 0 be a positive real number. A function is holomorphic at
a € C if there exists an € > 0 such that there is a power series expansion

f(z) = ch (z—a)" wvalied for all z with |z —a| < e. (12.35)
n=0

Thus the expansion must hold for all z in an ‘open disc’ of radius € centred
at a, that is, for the set of points which have distance less than € from a.

In fact, when this holds it is just the complex ‘Taylor series’ expansion:

the coefficients are given by
1 a"

Cp = ™) (q), where f™(a) : /

n! 0z% | _

. (12.36)

a



For example, the exponential is can be expanded around a = 0 into the

Taylor power series
oo

1
=) =2 (12.37)

n!
n=0

This particular expansion, in fact, holds for all z, i.e. we can take ¢ arbitrarily
large. We can likewise compute its expansion (12.35) around any other a € C
using the multiplicative property (12.16) to see that

a

. a_z—a (1237) o 1 = e
e = e Zﬁ z—a)" Z I (z—a)". (12.38)
n=0 n=0 o~
As another example,
1 o0
f(z) = == Zz” valied for all z with |z| < 1. (12.39)

That is, (12.35) holds for f(z) = 1/(1 — z) at a = 0 with € = 1; that is, the
expansion is valid for all z which distance less than 1 from the origin. This
expansion follows by the ‘same’ proof as for real variable functions — one
has

-2 =1—-2) 1424+ +2"

so that
L - 12.40
-1 e n ) )
T R S o e ( )
But, writing z in polars z = Re® we have
2n+1 Rn+1
< — 0 — 0Q. 12.41
12| “1-|R| ~ = (1241)
N—— provided R<1

>0

Hence letting n — oo in (12.40) gives (12.39).
Exercise: Justify the estimate in (12.41).

Thus (12.39) shows (rigorously) that 1/(1—z) is holomorphic at the origin
a=0.

We can immediately deduce from (12.39) that there is a power series
expansion around any a € C\{1} — indeed, as you can see (12.39) implies
the power series expansion

1 - 1

g A= (z—a)" wvalied for all |z —a| < |1 —a|, (12.42)

—a n
n=0



that is, valid provided z is closer to a that a is to 1 — which makes sense,
does it not?

Of course, it is ‘obvious’ from (12.32) that f(z) = % is holomorphic
everywhere except at z = 1 because it is the quotient of two functions (1 and
1 — z) which really are obviously holomorphic everywhere, so the only points
where f will fail to be holomorphic are where the denominator has zeroes,

le. at z = 1.

12.2.1 Some revision (from Calculus I)— Roots of unity:

Let n be a positive integer. We want to find the n roots in C of the equation
2" = 1. To this end write z = re, r = |2|, § = arg(z). Substitution gives
()" = 1 and therefore r"e™ = (1)e!®+2k™ where k is any integer. It
follows that v = 1, so that » = 1 (since r is real), and that nf = 2kr. We
can choose k = 0,1,2,3,...(n — 1) to generate the required n roots; other
values of k merely give repetitions, as one easily checks. We conclude that

the n solutions of z" = 1 are given by
2=z, =@M 1 =01,2,3,...,(n—1).

The n values 2z, k=0,1,2,3,...,(n—1) are referred to as the n-th roots of
unity. k£ = 0 gives the obvious real root z = 2y = 1. Geometrically the n-th
roots of unity lie on the unit circle centre 0; the angular separation between
consecutive roots is clearly 27/n. As an illustration consider the following
example.

For example, the roots of the equation z” = 1 are given by
2=z, = M = cos(2km/T) + isin(2km/T), k = 0, +1, £2, +3.

(It’s convenient to choose these values of k rather than k = 0,1,2,3,4,5,6.
to generate the 7 roots) Now

=1 =(z—1)(z—2)(z—2_1)(z — 22) (2 — 2_2) (2 — 23)(2 — 2_3).

Since (2 — zx)(z — 2_1) = 22 — 2(2k + 2_1) + 282k = 2% — 22 cos(2kn/7) + 1
we deduce that

2T —1
z—1

= (2*—2zcos(27/T)+1)(2* 22 cos(4m /T)+1)(2*—22 cos(67/7)+1), z # 1.

The left-hand side is equal to 1 + 2 + 22 + -+ - + 25 and if we now let z — 1
we obtain the formula

7 = 23(1—cos(27/7))(1—cos(47 /7)) (1—cos(67/7)) = 2323sin?(/7)sin? (27 /7)sin? (37 /7).
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Equivalently
sin?(7r/7)sin’ (27 /7)sin? (37 /7) = 7/64.

This result can obviously be generalized by applying the same considerations
to the equation 2"+ = 1.



13 Lecture 13: Elements of the Cauchy Residue
Theorem

Here we are going to put in place some more of the elements that make up the
statement of the Cauchy-Residue Theorem — as stated as the beginning of the last
lecture. Remember that the point of all this is to enable us to compute Fourier
transforms explicitly and hence provide exact solutions to PDEs.

13.1 The Cauchy-Riemann equations.

Recall that ¢ : C — C is said to be holomorphic at a € C (note: this is also
often alternatively referred to as being “analytic at a”) if there is a power series
expansion

(n)
o(z) = Zﬁn (z—a)", b= ¢ (a), for all z ‘near’ a. (13.1)

n!
More precisely, ‘near’ means that there exists an € > 0 such that (13.5) holds for
z€ D.(a) ={weC : |w—a| <e}
At any rate, (13.5) says that ¢ has an expansion valid for z sufficiently near to a
p(2) = Bo + Bi(z—a) + Ba(z—a)® + B3(z—a)® + --- (13.2)
in positive powers of z — a.

Another characterization of holomorphic is as follows:

Suppose that
f:C—=C, z=z+iy— f(z)=ulx,y)+v(z,y),

is differentiable at a € C — meaning that the partial derivatives u, = Ou/0x, u,,
vy vy exist and are continuous. Then f is holomorphic at a € C if and only if in
some small enough disc D.(a) centred at a € C one has

of
oz
An equivalent way to state (13.3) is

0. (13.3)

Uy, =v, and U, = —v,. (13.4)




So (13.3) says that f is independent of Z in D., which, since it is differentiable and
hence has no singularities, is what we said holomorphic intuitively means.

The equivalent form (13.4) (to (13.3)) are called the Cauchy Riemann equations.

To see why they are equivalent we can apply the Chain rule to the change of
coordinates
(x,y) — (z=x+1y, Z=1u—1y),
to obtain
0 0z90 0z0 0 0

9 9102  9z07 92 o7
0 0z 0 0z 0 0 0

— =
0z’

oy oyo: Toyoz o

o_1(9 _,0 9 _1
0z 2\0x oy)’ )

And hence (13.3) is the equality

which gives

_of _1
0z 2

L(ou_ou\ 1 (ou o
~2\0zx Oy 9 dy Oz

which yields (13.4) on equating the real and imaginary parts to zero.

0 G%+@%)wuw»mwaw>

Example: Find, in terms of z = x + iy, the most general holomorphic function
whose real part is e* siny.

Solution: Set f(z) = u + iv with w = € siny. The Cauchy-Riemann equations

state that
ou Ov ou ov

dr oy dy  ox
which gives
v ov
oy o
The first of these equations gives v = —e® cosy + fi1(x) and substituting this in the

e’siny = = —e” cosy.

second gives
—e"cosy + fi(x) = —e"cosy, fi(z)=C, CeR.

Hence
f(2) = e"siny +i(—e"cosy + C) = —ie” +iC, CeR.



Example: Find, using the Cauchy-Riemann equations, the most general analytic
function f : C — C whose real part is given by u(x,y) = x — e ¥Ysinz, Vz =
x + 1y € C. Express your answer in terms of z.

Solution: Since f is holomorphic is satisfies the Cauchy-Riemann equations

8u_6v au_ ov

dr  dy Oy O

from which we derive

g—: =1—eVYcosz (%)
% = —e Ysinz (k%)

Equation (*) then gives
v(x,y) =y+e Ycosz+ g(z)
and substitution in equation (**) shows that g must satisfy
—eYsinz + ¢' () = —e Vsinz, ¢(x)=0, g(x)=C
where C' s real. Hence

f(z)=x+4+iy —e Ysinx +ie Ycosz +iC = 2 +ie” +iC.

Example: Show that if a holomorphic function has constant real part, then the
function is constant

Solution: With z = x + iy we have f(z) = ¢+ iv(x,y) for some real constant c.
The Cauchy-Riemann equations therefore imply that

v 0

— =0, v _ 0,

oy ox
which says that v is independent of both x and y. Hence v(z,y) = ¢ is a real
constant and thus f(z) = ¢ +ic is likewise constant.

13.2 Poles and residues

If ¢ : C — C is holomorphic a € C (note: this is also often alternatively referred
to as being “analytic at a”) then there is a power series expansion

o(z) = Zﬁn (z—a)", fBn= ¢(n)'(a), for all z ‘near’ a. (13.5)

n.
n>0




That is, ¢ has an expansion valid for z sufficiently near to a

$(z) = Bo + Bi(z—a) + Ba(z—a)* + Bs(z—a)® + --- (13.6)

in positive powers of z — a.

On the other hand, if f : C — C, z — f(2), has an isolated singularity at a € C
(meaning that f is not holomorphic at a but it is holomorphic at those points
z € C with 0 < |z — a| < € some € > 0) and the singularity at a looks like

B—m 6—1

Goayr T Goa)

f(z) = +é(2), 0<|z—al<e, (13.7)

with ¢ holomorphic for |z — a| < ¢, then f is said to have a pole of order m at
a. Note that the complex numbers occuring in (13.7)

Br = B-r(a)
will depend on the point a € C. If (13.7) holds with m = 1, i.e. if for some ¢ > 0
f(z) = fala) +é(z), 0<|z—al<e, (13.8)

(z—a)
with ¢ holomorphic at a € C, then f is said to have a simple pole at a.
If f has a pole at a (of some order) then the residue of f at a is defined by

res(f,a) = f-1(a). (13.9)
(13.7) can be equivalently written

. B_m(a) B_1(a)
= m + ...+ A

fla+h) +ola+h), 0<]|h| <e, (13.10)

which can sometimes be easier for computing (13.9); note also that (13.5) may be
similarly written

(n
dlath) = Bula)h",  Bula) = O o small’ b (13.11)

n!
n>0

13.2.1 Computing residues

In order to use the Cauchy Residue Theorem effectively we need to have some
methods for computing residues. For particularly simple functions one can do this
directly, but more generally it is usually easier to resort to one of the following
formulae for computing residues.



Suppose that

f(z) = j(Z)a where ¢ is holomorphic at a. (13.12)

Then
res(f,a) = ¢(a). (13.13)

We can use this to easily compute, for example, the following residues (which can
also be computed directly from the expansion (13.7) quite easily). So clearly we

have ;
e

if f(z)

for example. More subtle is the function

= th 4) = ¢
p— en res(f,4) e,

1
AUNEEE [EE)

This has two simple-poles, one at 1 and one at 5 — that’s because it’s the quotient
of two polynomials in z, and polynomials in z which are holomorphic everywhere,
so the only singular points can arise from the zeroes of the polynomial in the
denominator.

The pole at 1:

Direct computation: We have

1 1 1 1
TO==1=n" it-9

holomorphic at z=1

(13.14)

The crucial point here is that this ¢(z) = iﬁ s holomorphic at z = 1 — in

fact, it is holomorphic everywhere except at z = 5. So (13.14) is of the form (13.8)
from which we read-off

res (Wl(z—l) 1) - —i. (13.15)

Alternatively, we may use (13.13): write

Fz) = % with (2) = Zi5.

Again, this ¢(z) is holomorphic at z = 1 so we can apply (13.13) and obtain

1 1 1
res <m, 1) = ¢(1)=—— = ~1 (13.16)



The pole at 5: Exercise — use a similar argument to show that

res (WL—DQ = i. (13.17)

An easy generalization of (13.13) is:

Suppose
f<z):(z¢_(—2>)m, 6 holomorphic at a, (13.18)
then .
res(f, a) — fm—_g!). (13.19)
For example, |
) = s

then we can apply (13.19) with m = 3, a = 2i and ¢(z) = sin(3z). Since, then,
P (2) = —9sin(3z)

we have ¢(?)(2i) = —9sin(6i) = 9isinh(6) and hence

res(f,2i) = %sinh(6).

But not all functions with a pole at a € C look like (13.18) —for example

f(2) = cot(nz)

has a simple pole at each integer, but is not of the form (13.18). But in this case,
at least, we can use the following residue formula:



Suppose that

f(z) = ziz; (13.20)
with ¢ and ¥ holomorphic at a € C, and that
Y(a) =0 and o'(a) #0.
Then f has a simple pole at z = a and
res(f,a) = 29 (13.21)

Notice that the requirement that v (a) # 0 means that this formula does not apply
to (13.18) if m > 1.

Example For
cos(mz)

f(z) = cot(nz) =

sin(mz)

we can apply the formula with ¢(z) = cos(wz) and v¥(z) = sin(wz); for, both
these functions are holomorphic everywhere and so the only poles of f are where
sin(rz) = 0, which occurs when z = n € Z is an integer and then ¢'(n) =
mcos(mn) # 0 and we have

res(cot(mz),n) = % (13.22)



14 Lecture 14: Computing more residues

In this lecture we saw how to derive the formulae below for residues and saw some
more examples.

14.1 Formulae for computing residues

Suppose that

f(z) = j(_Z)a where ¢ is holomorphic at a. (14.1)
Then
res(f,a) = ¢(a). (14.2)
Suppose
flz) = (ZQS_(ZG))m7 ¢ holomorphic at a, (14.3)
then nD(a)
m=(a
res(f, a) = (7’n——1)| (144)
Suppose that )
_ oz
o) = 53 (145)

with ¢ and 1 holomorphic at a € C, and that

Y(a) =0 and ¥'(a)#0.

Then f has a simple pole at z = a and

res(f,a) = 2@ (14.6)

Example To identify where f(z) = % has a pole, note that both ¢(z) =
sinh(z) and ¢ (z) = z—3 are holomorphic for all z and hence the quotient ¢(z)/1(z)
is holomorphic except at any point where 1(z) = 0. For the case here, there is

therefore a pole at 3 € C. To compute its residue we may use (14.2) to see

res(f,3) = ¢(3) = sinh(3).



We might, on the other hand, alternatively use (14.6), though (14.2) is simpler in
this case. Alternatively, we can compute directly

snh(34h) 1 1
A= """~ 7 - _._
F3+h) I h 3

and use e = 37 - (£h)"/n! to see that the coefficient of 1/h is 3(e® — e7?),

confirming what we have just computed using the formulae.

