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_ Simple Correlation

Measures of central tendency and measures of variations areé not the only descriptive
statistics that we are using to get a picture of what a set of values look like. You have
already 'learned that knowing the values of the one most representatrve score (central
tendency) and a measure of spread dispersion (variability) is critical for describing
the characteristics of the distribution.

However, sometimes wWe are interested in the relationship between variables; that is
how a value of one variable changes when a value of another variable changes. The
way we express this interest is through computation of simple correlation.
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Correlation techruques are useful procedures for measurmg the strength of 2

e — \
relatronshrp between two var varrables (X and Y) For example correlatron procedures

——
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can be used to address questrons as: To what extent is age related to blood pressure‘7

A

A correlatron between two varrables are sometrmes referred to as a bivariate
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| correlation
Correlatron between two varrables can be plotted graphically of summarized

through ‘the calculatron of an mdex that descnbe the extent and direction of the

relat}onshrp,.

A visual picture of correlation: The Scatter diagram

The relationship between two variables that ha\\‘/e oeg;rdeasured on ratio of lnterval
scale can be displayed graphrcally on a scatter diagram. This type of graph that plots
the values of one variable, say X, on the X axis and plots the values of 2 second
variable, say Y, on the Y axis 18 called scatter diagram.~

Scatter diagrams are useful in showing both the magnitude and direction of

relationships. Figures on the next page shows scatter plots for various relationships. —

How to dravd”scatter diagram (usnally the computer can do that):
1- Draw the .axis and the v- axis. Usually, the X variable goes o1 the

horizontal axis and the Y yariable goes on the vertical axis.
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2- Mark both axes with the range of values that you think to be the case of the
data. |

3- Finally, for each pair of values (such as 3.5 and 49.4), as shown in Fig 1 for
example 1, we entered a dot on the chart by making a place where 49.4 falls in
the X-axis and 3.5 falls in the Y-axis. The-dot represents é data .point, which is

the intersection of the two values, as you can see in Fig 1.

When all the data points are plotted, what does such illustration tell us about the
relationship between the variables?

@Th&%_ eral shape of the collection of data pomts indicates whether the correlation | i
direct (posmve) or indirect (negatn e)

e A pos1t1ve slope occurs when the daia points group themselves in a cluster
from the lower left-hand corner on the X-axis and Y-axis through the lower
right-hand corner. |

¢ A negative slope occurs when the data points group themselves in a cluster
from the upper left-hand corner on the X-axis and Y-axis through the upper
right-hand corner.

Here are some scatter plots showing very different correlations where you can see
how the grouping of the data points reflects the sign and strength of the relationship.
¢ Fig 2 shows a perfect direct correlation where r =land the data points are

aligned along straight line with a posmve slope.
¢ Fig 3 shows a perfect indirect correlation where r = -1and the data points are

aligned along straight line with a negative slope. ]
¢ Fig 4 shows scatter plot for strong positive correlation (r = 0.76). The data
align themselves a long a positive slope.
¢ Fig 5 shows scatter plot for strong negative correlation (r = -0. 82). The data
align themselves a long a negative slope. From the upper left- hand corner on”

the chart to the lower right-hand corner. L4
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Figure 2 ! A Perfect Direct, or Positive Correlation

F{o}: A perfect indrect, negative correlation
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Figure ™{ A Strong Positive, But Not Perfect, Direct

Relationship
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Figure 57"~ A Strong Indirect Relationship
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Example 1:

The below data were obtained on a study of the relationship between mothers’ weight
and birth weight of their infants. Let:

Y = infants birth weight (kg)

X=mother weight (kg)

Mothers weight (X) | Infant birth weight (Y)
49.4 35 '
63.5 ' 3.7

" 68.0 3.6
52.2 2.7
544 3.0
70.3 4.1
50.8 34
65.8 3.6
54.1 3.4
59.0 3.2

The scatter pattern made by the plotted points usually suggests the basic form of the
relationship between the two variables.
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For example, the scatter diagram of the previous data revealed that when mother’s
weight increase infants weight also increase. High values of one variable, mother's
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weight, are associated with high values of the other variable, infants' weight. Scatter
. diagram gives a visual impression of what the relationship between the two variables
might be. We decide by visual inspection upon the kind of the line which best
describes the overall pattern of the data. | L |

Example 2:
_The table below shows plasma volume and body weight for eight healthy males.