Note, though, if we instead want to know the residue of

_ sinh(z)
g(Z) - (Z o 3)2

then neither (14.2) nor (14.6) can be used, but (14.4) can. So, what is

1
)=

we can apply the formula with ¢(z) = 1 and ¢¥(2) = 2* + 1. Both these functions

Example For

are holomorphic everywhere and so the only poles of f are where 2* + 1 = 0, that

2k41)7i

is, where z* = €™ = el with k£ an integer. There are at most four distinct

solutions (being a polynomial of order four) and these occur for k = 0, 1, 2, 3; that
is, at

(2k+1)

We have ¢/(e~ 1~ ™) = 4etk+D™ —£ (0 50 we can apply the formula to get

1 (2k+1) . 1 3 :
e (] _ 7*(2k2+1)ﬂ'2
res (—24+1,e a ) = z¢° . (14.7)
For instance,
1 L 1 — 3 1 .
res <m€> SRS (148)

Exercise — compute in the form a + b the other three poles

Exercise: state where the poles of the function

e’LZ

22+ a?

f(z) =

occur (there are two) and compute the residue at each point. See the Assignment
sheets for more examples.



15 Evaluating integrals with the CRT

The Cauchy Residue Theorem:

Let C' C C be a simple closed contour. Let f : C — C be a complex function which
1s holomorphic along C and inside C' except possibly at a finite number of points

ai, ..., 0y at which points f has poles. Then, with C' oriented in an anti-clockwise
sense,
/ f(z)dz = 2mi Zres(f, ag), (15.1)
c k=1

where res(f, ax) is the residue of the function f at the point a; € C. If f has no
poles inside C' (f is holomorphic inside C') then [, f(z)dz = 0.

15.1 The right-hand side of the Cauchy Residue Formula
(15.1): adding-up residues

If ¢(z) is analytic at a, then from (15.1) and formula (14.2) of online lecture 14 we

have
/ o2) dz = 2mires ( ¢(2) ,a) (15.2)
cZ—a Z—a
2mi¢p(a), if a is inside C
a 0, if a is outside C.
Let

C(a, R) = circle centred at a € C and with radius R > 0.

15.2 Example

e?

Since the functions e* and z are holomorphic every where the only pole of f(z) = <
is at z = 0 with, by (15.2), residue equal to €’ = 1. Hence

/ © dz = 2rmi. (15.3)
o

0,1) ~



15.3 Example

Evaluate

taken round the circle v given by |z| = 2 in the positive (anti-clockwise) sense.
What is the value of the integral taken around the circle |z| = 1/2 in the positive
sense?

We have f(z) = f(_z) with ¢(z) = % and a = 1; i.e. this ¢(z) = €*/(z —3) is

a

analytic everywhere inside the curve |z| = 2 — and, in particular, at z = 1. Hence
from (15.2)

/vm dz =2mi¢(1) = —mie.

If the integral is taken around |z| = 1/2 then the CIF says that

/|z:1/2 (z=3)(z—1) 2 =0

as the integrand is analytic everywhere inside the contour (i.e. there are no poles).

Likewise, from (15.1) and (14.4) of online lecture 14 we can compute

/C% dz = 2mires (%a)

2mi Y0 if a s inside O
0, if a is outside C.

15.4 Example

Evaluate the contour integral
/ sin@32) (15.4)
o (z —2i)?

With ¢(z) = sin(3z), a = 2i, m = 2, we have

in(3
/ M dz = 2w 3 cosh 6 = 674 cosh 6.
o (z —2i)?




On the other hand, if g analytic at a € C while

Y(a) =0 and ¢'(a) #0,

from (15.1) and (14.6) of online lecture 14 we infer that if a is inside the contour

C lhen ( ) ( )
/C'I/J(Z) ’ 1/Jl(a) ( )

If there are two points aq,as € C which are inside the contour C' and which are

poles of this type, then

9(2) - g(ar) - g(az)
dz =2 2 15.6

Lw@’z T ) T W () (15.6)
and so on.
15.5 Example
Evaluate

/ cot(mz)dz.
C(0,5/2)

We saw in an earlier Insertion that cot(7z) has a simple pole at each integer n € Z
with residue
1
res(cot(mz),n) = —
™

(independent of n). Now, the contour C'(0,5/2) is the circle centred at the origin with
radius 5/2, and hence it contains within it only the integers —2, —1,0, 1,2 and hence
these are the only poles of cot(7z) which contribute to the integral. That is, using the
extension of (15.6) to the case of 5 poles of that type we obtain

/ cot(mz) dz
C(0,5/2)

= 2mi {res(cot(mz), —2) 4 res(cot(mwz), —1) + res(cot(nz),0) + res(cot(mz), 1) + res(cot(nz),2)}

/11 111
=2mi (= +—+=—+—+=—
s m s m ™

= 101.




15.6 Example

Evaluate

[z
z
CRZ4+1 ’

where Cp is the union of the line segment [— R, R| on the z-axis and the semicircle
centre at 0 and radius R > 0 in the upper-half plane.

Write the integrand as

9(2)
¢(2)’
Since g and ¢ are analytic everywhere (‘entire’) the poles of f are precisely the zeroes
of ¢ — that is, at e™™/4 ¢*37/4 But only ™4, ¢37/4 are inside C'y and so only these

two poles contribute to the integral, i.e. by the CRF

/ ! dz = 2mi {res(f(2), ™) + res(f(2), ™/} .
on 201

f(z) = g(z) =1, ¢(z) =1+2"

We have ¢'(z) = 42° and this is non-zero at the poles, i.e. ¢ (e!™/*) and ¢ (e?*7/*) are
non-zero. Hence the poles are simple and using (15.5) we have
1 €—3i7r/4 1 e—i7r/4

res(f(z),eiﬂﬂl) = Leid/4 = 4 s fes(f(z)7€3i7r/4) = 4ei97/4 = 4

Hence

/ 1 J T
z=—=.
CRZ4—|—1 \/5

15.7 Example

Evaluate

eiz
—dz,
g 22+ a?

where S is the square with vertices at 4a =+ 2ia.

Write the integrand as

R e L CRE R

Since g and ¢ are entire, the poles of f are precisely the zeroes of ¢ — that is, at +ia.
Since both poles are are inside S we have by the CRF and (15.5)

/s pe g dz = 2mi {res(f(2),ia) +res(f(z), —ia)}






16 Lecture 16: Integration along a contour

A path ~ is a smooth function
vila, 0] = C,  tey(t) = x(t) +iy(t)

for some a < b. Here, ‘smooth’ means 7/(t) = a/(t) +iy'(t) exists for each t. We say
that ~ is closed if y(a) = () (it is like a loop of string). v is said to be simple
if it does not cross itself i.e y(t) = v(¢’) implies ¢t = t'. ~ is said to be closed and
simple if y(t) = v(t') implies t = t' for ¢t € (a,b) and also y(a) = y(b).

It can be important to distinguish between a path and the geometric curve in C it
traces out; for example, the paths

Nty = 0<t<1l and )= 0<t<1,

both describe the unit circle in C (or R?) of points with distance 1 from the origin,
but the first path goes around the circle just once (anti-clockwise) while the second
goes around four times and in the opposite sense (clockwise). Thus the second path
is not ‘simple’. The path () = e > with 0 < ¢ < 1, on the other hand, also
traces out the unit circle but v is neither closed nor simple. We may, nevertheless,
sometimes refer to v as a ‘curve’. The point is that if a path is simple then it
defines a coordinate for the geometric curve it describes and we can use that to
evaluate integrals along paths/curves.

Note that choosing a simple path v : [a,b] — C describing a curve C' C C deter-
mines a direction along the curve C' — one can start at a and end at b, or vice-versa.
Given a choice of simple path v describing C, the reverse path v describes C' in
the opposite sense by

v :la,b] = C, () =~(a+b—1).

A contour is a piecewise smooth simple path. That is, it is a union of paths
which do not cross each other except possibly at the end points where they may
match-up — for example, (the perimeter of) a square is the union of four straight
lines coinciding pairwise at the corners. More formally, if v : [a,b] — C is a
contour we can partition [a,b] by points ag,ay, ..., an_1,a, (for some m) such
that @ = ag < a1 < a2 < ... < ay-1 < ay = b and for which 7 : [a;,a;41] — C is
smooth for 0 < i < m — 1. We denote the restriction of v to [a;, a;1+1] by v; and
write in an obvious notation v = vy + v + - - - + Ym_1. Wwe may refer to the image
C = v([a,b]) C C as the geometric contour described by C' — note any geometric
contour C' C C can be described by infinitely many different paths — that is, a
path v is a choice of function, or coordinate, to describe C' and there are many



such choices (just as there are for an navigational atlas); the point is that v is
a means to evaluate integrals along C', but the numerical answer is independent
of the particular choice of v. The choice of v = v+ 71 + -+ + Ym_1 is called a
parametrization of the geometric contour C' C C.

16.1 Integration along a contour

We begin by noting that if g : [a,b] — C is a continuous complex valued function
such that g(t) = ¢1(t) + ig2(t), where g1, g2 are real valued on [a, b], then

/abg(lf)dt:/abgl(t)dt—i-i/ang(t)dt.

Note that it is immediate from the definition that

| g @t =9t) - (0 (16.1)

since we know this holds for the real valued functions ¢g; and g».

Now let v : [a,b] — C be a smooth curve and suppose that f : C — C is a function
which is continuous in a region containing the path traced out by 7. We wish to
define the integral of f along the curve v,

/V () dz

A natural way to proceed is to partition [a,b] as above by points tg, t1,...t_1,1,
such that a =ty < t; <ty < ... <t,—1 <t, =b. The points z; = y(t;) define a
polygon with vertices at zg, 21, ..., z,. We may form the sum

Vo NS gy ) =)
;f(tg)(zg J_1)—;]”(@) (t—t;1).

tj — tj,1
N ~~ 6t
7 (t5) + olt)

(Note, f could be evaluated at any point s; € [t;_1,t;]. As we take finer and finer
partitions we can take the limit of these sums and as the length of the longest
interval tends to zero, it tends to ff F(y()y(t) dt.



We will take this integral as our definition of f,y f(2) dz. To be precise:

Definition 16.1 Let 7 : [a,b] — C be a smooth curve and suppose that f is a
function which is continuous in a region containing the path of v. Then

Lf(Z) dz = /ab F(y())Y (t) dt.

Since z = 7(t) it may perhaps appeal to our intuition if we write the integral in
the equivalent notation

[ e =0 =0
If, in the usual notation, we write f(z) = u(x,y) + iv(z,y), 2(t) = v(t) we have
[10d = [{uew.0) + om0 o o
= [{u0.0)20 - oletorue)yo i
+ i/ab{v(x(t)7y(t)):c'(t) +u(x(t),y(t))y’(t)} dt.

If v is a contour we make the definition:

Definition 16.2

[1@i=3 [ e

where the 7y; are the smooth parts of v. We also often write this indicating only the
path C (resp. C;) traced out by v (resp ;)

/Cf(z)dz:é/(jj f(z)dz.

In this case it is assumed that v (resp. ;) is a parametrization of the path C' (resp.

;).

It will be useful to note the following basic properties: Let v be a contour. For
constants a, § € C



/(af(z) + Bg(2))dz = a/f(z) dz + ﬁ/g(z) dz, (16.2)
[ F(z)dz = — / () dz, (16.3)
where 7 is the reverse curve to ~y
o Let

7:[a7b]—>(ca t'_>7<t)7 /LI[C,CZ]—>(C, SH/’L(S)u

be two parametrizations of a path C' C C. Then if they both have the same
direction

/ (=) dz = / £(2) de. (16.4)
0! p
That is, [, f(z)dz is independent of the choice of parametrization (up to
sign).
16.2 Some Examples
16.2.1 Example

Let us evaluate fc 2z dz where C' is the portion of the circle with centre at 1 and
of radius 2 with Re(z) > 0 and Im(z) >0

We have to choose a parametrization of C' and an easy one is

() =1+2e", 0<t<m.

/ 2z dz = / (1 + 2¢") 2ie™ dz = —8,
c 0

where for the final equality we make use of (16.1).

16.2.2 Example

Evaluate fwzdz, where v = 71 + 72, 71 being the line segment from 1 to 0 and v,
being the line segment from 0 to 2 + 21.

In this case the contour consists of two lines and we need to parametrize them
separately by, for example,

7 :00,1] =C, 7(t)=1-t,



and
721 [0,1] = C,  7a(t) = t(2 + 21)

We have in each case

16.2.3 Example

Evaluate [, z* dz, where C' = Cy 4+ Cy with C} the line segment from —2 to 2
on the real axis, and C5 the semi-circle of radius 2 and centre 0 in the upper-half
plane from 2 to —2.

The contour consists of two pieces which we need to parametrize separately. Parametrize
C' by, for example,
M- [_27 2} — (Ca 71(t) = tv

and Cy by, for example,

72 - [Oaﬂ'] — C? ’}/2(75) = 2€it'

2 T
/ 22 dz = / 2 dt + / 4e% . 256" dt = 0.
c —2 0

Make sure you can see why.

16.2.4 Useful parametrization formulae

Here are some general formulae one can always use (in case no better choice of
parametrization is obvious):

To parametrize a straight line which begins at a € C and ends at b € C:
v:[0,1] = C, ~(t)=a(l—t)+tb=a+tb—a). (16.5)
To parametrize a circle C(a,r) centred at a € C and of radius r > 0:

v:[0,27] = C, () =a+re™. (16.6)



Likewise, one can parametrize an arc of the circle by suitably restricting ¢ — what
happens, for example, if we restrict ¢ to [r/2,37/2]?

16.2.5 A particularly important Example

This example is one of the key elements that goes into the Cauchy Residue theorem.

Let C(a,r) be the circle of radius r > 0 with centre at a € C. Then

1
/ —dz = { X : n# |l (16.7)
Clar) (2 —a)" 2 n = 1.

1 1
2mi C(a,r) (Z - CL)

Let us emphasize

dz = 1 (16.8)

for any r > 0. This says, in fact, that this integral is measuring a ‘topological’
(look it up) property of the complex plane with a hole at a (in the sense that the
function being integrated is only holomorphic on C\{a}, i.e. it is in some sense
detecting there is a hole in the punctured plane C\{a} — it does not matter which
particular contour you use to detect it (as long as a is inside the contour).

Exercise: use the parametrization (16.6) to see (16.7).



17 Lecture 17: FTC and the CRT

Here, we will outline the argument for the Cauchy Residue Theorem (CRT), based
on a certain Fundamental Theorem of Calculus (FTC) for contour integrals.

In practise, we evaluate real integrals analytically by ‘reverse differentiation’, using
the FTC for real integrals. A similar result is true for certain types of contour
integration:

Theorem 17.1 Let f : C — C be a complex function, and let C be a contour
beginning at p € C and ending at ¢ € C. If f = F' is the derivative of a function
F which is holomorphic at each point of C' (recall here F'(z) := 0F/0z) then

/f(z) dz = F(q) — F(p). (17.1)
”
In particular, if C is a closed contour and f = F' then

/Cf(z) dz = 0. (17.2)

(Recall, a ‘closed contour’ is a contour which looks something like a circle, or a
loop of string, it has no end points.)

Non-examinable: To see this, assume we have a smooth parametrisation of C
v [CL,b]-)CCC, t'_>7(t)7 p:’y(@), q:/}/(b>

Then along the contour f(z) = F'(z) and so
b
[ = | RACALE
o CTORIOR

a

where 4 = dy/dt and the Chain rule for derivatives is used in the third equality.

The FTC can greatly simplify the evaluation and analysis of contour integrals.

Example: As a simple example, let f(z) = (z —a)™, where m is an integer. If C'
is a smooth curve which does not pass through a € C' and which starts at p and



ends at ¢ then

1
/C(z —a)"dz = ] [¢" " —p™™]  provided m # —1 (17.3)
since F(z) = —=(z—a)™*" is a primitive for (z—a)™ on C if m > 0 and on C\{a}
if m < —1. In particular if C' = Cjeeq is a closed contour then
/ (z—a)™dz=0 provided m # —1 (17.4)
Cclosed
On the other hand, when m = —1 and Cieseq is a simple (no self-crossings) closed
contour then
9ri if ais inside th
/ (s—a)'ds = { i, 1 a ?s 1n81d'e the contour (17.5)
Cotond 0, if a is outside the contour.

We can write (17.5) for the case of a circle C'(a,r) centred at a of radius r > 0 as

/ (z —a) tdz = 2mi. (17.6)
C(a,r)

Exercise: How about fc(b r)(z —a)~'dz where b # a? (Your answer will depend
on |a — b|).

The identities (17.5) and (17.6) hold because although on proper subsectors of C
the function (z — a)~! does have a primitive

0
(z—a) ' = 5 Log(z — a) ‘locally’
z

there does not exist a function F(z) defined on along all of the circle C(a,r)
with derivative equal to (2 — a)™'; hence the FTC Theorem 17.1 does not apply,
the actual evaluation 277 was done in the previous lecture. The logarithm Log
(z-a) above is only defined along proper sub-arcs of the circle C'(a,r), not all
the way around (in fact, logarithms are amazing functions and give rise to some
extraordinary invariants of punctured space, allowing us to say mathematically
why, for example, a sphere is different from flat space or from a torus).

In fact, (17.5) follows from the simpler fact (17.6) because of the following funda-

mental theorem:

Theorem 17.2 (Cauchy’s Theorem) Let f : C — C be a complex function, and
let Ceosea C C be a simple closed contour. Then if f is holomorphic along and at
all points inside Cgosea, then

/ f(z)dz =0. (17.7)
Celosed



The proof of this theorem essentially involves showing that if f is holomorphic
along and at all points inside Cgseq that f then has a primitive; there exists a
holomorphic function F' in the same region with F’(z) = f(z). We can then apply
(17.2) of the FTC to infer the result. The proof is given in full detail in the course
6CCM322A Complex Analysis which is a 3rd year mathematics option.

You need to know the statement of the above theorems, but not the proofs.
Cauchy’s Theorem 17.2 combined with (17.6) yields the Cauchy Residue Theo-
rem 17.3 (CRT), as is explained below.

Theorem 17.3 (Cauchy Residue Theorem) Let Coosea C C be a simple closed
contour which is positively oriented (anti-clockwise). Let f : C — C be a complex
function which is holomorphic along C and inside Ceosea €xcept possibly at a finite

number of points ay, ..., a,, inside Cyeseq at which points f has poles. Then
/ ) dz = 200 res(f, an), (17.8)
C’closed k=1

where res(f,ay) is the residue of the function f at the point ay.

The identity (17.8) is sometimes referred to as the Cauchy residue formula (CRF).

Example: Suppose Cioseq encloses a point a € C, and let ¢(z) be a function
which holomorphic along and inside Cejpseq (including at a € C) then the only pole
of f(2) = % is at a € C with (from equation (15.9) of online lecture 15 “Poles
and residues”) residue ¢(a). Hence (17.8) yields
/ Md,z = 2mi¢(a). (17.9)
c.

—a

closed

in terms of ¢(a). (This is known as the Cauchy integral formula.) For example, we
can apply (17.9) to o € dz with ¢(z) = e* and a = 0 to obtain

/ C dz = 2mi. (17.10)
o

0,1) ?

Moreover, if we then evaluate this integral using the parametrisation
v:[0,27] = C(0,1) C C, ¢t e”,

and equate the real and imaginary parts of the result to the real and imaginary
parts of the right-hand side of (17.10) (respectively equal to 0 and 27) then we
obtain the interesting evaluation of real integrals

27 27
/ <" cos(sin(t)) dt = 2, / e sin(sin(t)) dt = 0. (17.11)
0 0

Exercise: Make sure you can derive (17.11).



17.1 Proof of (17.8): Non-examinable

First, let us see how Theorem 17.2 combined with (17.6) yields (17.5).

If a is outside the contour Ceegeq then f(2) = (2 —a)~! is holomorphic along Ceosea
and at all points inside it, hence Theorem 17.2 says that [ (z—a)tdz =0

Cclosed
and we are done.

If a is inside Cgosea We use the following deformation argument. We have, then,

the following situation:

So we drill a hole in Csq and construct the following ‘key hole’ contour I'. for

some small € > 0:

The point a is outside of the closed contour I'; and so f(z) = (z —a)~! is holomor-



phic along and at all points inside I'. so that Theorem 17.2 implies

/(z—a)_ldz:O Ve>0.

>

We next let € = 0 and infer from (17.12) by continuity that also

/Fo(z—a)ldz:()

where I'j is the contour

o = Cetosea | J L+ | JC-(a,7) | ) L-

(17.12)

(17.13)

(17.14)

and C_(a,r) is the same circle as C(a,r) but traversed negatively (clockwise)

From (17.13) and (17.14) (and definition (17.2)) we have

0:/ (z—a)_ldz—i-/ (z—a)_ldz—i-/ (z—a)_ldz—i-/ (z—a)tdz
Celosed Ly C_ (a,r) —

But from the identity (17.3) of online lecture notes 17

/L+(z—a)_1dz: - /_(z—a)_ldz

and hence from (17.15) that

/

closed

(z—a) tdz = / (z—a) tdz
C(a,r)

again using (17.3) to note that [, , == [o(.-

(17.15)

(17.16)



Hence we have used Theorem 17.2 (in (17.12)) to see that (17.6) implies (17.5).

Now consider (17.8) in the case where k = 1; there is a single pole a; = a. Then
exactly the same argument as the one we have just used but with (z—a)~! replaced

by f(z) shows that
/ flz)dz = / f(z)dz. (17.17)
C’(:loscd C(a,r)

This holds for any r > 0 (so this is really a topological fact), so we may take r
sufficiently small that it is inside a disc small enough for the Laurent expansion of
f at a to hold (see earlier lectures)

Bfm 571

Goar T Eoa)

f(z) = + ¢(2) (17.18)

with ¢ holomorphic everywhere inside the disc. So we can substitute this into the
right-hand side of (17.17) to obtain

J

closed

m—1
_ . R
() dz jzoﬁ_mﬂ /C e /C L G (T)

But [¢,, #()dz =0 by Theorem 17.2 while [, ,(2—a)™™* dz is only non-zero
when —m + j = —1 in which case it is equal to 2m¢. That is,

/ f(z)dz = p_12mi, (17.20)
Cllosed
which is (17.8) for the case of a single pole.

The case for multiple poles is easily obtained by interating the above argument,
this is left to you as an exercise.



18 Evaluating real integrals using the Cauchy
Residue theorem

The Cauchy Residue Theorem states:

Let C' C C be a simple closed contour. Let f : C — C be a complex function which
s holomorphic along C and inside C' except possibly at a finite number of points
ai, ..., 0y at which points f has poles. Then, with C' oriented in an anti-clockwise

sense,

/Cf(z) dz = QWines(f,ak), (18.1)

where res(f, ay) is the residue of the function f at the point a; € C.

This provides us with a powerful method of computing real integrals which would
be impossible to evaluate using standard real integration techniques on R.

In fact, every time we evaluate a contour integral using (18.1) we evaluate two real
integrals. For, if v : [a,b] — C' C C is a parametrisation of C' then since

[1@a = [ oo a (18.2)

while f(v(t))7/'(t) = a(t) +i8(t) for some real valued functions «, g : [a,b] — R
so that

/Cf(z)dz _ /aba(t) it + i/abﬁ(t) dt. (18.3)

On the other hand, we can also write the right-hand side 27y,  res(f,ay) of
(18.1) as

m

270 Z res(f,ar) = A+ iB for some real numbers A, B € R, (18.4)
k=1

and hence we obtain the evaluations

/ba(t) dt = A (18.5)

and

/bﬂ(t) it = B. (18.6)



18.0.1 Example:

2

Parametrise Cy;, the ellipse 23 + i—j = 1, where a,b € (0,00), by 7(t) = acost +
tbsint, 0 <t < 27. Then the Cauchy residue theorem tells us that

1
= dz = 2mi. (18.7)
Cab z

On the other hand, using the parametrization we have

1 2T 1 . -
—dz = (—asint +ibcost) df
c 0

z acost + ibsint

ab
a2 cos?t + b2sin’t

2w
= Real Part + z/ (%)
0

Equating the imaginary parts of this with that of (18.7) we obtain the evaluation

/27r 1 _ 27
o a?cos?t+b2sin’t  ab’

What does equatng the real parts yield? (You will need to compute the “Real
Part” in (*) to find out!

18.0.2 Exercise:

By considering the contour integral [ c( dz show that

1
0,1) 22+42+1

/2” 1 o2
- dt=
o 24 cos(t) V3



18.1 Evaluating integrals [ f(z) dz over the whole real
line

Specifically this will provide us with a method of evaluating Fourier transforms
and hence obtaining explicit solutions to a given ODE or PDE.

The idea is to compute |, Cr f(2) dz over a simple closed contour, typically, of the
form '

Cr=[-R,R|UAg

where f is holomorphic on and inside Cr except possibly at poles a4, ..., ay,, inside
Cg, and then allow R — oo. Since

F(2) de = /[_RR]f(z) t + [ 1)

Cr

R
~ [ swde s [ g6
—R AR

the aim is to choose Agr so that

R—o0

lim f(z)dz=0 (18.8)
AR

and hence that by the Cauchy Residue Theorem infer that
9 MR
/_Oo f(z) de = }%gl;o 2mi ;res(f, a). (18.9)

Note that the right-hand side must in this case be a real number. This method
depends on the convergence of all the limits and the existence of the integrals and
so forth — but it works for large classes of functions.

18.1.1 Estimating contour integrals

The following fact is useful in showing properties like (18.8).

We know that for continuous real valued functions f : [a,b] — R that

[ rwarl < [

This extends to complex integrals in the following way.

Theorem 18.1 Let C be a contour in C. Then

/C f(2)dz| < / FG0)] - ) dt, (18.10)




where 7 : [a,b] — C C C is a parametrisation of C.

Note that if |f(2)] < M, Vz € C (f is bounded by M along C, this implies
| [ f(2)dz| < ML, where Le is the length of C.

Proof (non-examinable): To prove this result we first note that if fo = 0 then
there is nothing to prove. We therefore suppose that fcf # 0 and let 0 =
arg [, f. (Recall if w = re® then arg(w) = 0 € [0,27).) We then have [, f =
e”| [, f|, so that

_ eﬂ'e _ ’ eﬂ'e /
Lt = e [1= [ oo
b b
= / Re(e_ief(v(t))v'(t)) dt+i/ Im(e_wf(v(t))v'(t)) dt

The integral on the left is a real number, as is the first integral on the right (being
the integral of a real function), so it follows that the second integral on the right
must be zero. We then have

/Cf' =/;Re(e"'9f(’r(t))v’(t)) dté/abl(e"'ef(v(t))’/(t))}df

since |Rez| < |z| for any complex number z. We therefore obtain (18.10). The last

part follows at once since if | f| < M| on ~y then

/C () dz

18.1.2 Example:

< [ Myl =1 [ 1ol = ML)

By considering the contour integral

eiz
/ —dz,
cp 2 — 10

where Cr = [—R, R| U Ag and Ag is the semicircle centre at 0 and radius R > a
in the upper-half plane, show that

*® rsinx + acosx .
5 5 dr = 2me
_ T+ a

o0

and

dz = 0.

/Oo TCOST — asinT

2 2
oo e+ a



To see this, we first note that f(z) = €'*/(z —ia) has a single simple pole at z = ia
with residue e™®. So an application of Cauchy’s residue theorem to the contour Cg
now gives

/ C  dz=2mie®.  Why?
C

RZ—lCI,

Writing out the contour integral using the parametrization vy(z) = z of [—-R, R],

we therefore have
R T 1z
e e
/ — dx +/ —dz = (2me™ ) i.
_p T —1a Ap 2 —la

Assuming that fAR f(z)dz — 0 as R — oo then, letting R — oo, we obtain

(o.9] elx
dr = (2me™ %) i. 18.11
/_Oox_m x = (2me )i ( )
we obtain the asserted identities by equating the real part of the left-hand side of
(18.11) with the real part of the right-hand side of (18.11), and the imaginary part
of the left-hand side of (18.11) with the imaginary part of the right-hand side of
(18.11).

Exercise: Make sure you can do this.

It remains to see that fAR f(z)dz — 0 as R — oo and next time we will why
(18.10) tells us that that does indeed hold true.