Body weight (kg) | Plasma volume (1

. 58 2.75 '
70 2.86
74 | 335
64 2.76
62 ‘ 2.62
71 o 3.49
71 3.05

Total 536 24

8 8
X, =536, .Y, =24, > X,
i=]

i=1 i=]

1616.94,

3 8
i =36118, i = 648.66
> X7 >r?

=l i=]

X=536/8=67, ¥Y=24/83=3
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- Researchers are much more likely to describe correlations by means of a

statistic known as correlauon coefﬁment Correlation coefficient, like scatter plots,

ey e
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indicate both tl the magmtude and dlrecnon of a linear relat1onsh1p between varlables

S— . i
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Because they are expressed numerlcally, correlatlon coefﬁc1ents ars more pre01se
about magnitude than scatter plots, to which we attach a more verbal labels such as

"weak" or "moderate" or "strong".

e S

Pearson correlation coefﬁcient-

The most widely used corrélation index is tae Pearson correlat1on coefficient (known

73S Pearsons 1). The Pearson correlation ¢ coefﬁment is employed w1th fnterval/ratio >

data to determine the ‘association/correlation which assesses the relationship between

e S e o
wé two variables. We can some time apply Pearson correlation coefﬁcient toffank—order)

ata The Pearson correlatlon coefﬁc:1ent determines the degree to which a linear

relatlonshlp exists between two variables. The correlatlon coeficient can be
calculated from the populatlon or the sample We denote the correlation coefﬁ01ent
~caleulated from the population by f (roh). We denote the correletion coefficient

calculated from the sample by r.

The value of r is obtained using the formula: S)( \7: ZX\ k// -4’\7(17 Z

<y - =x5_n}T

Wt R S~ ST
IS xI-E ety A

' %,A The value of r can assume any value between —1 and +1, i.e. -1 < r< 1. Thus,”
,((3) ~ the value' of r can never be less than -1 or greater than +1.

_The absolute value of r (numerical value without any sign) indicates the
g ,ﬁj strength of the relatlonshlp between the two variables. As the absolute value of

L
r approaches 1, the degree of linear relationship between the two variables
becomes stronger. The smaller the absolute value the weaker is the
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.’ relationship. For example, -0.9 indicates a very strong relationship, while 0.12
‘ indicates a weak relationship. |

¢ The correlation coefficient reflects the amount of variability that is shared
between two variables and what they have in common. For example, you can
expect an individual's height to be correlated with an individual's weight
because they share many of the same characteristics, such as the individual's
nutritional and medical history, general health and genetics.

| Interpretation of the correlation coefficient
,(é Ol" he sign of r indicates the nature gr direction of the linear relationship which exists
o between the two Varlables:(

o

1-1f the correlatron is greater than O @osﬁwe) subjects who have a high score on one

' varlabie w111 have a hlgh score on the other variable and subjects who have a low

score on one Vanable will have a low score on the other variable. The closer the

___..(““M“'"
var1ables where as the closer the posrtlve value of r to 0, the weaker the direct

posmve value of r to +1, the stronger the direct relatlonshlp between the two
M

Eﬁﬁ_dﬁ'sh1p between the vanables (height and weight; IQ and GPA,; 01garette

consumptlon and heart disease risk, mcome and consumptlon) (1' wo varlables (X Y

s i o
Ty

5

i

@re posmvely correlated if as X increases, Y tends to_increase, whereas as XW

decreases Y tends to decre i

Ww*f“

i
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o s

A& Increase in one varlable is assoc1ated w1th a decrease in the

——

other var1ab1e and a decrease 1n one variable 1s assoc1ated with an mcrease in the

other varlable) When there is an inverse linear relationship, subjects who have a hrgh
. o M -
Score in one variable will have a low score on the other variable and vice versa). The -

close the negatlve r to -1, the stronger the inverse relationship between the two

rrrrr e S T :

variables, whereas the closer the negatlve ve value of r to 0, the weaker the inverse

- relationship between the two variables (concentration of fluoride in drinking water

. and the prevalence'of cavities in children's teeth, pulse rate and age@ri\aﬁes\
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(X Y) are negatlvely correlated if as X increases, Y tends to. decrease whereas as X m\
Qﬂ‘fﬁses Yteno‘s to- m‘c;l:ia:ie) T B ‘

3) If the correlation is close to 0, such as for birth weight and b1rthday, then the

/ vanables are said 10. b,e,,uncorrelated \rm variables.(X, Y) are uncorrelated if there}