19 Using the Cauchy Residue Theorem and the
Fourier Transform to compute exact solutions
to ODEs

At the end of last time we were contemplating the contour integral

/ 4 (19.1)
Cp 2 — 10

where Cr = [-R, RJUAR and Ap, is the semicircle centre at 0 and radius R > a > 0
in the upper-half plane.

f(2) = €**/(z — ia) has a single simple pole at z = ia with residue e~ (since a is
real and positive the pole is inside Cg), so the Cauchy residue theorem gives

/ C 4y =2mie. (19.2)
C

RZ—ZCL

Writing out the contour integral using the parametrization y(z) = z of [-R, R],
we therefore have

R el 6iz
/ — dx +/ —dz = (2me™?) . (19.3)
_prT—1a Ap 2 —ia

We claim that that fAR f(z)dz — 0 as R — oo. To see this, we use the basic
estimate (proof in last lecture notes):

/7 F(2)dz

Precisely, from the parametrization v (x) = Re” of Ar we have using (19.4)

< / FO®)] - 1Y@ d, (19.4)

where 7 is a contour.

/‘ﬂ' ei[RC059+iRSiH9]RZ'6i9 de’ _ /7r Re—Rsin@ de
0 —Jo

d . _—
Ap f(z)dz Re? — ja |Re?® — ial

From the inequality ||a| — ||| < |a — S| we have

Re" —ial > ||Re®| — | —ial| = R — a,

using R > a for the final equality. Therefore

™ _ 2 w/2 _
S / R efRsmB do = R / efRsmB do.
0 R —a R —ajy

f(z)dz
AR




Since sinf > 20/7 V0 € [0, /2] we thus obtain

9 w/2
< Rfa/o e 20/ gy — Ria(l—efp”) — 0as R — oo. (19.5)

f(2)dz
AR

Consequently, letting R — oo in (19.3) we conclude that

/OO < dr = (2me™9) . (19.6)

o T — 10

Now contemplate the ODE (with @ as before)

r +af(z) =g() (19.7)

on R! with boundary conditions at infinity
f(x) =0 and g(x)— 0 as |z| — oo.

The object is to determine f for a given g. Given the boundary conditions, we
may use the Fourier Transform method to obtain the solution

f(x) = /Oo k(z,y)g(y) dy (19.8)

with
k Lo[roeey 19.9
) =5 | e (19.9)
This is almost the same as the left hand side of (19.6): it has the form
/ ¢ dr, acR, (19.10)
oo T —

times a constant (« is equal to y—x in the case of interest). We just need to check if
including a changes anything that led to (19.6). Just as before, to evaluate (19.10)
we replace £ by z and consider the contour integral

Ir(q) ::/C S (19.11)

RZ—'LCL

We saw in the lecture that provided a > 0, then everything goes through as before
to give

/ C _dr=2mie ™  ifa>0 (19.12)

o T — 10

In particular, by setting a = y — x we obtain that

k(z,y) = e*@¥ if y > x. (19.13)



The reason for the restriction on « is that in the estimate to show the integral
along the semicircle goes to zero as R — 0o, one has, as before,

iz ™ R ) 2R w/2 )
/ € : dz S / e—ROcSmG do = / 6—Rasm9 do.
Ap 2 —la o R—a R—a J,

Crucially, since aRsinf > 0 then e #*"? has modulus never greater than 1 and

exponentially decreasing as R — oo for € not zero or m. But if a < 0 then
—aRsinf > 0 and so e "% then has modulus exponentially increasing as R —
oo for 6 not zero or m — so the integral cannot converge to zero (or any other
number) as R — oc.

One can also deduce (19.12) by making the substitution az for z and aa for a.
Exercise!

The problem with o < 0 can be readily solved by instead considering the contour
which is Cp reflected in the real axis, so with the semicircle below the real axis.
Next time we will do this next time to conclude that

k(1) ey if y > 1, (19.14)
z,y) = :
0 if y <z,

and thus from (19.8) that the final solution to (19.7) is

flz) = / ) e Vg(y) dy = e / N e Yg(y) dy. (19.15)

Exercise: Check that this solution really does satisfy (19.7) — i.e. compute the
derivative of (19.15). Check also what condition on ¢ is needed in order that
(19.15) satisfies the boundary condition f(x) — 0 as |z| — co.

What changes if we take a < 07



20 More on computing exact solutions to ODEs
using the Cauchy Residue Theorem and the
Fourier Transform

Last time we were investigating the ODE (with a € R)

—% +af(z)=g(z) (20.1)

on R! with boundary conditions at infinity
f(z) =0 and g¢g(x)— 0 as|z| = .

The object, recall, is to determine f for a given g. We may then use the Fourier
Transform method to obtain the solution

f(z) = /__ k(x,y)g(y) dy (20.2)
with . . (y—o)e
ely—z

To evaluate (20.3) we considered the contour integral

Ir(c) ::/C o dz, (20.4)

RZ—'LCL

where Cr = [—R, R|U Ag and Ay is the semicircle centre at 0 of radius R > a > 0
in the upper-half plane, to obtain

/  dr =2mie provided that « > 0, (20.5)
o T —ia —_—

and so by setting a = y — x that
k(z,y) = e*@¥ provided that y > x. (20.6)

The reason for the restriction on « is that in the estimate to show the integral
along the semicircle goes to zero as R — oo, one has

eiaz
—dz
Ap zZ —1a

Crucially, since aRsinf) > 0 is a non-negative real number then e

T R ) 2R w/2 '
< —Rasin 6 do = / —Rasin 6 de. 20.
< /o gt R—a), e (20.7)

—Rasin 6 has

modulus never greater than 1 and exponentially decreasing (for 6 not zero or )



as R — oo. But if @ < 0 then —aRsinf > 0 and so e *5"¢ then has modulus
exponentially increasing as R — oo for 6 not zero or m — so the integral cannot
converge to zero (or any other number) as R — oo.

To get around this we observe that sin(¢) < 0 for 7 < ¢ < 27, and hence that
aRsin¢ > 0 (since also @ < 0) meaning the estimate (20.7) again holds but now
with a < 0. But taking 7 < ¢ < 27 means we are travelling along the semicircle
of radius R which lies below the real axis; that is, to deal with o < 0 we must
consider the contour integral

Tn(a) = /B L (20.8)

RZ—ZCL

where Br = [— R, R|UDpg and Dy, is the semicircle centre at 0 and radius R > a > 0
in the lower-half plane — traversed anti-clockwise.

But now ¢a is not inside the contour By and so the Cauchy theorem gives

/ C _d=0 (20.9)
B

RZ—ZCL

On the other hand, using the parametrisation we obtain an estimate very similar
to (20.7) showing that

/ C 4 —50 as R— oo provided that a < 0. (20.10)
Dy 2 — 10 —_—

Can you provide the details? (They are almost the same as for « > 0 — solution
to follow shortly, possibly in the video for this lecture.)

Putting it altogether, then,

/ C  dr=0  ifa<0. (20.11)

o T —1a

We hence end up with the answer

k(1) @) if gy > g, (20.12)
T,Y) = :
0 if y <=,

and thus from (20.2) that the final solution to (20.14) is

flz) = / ) e Vg(y) dy = e / N e Yg(y) dy. (20.13)



20.1 Solving a 4th order ODE

The example we just looked at shows that our methods coincide with a solution
we could equally well deduce using direct elementary methods (how?)

Here, we are going to start seeing how to find the general solution to the ODE

d'f
TS = (20.14)
provided that
d"f
%%Oandg—ﬂ) as |z| — oo for k=0,1,2,3. (20.15)

Thus the function g : R! — R! is assumed to be given, and the objective is to
determine f: R! — R!

This is a much harder case, not amenable to elementary methods, but our general
FT + CRT methods mean it is technically no more difficult than the previous case
(obtaining the estimate as R — oo needed, in fact, is easier).

20.2 Applying Fourier transform

The assumption (20.15) means that we can apply the Fourler transform to the ODE
(20.14). Recall that the Fourier transform f (f) = = f et f(t) dt is

linear F(Af + png)(§) = AF(f)(£) + pF(g)(€) and
F(f)(&) = —i€F(f)(€) provided that f(z) -0 as |z] — oo, (20.16)

and hence F(f™)(&) = (—i&)™F(f)(&) provided f®)(z) — 0 as |x| — oo for
k=0,1,...,m — 1. Applied to (20.14) linearity yields

F(f“)(€) +F()(E) = F(9)(©).

and because of (20.15) and (20.16) this is equivalent to the algebraic equation

ey = 96

f() = a@)’
where

pa(§) =€+ 1.

Since py has no real zeroes this is well defined and we can apply Fourier inversion

fa) =5 [ R de =g [ e

to obtain



Substituting g(§) = [ e“Yg(y) dy and rearranging yields

flz) = /Oo k(z,y) g(y) dy

—00

where
1 [ eily—z)¢

hw.y) = o e

de. (20.17)

It remains, then, to evaluate the integral on the right-side of (20.17). To evalu-
ate this real integral previous examples suggest that we may get somewhere by
evaluating the contour integral

eiaz
]R(a>:/c, Z4+1dZ
R

around the contour C'y in the z-plane which consists of the portion of the real axis

from —R to R, together with the semi-circular arc yg parametrized by yg(60) =
Re? 0<6<m.
We assume that

a € R (20.18)

oz

For R > 1 f(z) = &7 has two poles inside Cg at 2y = ¢™/* and z; = ¢*/* and

one may use the Cauchy residue theorem to thus evaluate the integral.

Exercise: Do the evaluation. (We will see the details in the next lecture.)

; ( )_/R 67,’04{ d£+/ eiaz p
R\C&) = _R€4+1 ARZ4+1 z

with Ag the arc component of the contour. Using the estimate (18.10) from online

On the other hand,

Lecture notes 18, we have

zaRe
Re® dp
/A z4+1 ‘/ Rieio 11"

iaRe*
< R/ e
0

|R46149 + 1|

R s e—aRsin(G) "
- /o | R4ei40 +1| :

By the triangle inequality |R*e™? + 1| > ||R*™?| — 1] = |[R* — 1| = R* — 1 for
R > 1. Since also 0 < e~ @Bsin(®) < 1 for o > 0 we obtain therefore

elaz R )
/ARZ4+1dz‘§R4_1 —0 asR— o0 if a>0. (20.19)



We are therefore left with

. . ez . R 61a§ . eiaz
provided o« > 0 lim ——— dz= lim —— d¢ + lim
R—o0 Cr ? +1 R—o0 7R€4+1 R—oo Ap 2441
—0 by (20.19)

00 6ia§
= — dE.
[W&+15

d¢ =2mi % the sum of the residues. (20.20)

That is,
00 eia§

o &1

provided a > 0 /

Exercise: Use your evaluation, above, of the residues to give the formula for
k(x,y) when y > x.

We’ll carry on with this next time...



21 Lecture 21: An application to ordinary
differential equations

In this lecture we are going to use a contour integral to help solve the 4th ODE
we began to look at at the end f the pervious lecture. This method we are going
to use is, in fact, very general and can be applied to partial differential equations
on R™ (recall that ODEs refer to differential equations on R'). As a warm up to
this you are encouraged to re-read Lecture 5: “ODEs and the FT”.

21.1 The ODE

Here, we are going to see how to find the general solution to the ODE

d*f
— = 21.1
provided that
d*f
E%Oandgéo as |x| — oo for k =0,1,2,3. (21.2)

Thus the function g : R? — R! is assumed to be given, and the objective is to
determine f: R! — R!

21.2 Applying Fourier transform

The assumption (21.2) means that we can apply the Fourier transform to the ODE

~

(21.15). Recall that the Fourier transform f(§) = F(f)(§) = [ e f(t) dt is
linear F(Af 4+ ug)(§) = AF(f)(§) + pF(g)(§) and

F(f)(&) = —i€F(f)(&) provided that f(x) -0 as |z] — oo, (21.3)

and hence F(f™)(&) = (=i&)™F(f)(&) provided f®)(z) — 0 as |x| — oo for
k=0,1,...,m — 1. Applied to (21.15) linearity yields

F(F)(€) +F(N)(E) = F(9)(©).

and because of (21.2) and (21.3) this is equivalent to the algebraic equation

2y &)
f&) = ()’




where
pa(§) ="+ 1.

Since py4 has no real zeroes this is well defined and we can apply Fourier inversion

to obtain | e | e 3(6)
fa) = 5= [ e i e= o [ el ae

Substituting §(§) = [ e“Yg(y) dy and rearranging yields

fa) = [ " ke, y) 9ly) dy

o0

where
1 S 6i(y—1’)§

k(l‘,y):% o £4+1

de. (21.4)

It remains, then, to evaluate the integral on the right-side of (21.4).

21.3 Using the Cauchy residue theorem

To evaluate this real integral previous examples suggest that we may get somewhere
by evaluating the contour integral

Ir() :/ ° dz
c

AR

around the contour C'y in the z-plane which consists of the portion of the real axis
from —R to R, together with the semi-circular arc vy parametrized by vz(0) =
Re? 0<6<m.
We assume that

a e R (21.5)

For R>1 f(z) = ~—7 has two poles inside Cg at 2g = e™/* and z; = €'3/4. The

Cauchy residue theorem says that

Ir(a) = 2mi(res(f, z0) + res(f, z1)), (21.6)

where the right-side refers to the residues. By a standard formula
eiOéZk

T
4z

res(f, zx) =

So i . _
ezﬁ(l—i-z) elﬁ(_l—’—l)

— +
423 423

res(f, zo) + res(f,z1) =



Hence by (21.6)
_a (8% T
Igr(a) =me V2 sin (— + —) : (21.7)

Notice that this holds for any R > 1.

On the other hand,
R 174 1z
e e
o) = — d& + dz
= e Aﬁﬁ+1

with Ag the arc component of the contour. Using the estimate (19.10) from online

Lecture notes 19, we have

dz
/AR 2441
™ ‘ezaRe
<R ——— df
— /(; ‘R4€Z40 + 1’

R ™ efaRsin(G) "
- /0|R4ei49+1|

By the triangle inequality |R*e™? + 1| > ||R*™| — 1] = |[R* — 1] = R* — 1 for
R > 1. Since also 0 < e~@fsin(®) < 1 for o > 0 we obtain therefore

zaRe
_ 60
‘/ R4€l49+1Re do

elaz Rt ]
/A z4+1dz‘§R4—1 —0 asR—o00 ifa>0. (21.8)

We are therefore left with for o > 0

e V2 sin &+z (L) lim/ e dz
\/§ 4 N R—o0 Cr Z4+1

R el elaz
= lim a1 d§ + lim / dz
R—oo |_p f R—o0 AR 441

J/

=0 by (21.8)

8] 6@'(15
— [ g
Kmé+1§



That is,

00 1e%3 a
provided a > 0 /_Oo ﬁ d§ = mev2 sin <% + %) i (21.9)

From (21.4) we want to apply this with a = y — . But y — x can take on any real
value, so we need to extend (21.9) to the case @ < 0. To do that we make use of
the fact that we have only used two of the four poles of f. So we now evaluate

[DR(a):/D SR

AR

around the contour Dy in the z-plane which consists of the portion of the real axis
from R to —R, together with the semi-circular arc Bg parametrized by yr(0) =
Re?, 7 < 6§ < 2m, (note this is positively oriented (anticlockwise) which means
the direction along the [—R, R]] is reversed!). We now assume that

a<0. (21.10)
We now repeat the above process with Dg instead of Cg. For R > 1 f(2) = ;jfl
has two poles inside Dy at 2z, = €/* and 23 = €'7™/*. The Cauchy residue theorem

says that
Ip, (o) = 2mi(res(f, z2) + res(f, z3)). (21.11)

eiazk

As before, res(f, z1,) = = so
k

o) i ()

res(f, z2) + res(f, z3) = 4(z)? + A(z3)?

Hence by (21.11)

S
oy}
2
I
|
3
Q)
Sk
@,
]
/—l\
| o
+
B
N——

On the other hand,

; ( ) /R eza§ df N / eiaz p
o) = — - z
Dr —R£4+1 BRZ4+1

with Bg the arc component of the contour in the lower-half plane. Note the minus

sign in front of f_RR is there to take account of the fact that we traverse the interval



[—R, R] in reverse: by starting at R and ending at —R. Then, similarly as before,
we obtain

00 i o
provided a < 0 /_oo gfﬁ dé = meVv2 sin (—% + %) ) (21.12)

Exercise: Make sure you can derive (21.12)!

But since

—a, if a >0,
ol = .
Q, if a <0,

then we can write down (21.9) and (21.12) in one go as

For any a € R /00 ot d§ = TeVE sin (M + E) : (21.13)
o £+ 1 V2 4

We now obtain from (21.4) and (21.13) that the general solution to (21.15) is given
by
fa)= [ Ge0)aty) dy

with

21.4 Exercises:

Using the same contours as above:

[1] Find the general solution to the ODE
d2
- = 21.14
Tt /=y (21.14)
provided that f, f' — 0 and g — 0 as |z| — oc.
[1] Find the general solution to the ODE

d'f  df
LA 21.15
Td " 2ga T =y ( )

provided that f®) — 0, k=0,1,2,3, and g — 0 as |z| — oo.

Solutions will be posted on the web page shortly.
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1 The Transport Equation

Let’s consider the homogeneous (meaning v(x,y) = 0) constant coefficient Trans-
port Equation
auy +buy, =0. (1.1)

Assume a # 0. To simplify, divide through by a to rewrite (1.1) as
) b
Uy +cuy, =0 with c:= A # 0. (1.2)

(1.2) can be solved using the Chain Rule. To see this, consider a smooth curve
passing through a given point (z,y) € R?

(a,0) = R?, terr(t) = (z(t),y(t) with  r(0) = (2(0),y(0)) = (,y),
where we assume a < 0 < b, and the composite function
(a,b) = RY, = u(r(t)) = u(x(t),y(t)). (1.3)

The Chain rule says that

% u(z(t), y(t) = o' (ua(x(t), y(1)) + y' ()uy (x(t), y(1)). (1.4)

Consider specifically the case
r(t) = (z+t,y+ct). (1.5)

Then (1.4) says
Culalt),y1)| = uale,) + ouy () (16)

t=0

Hence, (1.6) may be written

Sule(0), (1) =0 (1.7)

t=0

That is, if u solves the transport equation then the function t — wu(x(t),y(t)) is
constant along the curve (1.5). In other words for any two times ¢y and ¢; we have

u(x + to,y + cto) = u(x + ty,y + ctq).
Choosing, at a given point (z,y), the values tg = 0 and ¢; = —z gives us

u(z,y) = u(0,y — cx). (1.8)



This says that u is determined by evaluation along the line z = 0, the y-axis, in
which the variable is replaced by y — cx; that is, u is a function of 1-variable w
with w =y — cx, so

u(z,y) = fly —cx), f:R' =R we f(w), (1.9)

for any differentiable function f of one variable. We could also write this family of
solutions as

u(z,y) = h(br —ay), any h:R' = R' w s h(w). (1.10)

An equivalent method for solving the PDE is to to make the change of variable
(x,y) — (&, n) with £ = bx — ay,n = ax + by and the Chain Rule in 2 variables

du_ocou onou ou_okou  onou
ox  O0r0d¢  Oxon’ oy  OyoE  Oyon’
reduces (1.1) to
ou
8_77_07 U_u(gan)a

which has solution u(&,n) = f(£) some f: R! — R!, which in (x,y) coordinates is
(1.10) once more.

1.1 For a specific solutions, impose impose ‘boundary’ con-
ditions

To get a specific solution we have to specify how the solution behaves along a
suitable curve in R?, just like in the cases with a # 0 discussed above.

For example, consider

2 —
{ Uy + 3u, =0 (111)

u(z,0) = sin(z?).

Here, then, a = 2 and b = 3. From (1.9) we know that a general solution of
2u, + 3u, = 0 has the form

u(z,y) = f <y—gm), any f:R' = RY w— f(w).

(Check that it does!) The condition u(x,0) = sin (z?) therefore says that

f (_g;p) — sin (7).



Hence f is the function f(w) = sin ((—2w/3)?) = sin (4w?/9). Thus the solution
to (1.15) is

4 4
u(z,y) = sin <:c2 ~ 5%y + §y2> . (1.12)

We might generalize by specifying the boundary condition along the line y = ax
for some given a € R, so that

{ aug + bu, =0 (1.13)

u(z, ax) = h(x).

We know any solution has the form u(z,y) = f (bx — ay) for some function f of
one variable. The condition u(x,ar) = h(x) says that f (bx — aazx) = h(x) and
hence the unique solution to (1.13) is

br — ay

u(z,y) =h ( ) provided « # g =c. (1.14)

b— aa

For example,
{ 2u, + 3u, =0

u(z, —5z) = sinh(z — 4). (1.15)

has solution (check it!) u(z,y) = sinh (5 (3z — 2y) — 4) .

1.1.1 Uniqueness of (1.14)

This is the ‘same’ proof as we saw for the case b = 0: if u;, us : R> — R! are both
solutions of (1.13) then

Z(.T,y) = ul(x7y> - UQ(JI,y)

satisfies the PDE

{azx—l—bzy:O (1.16)

z(z,az) =0
(Why?)
We know that z(z,y) = f(bx — ay) some f : R — R. In order that it satisfy the
condition z(x,ax) = 0, we have that 0 = z(z, ax) = f(fz), with § := b — aa, and
hence f must be identically zero. That is, z(z,y) = 0 for all (z,y) € R?. That is

Uy = usg.



2 2nd order PDEs

A homogeneous, linear, constant coefficient, partial differential equation PDE of
second order on R? is an equality of the form

Lu=0, u:R*>—=C, (z,y)+— u(z,y), (2.1)
with 52 52 5 5 5
L= a11 > 8172 + 2&01axay +a 22a + bla_ + bza—y +c (22)

for some constants a;j, by, c.

Equivalently, (2.1) can be written with u = u(z,y)

0%u 0%u 0%u ou ou
92 2a013x8 +a 2282+b18_+b28_y+cu_0 (23)

11 55

or, in alternative notation,

11Uy + 2001 Ugy + Q221U + b1ty + bouy, 4+ cu = 0. (2.4)

2.0.2 The wave equation

Let’s take a look at the wave equation, which is the special case ay;; = —agy # 0
and all the other coefficients are zero, so that

Otu(z,t) = 0*u(z,t). (2.5)
This can also be written
Lu=0 with L=207-0" (2.6)
L can be factorized into two first-order ‘transport’ operators
L:=0}~0% = (0,—0,)(0,+0,) (2.7)
= (04 0) (Oy — Os) (2.8)
From (2.7) it follows that any z = z(z,t) which solves the transport equation
0=(0+0x) 2z =2+ 24

will automatically define a solution for (2.5), and likewise, from (2.8) so will any
w = w(z,t) which solves the transport equation 0 = (0; — 0,) w = w; — w,. But
we already know these two ‘transport’ equations have general solutions of the



form z(xz,y) = g(x —t) and w(x,y) = f(x +t) for any differentiable functions
f,g : R — R. Hence one class of solutions to the wave equation is

u(z,t) = flx +1t)+g(x —1). (2.9)

This is the most general solution to (2.5), for, making the change of coordinates
E=x+1, n=ux—t, (2.10)

the Chain Rule in two variables in (£, n)-coordinates the wave operator (?7?) be-
comes
L=-40:0, (2.11)

For, the Chain Rule in two variables says that
Op = O¢ + Oy, Oy = 0 — Oy,

and a simple rearrangement of this gives (2.11). So to solve the wave equation we
have to solve

0¢0,u(&,m) = 0.
And we already know that

ug, =0 = w(&n)=f(&) +g(n) with f,g:R"' - R. (2.12)

Hence substituting back (2.10) into (2.12) we obtain (2.9) resolving it into “left-
moving” and “right-moving” waves.

Exercise: check directly that (2.9) really does solve the wave equation

The solution (2.9) is general, but also rather vague. To get a more precise solution
we have to specify some initial (or ‘boundary’) conditions. To this end, we augment
the PDE to the initial value problem

Ut — Ugy = 0,
u(z,0) = ¢(x) (initial shape of the wave) (2.13)
u(z,0) = () (initial speed of the wave).

A direct computation shows that the solution (2.9) is refined in the case of (2.13)
to

u(z,t) = % (Ox+1t) +o(x—t)) + % /j YP(s)ds. (2.14)

This says that if we specify what the wave in the (z,¢)-plane must look like along
the x-axis, and we specify its speed along that line, then the wave form ( = graph of



(z,t) = u(zx,t) is determined throughout R2. This is much like what we discovered
with the transport equation —that PDE is first-order so it was enough just to specify
u(zx,t) along a curve, while because here we are dealing with a 2nd order PDE we
also have to specify its first derivative.

For example, using (2.14), the solution to the PDE initial value problem

Utp — Uge = 0,
u(z,0) = e ?, (2.15)
u(z,0) = cosz,

is
u(x,t) = e~ cosh(t) + cos(z) sin(t).
2.0.3 Example: Laplace equation

The Laplace equation is the 2nd order linear homogeneous PDE

Pu  *u

| 2.16
or, in alternative notation,

Ugy + Uyy = 0. (2.17)

Easy solutions to spot just by observation are
u(a,y) =ar+by+e,  wzy) =2"—y’, ulzy) =zy.  (218)

By the superposition principle (= if u and v solve the PDE then so does u + v”)
it therefore follows that u(z,y) = A\x? + pzy — A\y? + ax + by + c is also a solution
for any constants \, i, a, b, c. A less obvious polynomial solution is

u(z,y) = 2* — xy? + 2ry° (2.19)

and, in fact, there are particular polynomial solutions in each degree — one thing
we will shortly explain is how to find those polynomials. All of these solutions exist
on all of R%.

Another not so obvious solution is

u(z,y) = log(x* +y*) valid on R*\{(0,0)}. (2.20)

On the other hand, if we look for solutions to the Laplace equation PDE bvp: in
the punctured unit disc D = {(z,y) | 0 < 22+ < 1} with the boundary condition

u(z,y) =0 for (z,y) € S'={(z,y)|2*+y* =1}, (2.21)



then none of the polynomials above are solutions, but (2.20) is a solution .

A rather different type of solution is
Um(z,y) = sin(mz) sinh(my) any m € R.

Likewise, u,,(x,y) = cos(mz) sinh(my), u,(z,y) = sin(mzx) cosh(my), u,(z,y) =
cos(mx) cosh(my), are all solutions, and so by linearity so is any linear sum of
these solutions. This is useful for ‘fitting’ a solution to a given boundary problem;
for example, with X the solid rectangle X = [0, 7] x [0, 7] the Laplace equation
PDE bvp:
0*u  O*u
o7 "oy

subject to the boundary conditions

=0 for (z,y) €[0,7] x [0, 7] (2.22)

u(0,) =0, u(my)=0, wu(xr,00=0, and wu(z,7)=sin’z, (2.23)

has solution

u(z,y) = < ’

4sinh 7

> sin(z) sinh(y) + (m) sin(3z) sinh(3y).  (2.24)

Excercise: Check directly that (2.24) is a solution to the PDE buvp (2.22),
(2.23) — draw the region X and where the boundary conditions are being
imposed.

2.0.4 Example: heat equation

The heat equation is the 2nd order linear homogeneous PDE

0? 0
8_:; - a—z =0 for (z,t) eR' x (0,00), (2.25)
or, in alternative notation,
Uy = Uy for (z,t) € RY x (0,00). (2.26)

Note that this is only specified in the half-plane ¢ > 0 (this is needed for non-trivial
solutions to exist).

An easy ‘trivial’ solution to spot is
up(r,t) = az® + Br + v + 2at (2.27)

for any constants «, 3, 7.



An important less obvious solution is

1.
uo(z,t) = \/me_ﬂ, (2.28)

we will derive this later on.

On the other hand, in the half-infinite strip X = [0, 7] x (0, 00) this is not a solution
to the heat equation PDE boundary value problem:

U = Uy, for (z,t) € [0, 7] x (0,00) (2.29)
subject to

u(z,t) =+ 0astrs oo, wu(mt)=0, u(0,t)=0, and wu(z,0)=sin’z,
(2.30)
(note that the first of these is a ‘boundary’ condition ‘at infinity’). But

1
u(x,t) = 1 e ' sinx — ) e sin(3z) (2.31)

is a solution to this PDE bvp!

Notice how the specific geometry of bvps radically changes the form of the solutions
in all the above example solutions — look again and try to identify the differences!

3 Fourier Transforms

The Fourier transform (FT) transforms an integrable function f : R — R
of one variable x into another function J?: R — R of one variable &, while the
inverse Fourier transform (IFT) reverses the transformation, provided fAiS
integrable. This is an important process for studying differential equations (and
partial differential equations) because the FT turns differentiation of f with respect
to x into multiplication of J?by ¢, exchanging (hard) questions of differentiability
of f for (easier) questions of growth rates of f at infinity (i.e. as || — o0), which
turns (hard to solve) differential equations into (relatively easy to solve) algebraic
(polynomial) equations.

Let us denote the FT by F and the IFT by F~. Then F is defined by

F ~

FiR=R, ze fla), 5 F=F(f):RoR, & fO),

with

7o) = / T () dt, (3.1)

— 00



10

The inverse Fourier transform is defined by

§x) = F(g)(0) = — / () de. (3.2)

T o oo

3.1 F and F! are inverse to each other (when defined!)

The notation and terminology suggest F~! reverses what F does to f. This is true
provided all the integrals in question exist (we will assume they do!). That is,

I=F'oF where I(f)=Ff (ie. I(f)(z) = f(z) Vz € R). (3.3)

That is, f = F ' (F(f)) or, equivalently, f = F* <f> From (5.5), this is the
equality
f(z) = % / e~ F(E) dE = % / e ( / et f(t) dt) d¢.  (3.4)

3.1.1 Example: compute F(e~7])

We have
00 o) 0
f& = / ecte Mt dt:/ etet dt+/ etet dt
- 0

[e.e] —00
oo 0
R O e 4 E L 28
i€ —1 0 1€+ 1 e

a

0
= 1 _ = g1t li b (gt
aggo{ig_f O+ainolo E+1° »

1 n 1
-1 sl

since lim,_,o0 €71 = 0 (for, here [e¢~V!| = ¢7?), and similarly lim,_,, e+ =
0. Thus

~ 2
= —. 3.5
Perhaps what is more interesting is that applying the inverse F'T now gives,
! e i 2 d¢ = eIl (3.6)

o2 ) o 1+¢2
—
G



This is the identity (3.4) applied to f(x) = e~1#l. Thus,

o) e—z’ﬁx
_ ol
/Oo T dé = me ™.

3.1.2 Example:

Let 8 > 0, and set

_ 1’ |x|§6a
ﬂ”_{& | > B.

Then

. B et B iBt —ipt 9 g (55)
- ict . e N e _ e N S11n
ﬂg‘[ﬁ “_{%Lg‘% T

3.1.3 Example: compute F(e_ax2), where a € (0, 00).

In the following, for notational brevity, write [ = ffooo We have

f(€) = /elfte_mt2 dt = /e‘atzﬂ’gt dt Vo T/e HEY du,
a

11

(3.7)

We are aiming now to reduce this to ‘something’ times the integral [ e dr = VT

So we want to try and write the exponent as an exact square, well we have

wZ—Ew:(w— il )2+£
Ja 2v/a) T da’

~ &2 2

. 2 .
and so f(£) = &2 f{(w*ﬁ) dw. But fef<w7%) dw = [ e dr, and hence

tﬂ@==¢§%—i.

4 ODEs and the FT

1] Linearity: for (integrable) f,¢g: R! — R! and any A\, u € C, one has
U

FOAf +19)(§) = AF()(E) + 1F(9)(§)

[2] The FT turns differentiation into multiplication:

F(f)(E) = —igF()(E).

(3.9)
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Here, f'(x) = df /dz is the derivative of f, and, crucially, we assume that
flz) >0 as |z|] = cc. (4.3)
Iterating the latter property we get for m € N

F(F™)(€) = (=)™ F(f)(€) (4.4)
where f(™ = d™f/dx™. That iteration therefore requires from (5.9) that

f®(z) -0 as |z|] o0 fork=0,1,...,m—1. (4.5)

4.1 Exact solutions to constant coefficient ODEs

If we combine the above two properties with the invertibility of the FT (i.e. that
F~Y(F(f)) = f) then we can solve ‘any’ constant coefficient ODE

tn (@) + a1 [V (@) 4+ an fl(2) + aof () = g(a), (4.6)

where a,,...,ap € C are constants and where g : R! — R! is given, and the
objective is to determine the function f : R! — R

Specifically, applying the FT to both sides of (4.6), and using Fourier inversion
gives

fa) =5 [ R de= o [ e I ae (4.7

Substituting

56 = [ gty dy
into (4.7) and rearranging (in particular - changing the order of integration) we
get our solution

00 o0 ei(y*I)E
f@) = [ ko) dy. wherebey) =5 [ Soae @)

4.2 An example

For
4 1) = o) (19)

subject to f(z) — 0 and f/(z) — 0 as |z| — oo, our polynomial is py(§) = €2 + 1.

Hence (a)e
1 [ elv®
k = — — d¢.
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From equation (3.9) we have

1 . le
h(z,y) = ;e y'z{ i
2

That is, the general solution to (4.9) is f(z) = 2 f e~1#= g(y) dy, which we can
rewrite using (4.2) as

flz) = e: /m e’ g(y) dy+%/oo eV g(y) dy. (4.10)

5 PDEs and the FT

A general constant coefficient homogeneous linear PDE in R? up to order 2 has
the form (recall)
0%u 0%u 0%u ou ou

a18I2 + a2axay + a38—y2 + a4% + a58_y + a6u(I,y) = U(% y), (5.1)

for some constants a;, € C; if we took a; = a; = a3 = 0 this reduces to a first order
PDE. In alternative (rather lighter) notation,

A1 Uy + AUgy + A3y + A4l + as5ly + st = . (5.2)
Here, u and v are functions of two variables on R?
u:R? — R (z,9) = u(z,y), v:R*—R (2,9)—v(z,y),

(you studied such functions in Calculus IT cm112a; for example, v(z,y) = x* +y?).

We will restrict our attention is specific examples to the homogeneous case: v = 0.

5.0.1 Definition of &

We are going to Fourier transform just one of the variables: let us FT the xz-variable,

F=F,,¢ : functions on (x,y) —space ~—  functions on (¢, y) — space.
—_—— —_———
= R2 — R2

Specifically,
wiR S RY (n,y) —u(z,y), ~ G:=F(u) R2 =R, (&y) = (€, y),
where

u(,y) = /00 e“tu(t,y) dt. (5.3)

—00
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For notational convenience, we may use any of

to denote the z-FT of u. The last two can be useful in reminding us ‘what variable
is being changed into what’. The inverse Fourier transform

Fol, =F}

¢e = Feypy s,  functions on (§,y) —space —  functions on (z,y) — space,
—— —

= R2 = R2

is defined on w : R? = R, (&, y) — w(&,y), by

w (x ::i h e %2y dg. )
(,9) /6 (€,y) de (5.5)

21 Jee_ o

Again, for notational convenience, we may use any of

o (z,y) = FlH(w)(z,y) = Fl(w)(z,y) = Fl, ., w)(z,y). (5.6)

5.0.2 Basic properties of F,_,¢,,, :

As in the case of ODEs, the two principal properties needed to use the FT to solve
PDEs are:

[1] Linearity: for (integrable) u,v : R? — R! and any \, u € C, one has

2] F,_¢,, turns partial differentiation in = into multiplication by &:

Here, u,(z,y) = Ou/Oxand we must assume that
u(z,y) >0 as |z] = oo. (5.9)

Iterating the latter property we get for m € N

F(@) (6y) = (—i€)"alEy). (5.10)

ox™
provided that

Ok

%(x,y)%o as |z| —> o0 fork=0,1,...,m— 1. (5.11)
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One of the differences in the R? case is that there are now more types of derivative
to consider: mixed partial derivatives and partial derivatives in y alone. Plugging
u, = Ou/0y instead of u into (5.3) we easily see that

_ J
uy (§,y) = a—yu(&y). (5.12)
And hence, combining (5.8) and (5.12),
_ 0
Uy (§,y) = (—@é)a—yu(é,y), (5.13)

(which is the same as u,, (§,y) of course), whilst iterating (5.12) we have
o2
 (&y) = 550(E), (5.14)
and similarly for higher partial derivatives.

The other fact we need to know is how the FT affects initial conditions: if

u(,0) = f(z) (5.15)
for some specific one variable f : R' — R! (for example, u(z,0) = sin(x)), then
a(s,0) = 1(€). (5.16)

5.0.3 Example: the transport equation

Recall from Lecture 2 that this is the first-order PDE

Uy + Cuy =0,
5.17
v 7 >47
where c is a constant, and that it has the unique solution
u(z,y) = f <a: — g) : (5.18)
c

We deduced (5.18) by the good fortune of spotting that the Chain Rule could be
used. We will now derive (5.18) using FT methods; the point being that the FT is
a general method which applies to any PDE (we do not in general want to rely on
good fortune alone!). Applying the FT F,_,¢,_,, in the z-variable to u, + cu, =0
we have

T (Ey) + iy (6.y) = 0. (5.19)

From (7.10) (with m = 1) and (7.12) this is the same as (—i€) u(&, y)+c 8% ul&,y) =
0, provided (for the first summand) that u(z,y) — 0 as |z| = oo.
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By writing (??) as a% u(¢,y) = La(¢,y) we see it has solution

U, y) = U(E,0) eV, (5.20)

From (7.16), this is the same thing as

~

U, y) = (&) ey, (5.21)

So (5.21) is the solution in (§,y) space. We now have to apply the inverse FT to
the ¢ variable to transform this back to the solution in (z,y) space

W) = ey @ @) = 5 [~ D s =g (2 -2

2T Jee_ oo

where the final equality uses equation (3.4).

5.1 Example

Solve the following PDE using Fourier transforms:

v 0%u
@—8—%20, UZU(%?J%

subject to the conditions

am
AN |z] - 00 for m=0,1,2,3,4,5
ox™
and 5 .
U

Applying the Fourier transform F,_,¢,_,, in the z-variable to % - gi;; = 0 gives
the ODE in y

0? 6\ ~
(8_y2 +¢ ) (&, y) = 0. (5:23)
This has solution
U(g,y) = A(€) cos(&%y) + B(€) sin(E%), (5.24)

with A(¢), B(§) constants in y, but which may depend on £. In fact, we see
A(€) = u(&,0) and so

A(€) = Fome(u(x,0))(§), where, recall, u(zx,0)=

o (5.25)
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From Example 3.1.1

1
— o€
Foose <m) (€) = mwe . (5.26)
On the other hand, we easily see B(£) = 0. So the solution in (&, y) space is

u(e,t) = me ¥l cos(€3y). (5.27)

Applying the inverse FT transforms this back to the solution in (x,y) space

u(z,y) = % /_OO e~ %% e~ 8l cos(&3y) dE, (5.28)
or, more neatly,
u(zx,y) :/0 e & cos(€x) cos(&3y) dE. (5.29)

6 The method of separation of variables and Fourier

series

The second analytical method for solving PDEs we are going to consider computes
solutions to constant coefficient PDEs on certain symmetric regions of X C R?
which have bounded geometry, or semi-bounded geometry. The geometry
of X has a determining influence on the form of the solution to a PDE, and,
conversely, if we can solve a given PDE on X then the solutions will often tell us
about the geometry of X; this is an important idea used to study spaces which are
twisted in complicated ways which, particularly in higher dimensions, we cannot
easily understand by intuitive ideas alone.

The way in which the geometry of a flat region X of R? is encoded into a PDE is
by specifying boundary conditions on the solution functions, meaning that the
solution is require to assume specified values along the edge of X. The idea, then,
is to look for solutions to a given PDE

0*u 0%u Pu  Ou  Ou

20 — — =
a@x2+ 8x8y+cay2 +p8x+q8y+m 0

which have the form

w(z,y) = f(x)g(y), < thisis what is called ‘separation of variables’
(6.1)

where

[iRV—RY ze f(z), and g:R'— R, y— g(y),
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are functions of 1 variable. For a well-posed problem, the boundary conditions for
the PDE will separate into boundary conditions for two ODEs — one ODE for f
and one ODE for g. The whole process each time repeats the following steps:

1. Separate variables and split the PDE into two ODEs each with boundary (or
initial) conditions.

2. Solve one of the ODEs using its homogeneous boundary conditions (i.e. the
ones equal to zero) and as far as is possible determine the constants 3, in
any trigonometric factors sin (,x) and cos (8,2) which occur.

3. Use this to then also solve the second ODE, again using its homogeneous
boundary conditions. Hence write down for each (3, a solution to the PDE
— the constants 3,, are at this point still undetermined.

4. By summing such solutions over n use Fourier Series to compute the unde-
termined coefficients f,,, and hence write down an exact solution to the PDE
as an infinite sum of functions of the form S, f,,(z) g, (y), where one (at least)
of fn(x) or g,(y) is a trigonometric function.

6.1 Example: separation of variables solution of the Laplace
equation on on [0, L] x [0, L]

Consider the Laplace equation
0*u N Pu
oz Oy?
on the solid square X = {(z,y) | 0 <z < L, 0 <y < L} subject to the boundary
conditions

0, O Upy+ Uy =0 (6.2)

u(0,y) = 0, (6.3)
u(L,y) = 0, (6.4)
u(z,0) = 0, (6.5)
u(z,L) = ¢(x) for some given ¢ : R' — R! (6.6)

for (z,y) € (0,L) x (0, L).

We try to construct a solution by adding together solutions having the form
u(z,y) = f(z)g(y)

for some f:R!' — R! and g : R! — R! . Substituting in (6.2) gives the two ODEs

Fl@)+2f(x)=0 and g (y)—pg(y) =0 (6.7)



19

with solutions if p #£ 0
fulz) = A, cos(px)+B,sin(pzr) and  g¢,(y) = C, cosh(pux)+D,, sinh(pux) (6.8)
for some undetermined constants A,, B,,,C,,, D,. If ;1 = 0 then

fo(x) =ax+0b, goly) =cy+d, (6.9)

for some constants a, b, ¢, d.

Since w,(x,y) = fu(x)g,(y) is a solution so is any function

u(z,y) = Lues fu(r)gu(y)

for S a set of labels, such as the integers or the positive integers.

We can use the boundary conditions to determine the constants, as follows. (6.3)
implies from (6.8) that A, = 0. Likewise, (6.5) implies C), = 0. The boundary
condition (6.4) requires f,(L) = 0 and hence that ;o = nm/L with n € Z an integer,
and also that a = 0.

Thus, any solution to the Laplace equation with the first three boundary conditions
(6.3), (6.4), (6.5) is a sum of the form

u(z,y) = 52 E, sin($) sinh(%) (6.10)

for some constants E,,.
To compute the constants F,, one uses the boundary condition (6.6) , which requires

() :z;;Ensmhm)-sm(”—f) - zgolen-sm("—f) (6.11)

some constants F,, (since we can then compute the F,, = F,/sinh(nx)). For this
we need Fourier series (below).

6.2 Example

By the procedure outlined above, we likewise obtain that the Laplace boundary
problem on [0, L] x [0, M]

UILL‘ + uyy

u(0,)

o o o o

U(L>y) =
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has the class of solutions

T (L WY (CIELTL) R

Thus, a conclusion of all this is that the particular boundary conditions imposed
produce different products of trigonometric and hyperbolic functions. Likewise,
the possible values for the constants ;. are determined by the boundary conditions.
As an exercise, you might like to try and manufacture boundary conditions such
that the solution involves only sums of cos(px) cosh(uy) or sin(uz) cosh(uy).

6.3 Fourier Series

Fourier series allow us to write a general function
¢:[0,L] > R, z— ¢(x), (6.13)

no matter how complicated it is (provided it is, say, at least piecewise continuous)
as a sum of (relatively simple) sines and cosines. Precisely, there exist real values
constants A, B,, € R such that

> . /nTX
o(z) = 321 B, sin (T) for 0 < x < L, (6.14)
and also
Ay = nwx
= — —_— <x<L. .
o(x) 5 +n§:1An cos( 7 ) for0<z<L (6.15)

Those constants are given by the specific formulae

B, = %/OL (1) sin ("%’5) dt (6.16)

A, = % /0 ¥ o) cos (”T“) dt. (6.17)

and

For example, for

ola) =, (6.18)
from (6.16) you can compute that as a sine series,
2L o (—1)"*!
x:?z( 72 sin (nzx) for 0 <z < L, (6.19)

while as a cosine series

L AL & 1 (2m — 1)rx
r=—=—-—= ——— cos | ———
2 7w A= (2m—1) L

) for0 <ax < L. (6.20)
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6.4 Using this to find the constants F, in (6.10)
To determine the constants B,, we specify a third boundary condition
u(z, L) =¢(x) VO<z<lL, (6.21)
for some ¢ : R! — R!. From (6.12) this is the requirement that
- : . (nTT
o(z) = ; E, sinh(nm) sin (T> (6.22)

That is, that B,, sinh(n7) is the nth Fourier sine coefficient of the function ¢(x) on
(0, L), so therefore

L
E, sinh(nm) = %/ o(t) sin (ﬂ%t) dt.
0

So this gives an exact solution to the original PDE; that is, in terms of the given
boundary conditions which allow us to say exactly what the value is of the (ini-
tially) undetermined constants that turn up in solving the PDE without boundary
conditions.

For example, if we set

o(z) ==
then, as computed earlier,
2 [F t 2L (—1)m*t
B, sinh(nr) = Z/o ¢ sin (”T”) dt == ( T)L , (6.23)

and hence the solution of the PDE subject the four given boundary conditions is

u(z,y) = 2L i Lﬂﬂ) sin (@> sinh <@> . (6.24)

7r nsinh(nr L L

Notice that if we had specified fewer boundary conditions then we would only have
been able to compute a solution which contained arbitrary constants (a ‘family of
solutions’), but not a unique solution, while if we had specified more boundary
conditions then there would not exist any solution at all. Thus, in setting up the
PDE a delicate balance has to be achieved in ensuring that the boundary problem
is ‘well posed’.
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7 The Cauchy Residue Theorem and Fourier Trans-
forms

For the remainder of this course we will be thinking hard about how the following
theorem allows one to explicitly evaluate a large class of Fourier transforms. This
will enable us to write down explicit solutions to a large class of ODEs and PDEs.

The Cauchy Residue Theorem:

Let C C C be a simple closed contour. Let f: C — C be a complex function which
1s holomorphic along C and inside C' except possibly at a finite number of points

a, -, Gy at which f has a pole. Then, with C' oriented in an anti-clockwise sense,
/ f(z)dz = 2mi Zres(f, ag), (7.1)
¢ k=1

where res(f, ay) is the residue of the function f at the pole a; € C.

You are probably not yet familiar with the meaning of the various components
in the statement of this theorem, in particular the underlined terms and what is
meant by the contour integral |, o f(2) dz, and so our first task will be to explain the
terminology. The Cauchy Residue theorem has wide application in many areas of
pure and applied mathematics, it is a basic tool both in engineering mathematics
and also in the purest parts of geometric analysis. The idea is that the right-side
of (7.47), which is just a finite sum of complex numbers, gives a simple method
for evaluating the contour integral; on the other hand, sometimes one can play the
reverse game and use an ‘easy’ contour integral and (7.47) to evaluate a difficult
infinite sum (allowing m — oo0). More broadly, the theory of functions of a com-
plex variable provides a considerably more powerful calculus than the calculus of
functions of two real variables (‘Calculus II’).

As listed on the course webpage, a good text for this part of the course is:
H A Priestley, Introduction to Complex Analysis (2nd Edition) (OUP)

We start by considering complex functions and the sub class of holomorphic func-
tions.
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7.1 Holomorphic functions

Within the space of all functions f : C — C there is a distinguished subspace of
holomorphic functions, often also called analytic functions. Being holomorphic is
just a local property, meaning that whether a function is holomorphic at a point
a € C depends only on the value of f at a and, for some small real number £ > 0,
and its behaviour in a small disc

B.(a) :{z€C||z—a| <e}

around a. (By definition, B.(a) consists of those complex numbers whose distance
from a is less than ¢.)

Working definition: A function is holomorphic at a € C if it is independent of
Z near a and has no singularity at z = a (meaning it is well defined at all points
near a and is differentiable (smooth) in z) there.

In practise, those are the properties we look for in order to identify whether function
is holomorphic at a given point: it must be a function of z alone and must be
differentiable, the latter meaning (in practise) that if you replace z by a real variable
x then you recognize the resulting function as differentiable in the usual (real
variable) sense.

In particular, for any given b € C the exponential function

f(z) =e"

is holomorphic at all z € C. That immediately implies that all the trigonometric
and hyperbolic functions

f(z) =sinz, f(z)=cosz, f(z)=sinhz, f(z)=coshz, (7.2)

are all holomorphic at all z € C. The implication is immediate because of the
following properties which tell us we can build many holomorphic functions just
by knowing a few simple ones:

f, g,: C— C holomorphic ata € C = f.g, f+g, fog holomorphic ata € C.
(7.3)
and

f holomorphic at a € C provided g(a) # 0. (7.4)
9

Thus, as another example, because f(z) = z is holomorphic (everywhere) then so
is any polynomial

f(z) =anz™ + am-1z™ "+ +az+ap, a;€C. (7.5)
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On the other hand,
eZ
= 7.6
fle) =% (76)

is holomorphic at all points except at z = b.

When we have a function which is holomorphic at a € C then its derivative

of
0z

z=a

f'(a) = eC

at a is defined and we may compute it in the usual way — as a partial derivative
with respect to z. All the usual identities hold:

gz =nz"! (if n < 0 then for z # 0).
z
0 Az z
For any fixed A € C, 8_6 = \e
z
and hence
9, . o .
—cosz = —sinz, —sinz=cosz
0z T 0z ’
h h 0 h h
— coshz =sinhz, — sinhz = cosh z.
55 8 s 755 08

‘Hence’ because all the usual properties of (partial) differentiation hold: if f, g :
C — C are holomorphic at z € C then

(f+9)(2) =) +d(), A)(2)=Af(2),

(J9Y(2) = F(2)g'(2) + ['(D)g(z),  (Fo9)(2) = (=) f'(9(2)),
and also (£(2)/9(2))' = (9(=)F'() — f(2)g'())/(g()) provided g(z) # 0.

A more mathematically rigorous definition of holomorphic: Let a € C
and let € > 0 be a positive real number. A function is holomorphic at a € C if
its partial derivatives are continuous and there exists an € > 0 such that there is a
power series erpansion

= ch (z —a)" valied for all z with |z —a| < e. (7.7)

Thus the expansion must hold for all z in an ‘open disc’ of radius € centred at a,
that is, for the set of points which have distance less than € from a.

In fact, when this holds it is just the complex ‘Taylor series’ expansion: the coef-
ficients are given by
o"f

cn = — f(a), where f™(a) := 5
ZZ

(7.8)

zZ=a
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For example, the exponential is can be expanded around a = 0 into the Taylor

z 1 n
e :Zmz (7.9)

This particular expansion, in fact, holds for all z, i.e. we can take e arbitrarily

power series

large. We can likewise compute its expansion (7.7) around any other a € C to see

a

e = e%e e L i%z—a i % z—a)". (7.10)

n=0 n=0 N~
As another example
1 oo
f(z):= 1=, ;z” valied for all z with |z| < 1. (7.11)

That is, (7.7) holds for f(z) =1/(1—z) at a = 0 with ¢ = 1; that is, the expansion
is valid for all z which distance less than 1 from the origin.
We can immediately deduce from (7.11) that there is a power series expansion

around any a € C\{1} — indeed, as you can see (7.11) implies the power series
expansion

Z i — (2 —a)" valied for all [z —a| <[l —al, (7.12)
— a TL

n:O
that is, valid provided z is closer to a that a is to 1.

Of course, it is ‘obvious’ from (7.4) that f(z) = = is holomorphic everywhere

except at z = 1 because it is the quotient of two functions (1 and 1 — z) which
really are obviously holomorphic everywhere, so the only points where f will fail
to be holomorphic are where the denominator has zeroes, i.e. at z = 1.

7.2 The Cauchy-Riemann equations.

Recall that ¢ : C — C is said to be holomorphic at a € C means that ¢ has an
expansion valid for z sufficiently near to a

O(z) = fo + Pi(z—a) + fa(z—a)® + B3(z—a)’ + - (7.13)
in positive powers of z — a.

Another characterization of holomorphic is as follows:
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Suppose that
f:C=C, z=zx+iy— f(z) =ulx,y)+iv(z,y),

is differentiable at a € C — meaning that the partial derivatives u, = Ou/0x, u,,
vy vy exist and are continuous. Then f is holomorphic at a € C if and only if in
some small enough disc D.(a) centred at a € C one has

af
— =0. 7.14
0z (7.14)
An equivalent way to state (7.14) is
Uy =v, and U, = —v,. (7.15)

So (7.14) says that f is independent of Z in D, which, since it is differentiable and
hence has no singularities, is what we said holomorphic intuitively means.

Example: Find, in terms of z = x + iy, the most general holomorphic function
whose real part is e* siny.

Solution: Set f(z) = u + iv with w = € siny. The Cauchy-Riemann equations

state that
ou Ov ou ov

dr — dy  dy Oz
which gives
. ov ov "
e smy:a—y, 5y — ¢ Cosy.
The first of these equations gives v = —e® cosy + fi1(x) and substituting this in the
second gives

—e®cosy + fi(x) = —e"cosy, filx)=C, CeR.

Hence
f(2) = e"siny +i(—e"cosy + C) = —ie* +iC, C €R.

Example: Show that if a holomorphic function has constant real part, then the
function is constant

Solution: With z = x + iy we have f(z) = ¢+ iv(x,y) for some real constant c.
The Cauchy-Riemann equations therefore imply that

v 0

—— =0, 9 _ 0,

dy ox
which says that v is independent of both x and y. Hence v(z,y) = ¢ is a real
constant and thus f(z) = c +ic is likewise constant.
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7.3 Integration along a contour

We begin by noting that if g : [a,b] — C is a continuous complex valued function
such that g(t) = g1(t) + ig2(t), where gy, g2 are real valued on [a, b], then

/abg(t)dtz/abgl(t)dt+¢/abgg<t)dt_

Note that it is immediate from the definition that

b
/ J(t)dt = g(b) — g(a) (7.16)

since we know this holds for the real valued functions ¢g; and g».

Now let v : [a,b] — C be a smooth curve and suppose that f : C — C is a function
which is continuous in a region containing the path traced out by 7. We wish to
define the integral of f along the curve 7,

lf(z) dz

A natural way to proceed is to partition [a, b] as above by points g, t1,...t_1,1,
such that a = t) < t; <ty < ... <t,_1 <t, =b. The points z; = y(t;) define a
polygon with vertices at zg, 21, ..., 2,. We may form the sum

- - y(ty) = (tj-1)
> f(t)(z = z0) = Y f(ty) oyl U Rl X
= =T e~
~~ i
Y (t;) + o(t)

(Note, f could be evaluated at any point s; € [t;_1,¢;]. As we take finer and finer
partitions we can take the limit of these sums and as the length of the longest
interval tends to zero, it tends to fab F(y(@)y'(t)dt.
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We will take this integral as our definition of f,y f(2) dz. To be precise:

Definition 7.1 Let v : [a,b] — C be a smooth curve and suppose that [ is a
function which is continuous in a region containing the path of v. Then

Lf(Z) dz = /ab F(y())Y (t) dt.

It will be useful to note the following basic properties: Let v be a contour. For
constants a, § € C

[y (@f(2) + Bg(2) dz = o / F(z)ds+ 8 / g(x)ds,  (717)

L f(z)dz=— [, f(z) dz, (7.18)

where 7 is the reverse curve to ~y

o Let
7:[a,b]—>@, tH’Y(t)? /LI[C,d]—>(C, SHM(S)a

be two parametrizations of a path C' C C. Then if they both have the same
direction

/f(z) dz = /f(z) dz. (7.19)
2! p
That is, fc f(2)dz is independent of the choice of parametrization (up to
sign).
7.3.1 Example

Evaluate fvzdz, where v = 71 + 72, 71 being the line segment from 1 to 0 and v,
being the line segment from 0 to 2 + 21.

In this case the contour consists of two lines and we need to parametrize them
separately by, for example,

M- [07 1} — (CJ ’Yl(t) =1 _tu

and
721 [0,1] = C,  7a(t) = t(2 4 21)



29

So

/Edz:/zdz + /Zdz.
C 7 Y2

1
[ za:= [ S@ve a
V5 0

J

from which we find f’Yl Zdz=—1/2 and fvz Z dz = 4, so that

/Edz:z.
. 2

We have in each case

7.3.2 Example

Evaluate [, z? dz, where C = C; 4+ C; with C} the line segment from —2 to 2
on the real axis, and C5 the semi-circle of radius 2 and centre 0 in the upper-half
plane from 2 to —2.

The contour consists of two pieces which we need to parametrize separately. Parametrize
C by, for example, v, : [-2,2] — C, v (t) = ¢, and Cy by, for example, v, : [0, 7] —
C, 7a(t) = 2¢". So [, 2* dz = 0. Make sure you can see why.

7.3.3 A particularly important Example

This example is one of the key elements that goes into the Cauchy Residue theorem.

Let C(a,r) be the circle of radius r > 0 with centre at a € C. Then

1
/ —dz:{o. n#l (7.20)
C(a,r) (z_a)n 2mi n = 1.
Let us emphasize
1 1
Py / dz = 1 (7.21)
2mi C(a,r) (Z - CL)

for any r > 0.

7.4 Some fundamental theorems

In practise, we evaluate real integrals analytically by ‘reverse differentiation’, using
the FTC for real integrals. A similar result is true for certain types of contour
integration:
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Theorem 7.2 Let f : C — C be a complex function, and let C' be a contour
beginning at p € C and ending at ¢ € C. If f = F' is the derivative of a function
F which is holomorphic at each point of C' (recall here F'(z) := 0F/0z) then

[ 1)z = Fla) - F ). 7.2
”
In particular, if C' is a closed contour and f = F' then

/Cf(Z) dz = 0. (7.23)

(Recall, a ‘closed contour’ is a contour which looks something like a circle, or a
loop of string, it has no end points.)

The FTC can greatly simplify the evaluation and analysis of contour integrals.

Example: As a simple example, let f(z) = (2 — a)™, where m is an integer. If C
is a smooth curve which does not pass through a € C' and which starts at p and
ends at ¢ then

1
/(z —a)"dz = ] (¢ —p™™']  provided m # —1 (7.24)
C m

On the other hand, when m = —1 and Cijeseq is a simple (no self-crossings) closed
contour then

/ (:—a)'ds — { 271, %f a %s insid.e the contour (7.25)
Cotosed 0, if a is outside the contour.

We can write (7.25) for the case of a circle C(a,r) centred at a of radius r > 0 as

/ (2 —a) ' dz = 2mi. (7.26)
C(a,r)

Exercise: How about fc(b r)(z —a)~tdz where b # a? (Your answer will depend
on |a — b|).

In fact, (7.25) follows from the simpler fact (7.26) because of the following funda-
mental theorem:

Theorem 7.3 (Cauchy’s Theorem) Let f: C — C be a complex function, and let
Ceosed C C be a simple closed contour. Then if f is holomorphic along and at all
points inside Cgosea, then

/ f(z)dz =0. (7.27)
Celosed
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The proof of this theorem is given in full detail in the course 6CCM322A Complex
Analysis which is a 3rd year mathematics option. You need to know the statement
of the above theorems, but not the proofs. Cauchy’s Theorem 7.3 combined with

(7.26) yields the Cauchy Residue theorem (CRT).

7.5 Poles and residues

If ¢ : C — C, on the other hand, if f : C — C, z — f(2), has an isolated singularity

at a € C (meaning that f is not holomorphic at a but it is holomorphic at those

points z € C with 0 < |z — a| < € some € > 0) and the singularity at a looks like
/Bfm 571

oo T g

f(z) =

+é(2), 0<|z—al<e, (7.28)

with ¢ holomorphic for |z — a| < ¢, then f is said to have a pole of order m at
a. Note that the complex numbers occuring in (7.28)

/8—7‘ = B—r(a)
will depend on the point a € C. If (7.28) holds with m = 1, i.e. if for some £ > 0
f(z) = fila) +é(z), 0<|z—al<e, (7.29)

(z—a)
with ¢ holomorphic at a € C, then f is said to have a simple pole at a.

If f has a pole at a (of some order) then the residue of f at a is defined by

res(f,a) = P_1(a). (7.30)
(7.28) can be equivalently written
fla+h) = 6;;5@) + ...+ ﬁz(a) +¢la+h), 0<|h|l<e, (7.31)

which can sometimes be easier for computing (7.30); note also that (??) may be
similarly written

dlath) =3 Bula)h",  Bula)= T2, forall ‘small’ h. (7.32)

n>0

7.6 Computing residues

In order to use the Cauchy Residue Theorem effectively we need to have some
methods for computing residues. For particularly simple functions one can do this
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directly, but more generally it is usually easier to resort to one of the following

formulae for computing residues.

Suppose that

¢(2)

f(z) = P where ¢ is holomorphic at a. (7.33)
Then
res(f,a) = ¢(a). (7.34)
Suppose
f(z)= 9(2) , ¢ holomorphic at a, (7.35)
(z—a)"
then -
_ e
res(f,a) = =1 (7.36)
Suppose that
¢(2)
o) = 5 (7.37)
with ¢ and 1 holomorphic at a € C, and that
Y(a) =0 and ¥'(a)#0.
Then f has a simple pole at z = a and
o(a
res(f,a) = 1//((63). (7.38)
Example
1
has poles at
u; 3, 57, In;
es', e1' e’ en
We have 77/)/(6%7”‘) = 4e1@kHDTi £ () 50 we can apply the formula to get
1 1. 1 )
res (24_—’_1’6(2:@: )7”) = Z—le’%(%“)’”. (7.39)
For instance,
1 s 1 1
res ( ,e4z> =1 e i = ———(1+41). (7.40)
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7.7 Evaluating integrals with the CRT

The Cauchy Residue Theorem:

Let C C C be a simple closed contour. Let f : C — C be a complex function which
1s holomorphic along C and inside C' except possibly at a finite number of points

a1, ..., G, at which points f has poles. Then, with C oriented in an anti-clockwise
sense,
/ f(z)dz = QWines(f, ag), (7.41)
c k=1

where res(f, ax) is the residue of the function f at the point a, € C. If f has no
poles inside C' (f is holomorphic inside C) then [, f(z)dz = 0.

7.8 The right-hand side of the Cauchy Residue Formula
(7.47): adding-up residues

If ¢(z) is analytic at a, then from (7.47) and formula (15.9) of online lecture 15 we

have
/ 4(2) dz = 2mires (M, a) (7.42)
cZ—a Z—a
2mi¢p(a), if ais inside C
a 0, if a is outside C.
Let

C(a, R) = circle centred at a € C and with radius R > 0.

7.9 Example

the functions e* and z are holomorphic everywhere the only pole of f(z) = % is at
z = 0 with, by (7.42), residue equal to ¢’ = 1. Hence

/ © dz = 2mi. (7.43)
o

0,1) #
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7.10 Example

To evaluate

taken round the circle v given by |z| = 2 in the positive (anti-clockwise) sense,
we have f(z) = % with ¢(z) = % holomorphic everywhere inside the curve
|z2] = 2 — and, in particular, at z = 1. Hence from (7.42) the integral equals

2mi¢(1) = —mie. Around |z| = 1/2, on the other hand, the CIF says it evaluates
to zero

Likewise, from (7.47) we can compute

/C% dz = 2mires ((j_(—za)wa)

{ oi 2V if a is inside C'

(m—-1)!

0, if a is outside C.

7.11 Example

Applying this, we have

/ M dz = 6mi cosh 6. (7.44)
o (z — 2i)?

On the other hand, if g analytic at a € C while

Y(a) =0 and ¢'(a) #0,

from (7.47) we infer that if a is inside the contour C' then

PEP—T)
/C Sz =i S0 (7.45)

If there are two points aq,as € C which are inside the contour C' and which are
poles of this type, then

@ z = 2mi 9(ar) ) 9(az)
LG e =2 e s (7-48)

and so on.
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7.12 Example

To evaluate

/ cot(mz) dz.
C(0,5/2)

we saw earlier that cot(mz) has a simple pole at each integer n € Z with residue %
(independent of n). Hence, as there are five poles inside the contour, we have

/ cot(mz)dz = 101.
C(0,5/2)

7.13 Evaluating real integrals using the CRT

The Cauchy Residue Theorem states:

Let C C C be a simple closed contour. Let f : C — C be a complex function which
18 holomorphic along C and inside C' except possibly at a finite number of points

a1, ..., G, at which points f has poles. Then, with C oriented in an anti-clockwise
sense,
/ f(z)dz = 2m'Zres(f, ag), (7.47)
c k=1

where res(f, a) is the residue of the function f at the point a; € C.

This provides us with a powerful method of computing real integrals which would
be impossible to evaluate using standard real integration techniques on R.

In fact, every time we evaluate a contour integral using (7.47) we evaluate two real
integrals. For, if v : [a,b] — C' C C is a parametrisation of C' then

/Cf(Z)dz = /aba(t) dt + z‘/abﬁ(t) dt.

On the other hand, we can also write the right-hand side 27 )", res(f, ay) of
(7.47) as

m

27i Z res(f,ar) = A+ iB for some real numbers A, B € R, (7.48)
k=1

and hence we obtain the evaluations fab a(t)dt = A and fab B(t) dt = B.
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7.13.1 Example:

We computed in Example (16.1) that
e® ,
/ — dz = 2mi. (7.49)
c(0,1) #

Using the parametrization vy(0) = €, 0 < 6 < 27, of C(0,1) we have

e? 2m

— dz = z/ % (cos(sin @) + isin(sin 6)) df.

c 0

Equating this with (7.49) gives

2m 2
/ % cos(sin 0) df = 2, / % sin(sin §) df = 0.
0 0

7.13.2 Exercise:

By considering the contour integral [ o dz show that

1
0,1) z2+42+1

/27r 1 21
—_dt="—.
o 2+ cos(t) V3

7.14 Evaluating integrals [ f(z) dz over the whole real
line

This will provide us with a method of evaluating Fourier transforms and hence

obtaining explicit solutions to a given ODE or PDE.

The idea is to compute |, Cn f(2) dz over a simple closed contour, typically, of the
form

Cr=|-R,R|UAgr

where f is holomorphic on and inside Cr except possibly at poles a4, . . ., a,,, inside
Cg, and then allow R — oo. Since

f(z)dz = /[_R’R] f(z) dz + " f(2) dz

Cr

= / f(z) de + f(z) dz,
“R Ar

the aim is to choose Ag so that

lim f(z)dz=0 (7.50)

R—o0 AR
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and hence that by the Cauchy Residue Theorem infer that

/oo f(z) de = Rh_r)n QWiZRres(f, a). (7.51)
% > k=1

Note that the right-hand side must in this case be a real number. This method
depends on the convergence of all the limits and the existence of the integrals and
so forth — but it works for large classes of functions.

7.14.1 Estimating contour integrals

The following fact is useful in showing properties like (7.50).

We know that for continuous real valued functions f : [a,b] — R that

/a ’ f(z) dx

This extends to complex integrals in the following way.

< [ @la

Theorem 7.4 Let C be a contour in C. Then

/Cf(z) dz

where 7 : [a,b] — C C C is a parametrisation of C.

Note that if |f(2)] < M, Yz € C (f is bounded by M along C, this implies
| [ f(2)dz| < MLc, where Le is the length of C.

< [ 16O . (7.52)

7.14.2 Example:

By considering the contour integral

eiz
/ —dz,
Cp 2 — 10

where Cp = [-R, R| U A and Ap is the semicircle centre at 0 and radius R > a
in the upper-half plane, one has

* rsinx +acosx a
SR dr = 2me
oo e+ a

and
dz = 0.

/OO TCOST — asinT

2 2
oo e+ a
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To see this, we use the CRT as indicated above, and show that [ An f(2)dz — 0 as
R — oo. For that use (7.52). From the parametrization vo(x) = Re™ of Ap and
Theorem 7.4 we have

™ ei[RcosOJriRsin@]RZ'eiO de ™ RefRsinG do
/0 Re? —ia ‘ - /0 |Re? — ial

f(z)dz
AR

™ ) 2 /2 )
S / R efRsmG do = R / efRsmG do.
0 R —a R —ajy

—— and since sinf > 20 /7 V0 € [0, 7/2] —

2R /2 T
< —2R€/ﬂ'd9:
_R—a/o ‘ R—a

(1—ef) =0as R— oo,

8 An application to ordinary
differential equations

We are now going to use a contour integral to help solve an ODE. This principle
is, in fact, very general and can be applied to partial differential equations on R™
(recall that ODEs refer to differential equations on R'). As a warm up to this you
are encouraged to re-read the section “ODEs and the F'T”.

8.1 The ODE

Here, we are going to see how to find the general solution to the ODE

d*f
=2 J — 1
= +f=g (8.1)
provided that
dk—f—>0 as |x| — oo for k=0,1,2,3 (8.2)
dxk — Uy Ly 4y IJ. :

The function g : R! — R! is given, and the objective is to determine f : R! — R!.

8.2 Applying Fourier transform

The assumption (8.2) means that we can apply the Fourier transform to the ODE
(8.1) to obtain

f@) = [ " k) g(y) dy

—00
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where
1 S ei(y_z)f

k(z,y) = DT Ty dg. (8.3)

It remains, then, to evaluate the integral on the right-side of (8.3).

8.3 Using the Cauchy residue theorem

To evaluate this real integral previous examples suggest that we may get somewhere
by evaluating the contour integral

eiaz
Ia) = dz
(@) /CR 24 +1

around the contour C'y in the z-plane which consists of the portion of the real axis

from —R to R, together with the semi-circular arc yg parametrized by vz(0) =
Re? 0<6<m.
We assume that

a € R (8.4)

For R > 1 f(z) = Zeifl
Cauchy residue theorem says that

has two poles inside Cg at zy = €™* and z; = ¢**7/*. The

I(«) = 2mi(res(f, z0) + res(f, z1)), (8.5)
=me V2 sin (E + Z) ,

using residue formulae.

On the other hand,
R 1 oz
e e
I(a) = — dE+ / dz
(@) /_R54+1 S A

with Ag the arc component of the contour. But using the estimate for contour

integrals, described in the previous section, we find

/ eiaz 5| = /‘ﬂ’ eioaReze Reié de
A 24 +1 1)y Rt 41

We are then left with

R
<
—Rt-1

—0 asR— o0 if a>0.

R 1e%3
lim

00 plag _ o « T
Cde= | S dt=meVEsin (21T,
pw foarg & /_oo§4+1 f=me 2sm<\/§+4>
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That is,

[e§) 173
provided a > 0 / ©

m dg = 7T6;\/% sin (i + z) . (86)

N

From (8.3) we want to apply this with & = y — 2. But y — = can take on any real
value, so we need to extend (8.8) to the case & < 0. To do that we make use of
the fact that we have only used two of the four poles of f. So we now evaluate

Ip, () :/D ¢ dz

2

around the contour Dy in the z-plane which consists of the portion of the real axis
from R to —R, together with the semi-circular arc g parametrized by yg(0) =
Re? 7m < 6§ < 27, (note this is positively oriented (anticlockwise) which means
the direction along the [—R, R]] is reversed!). We now assume that

a <0. (8.7)

We now repeat the above process with Dy instead of C'g to find that

00 eioaf o —« T
provided o < 0 /_m£4+1df 7T€2Sln(\/§+4) (8.8)
Hence:
oo eia{ “lal |Oé‘ T
F R! _— = VZ ogin| — +— ). )
or any « € /_Oo€4+1d§ e 2s1n(\/§+4) (8.9)

We now obtain from (8.3) and (8.9) that the general solution to (8.1) is given by

f(x) = / " k() 9(y) dy

with
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