"'“"‘anm

Using —Your Thumb Rule:
1- Perhaps the easiest (but not the most informative) way of interpreting the value of
a correlation coefficient is by eyeballing it and using the information in the table

below: e . - . 4
[ Yoo (ol oy 3 1(: Vo \ (P erfedt vlodinn }
,(wmkj r <° " Interpreﬁ{g a correlation coefficient

' | Size of a correlation / Coefficient general interpretation
o \{Y o ‘8 0.8-1.0 , // Very strong relationship
0.6 -0.8 / Strong relationship
&_""_\‘j__“_______),. 04-0.6 . Moderate relationship
Y O ‘3 ) 102~ 04~ | Weak relationship
Sh,on% o.o,;fé’.z | | Weak or no relationship

The Parson correlation is based on the following assumptionsr 7
1- The sample of n subjects for which the value r is computed is randomly
selected from the population of interes:.
2- The level of measurement upon which each of the variables is based is interval
or ratio data. |
3- The two variables are normally distributed and any. linear combination of the

two variables is normally distributed.
T N N R N v = — R
Squarmg the correlation coefﬁc1ent (Coefﬁcrent of  determination):
- Coefficient of determination is the percentage of variance in one vanable that is
_Waccounted fg/r by the yarlancwnjhaﬁlhﬁLALauabl@ We prev1ously stated that:
variables that share something in common tend to be correlated with one another. If

we correlate math and English grades for 100 intermediate school students, we will

find the correlation to be moderately strong, because many of the reasons why

)
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students do well (poor) in math tend to be the same reasons why they tend to well or
poor in English. The number of hrs they study, how bright they are, how interested
their parents in their school homework, the number of books they have at home and
more are all related to math and English performance and account for differences
between students. .

The more these two variables share in common, the more they will be related. These

two variables share variability- or the reason why students differ from one another.

And on the whole, the brighter child who studies more will be better.
To determine exactly how much of the variance in one variable can be accounted for
by the variance in another variable, the coefficient of determination is computed by

b 28t 5 0

squaring the correlation coefficient.

.5

= For example if the correlation between GPA and number of hrs of study time ist '—_

mthen the coefficient of determination, represented by r* = 0.70* = 0.49. This

means that 49% of the variation in GPA can be explained by the variation in study

time. The stronger the correlation, the e more of the var1at1on can be explained.

Example 1:

A dentist conducted a study employing a sample of 10 children to determine whether
or not there is a relationship between the number of ounces_ of ‘sugar a ten-year old
child eats per week (X) and the number of cavities in the child mouse (Y). The data is
shown on the table below.

Ounces of | Number of XY X* Y?
sugar (X) cavities (Y) ,
20 7 140 400 | 49
0 0 0 0 0
1 2 2 1 4
12 5 60 144 25
3 3 9 “9 9
5 4 20 25 16
10 5 50 100 25
2 1 2 4 1 » -
8 5 40 64 25 '
5 3 15 25 9
TL6.6 =35 2XY=338| YX}=771| > r*=163
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338-10(6.6)(3.5)

" J(771- 10(6.6)*163-10G. sy ,Jmcﬁmwm
T SYrowe, %i&?@ﬁ;«
It must be emphasized that when a researcher determines that two variables are

correlated, this doe not imply that one variable caused the other. For example, if we
determined that there is a negative correlation between self—ésteém and depression,
we cannot conclude that having low self-esteem causes people to become depressed.
Nor can we conclude that being depressed reduces people's sel-esteem. Either of
these might be true, but it might also be that both are caused by some other factor

(recewmg a failing grade on an important test).

Steps in hypothesis testing. L

It is a common practice t0 determine whether the value of the correlation coefficient r
is large enough to allow us to conc}ilde that the population correlation coefficient
between the two variables other han 0. We wish to see if the sample value of r =
0.918 is of sufficient magmtude {o indicate that in the populatiom amount of sugar
consumed by children and numf?er of cavities are correlated.

" I- Null and alternative hypqél;esis

Hy:p=0 vs Hpp>0

2- Test statistic:

rNn—2 -
= T

We substitute the values of rand n in the formula; we have r=0.918 andn=10 -

. 0.918 /10 — 2 _ 2.596
Ji-009182  0.39

= 6.56
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3. Critical value: we haven—2=10 —_}/é 8 df: a.=0.05, 1-a=1-0.05=0.95
tn-z,1-a},,,,?"lt1o-z,o95; ts, 0905 = 1.859
ﬁf 6
4- Decision: Since the, calculated value (2/8’7) is greater than the critical value
(1.859), we reJect Ho
_5- concluswn ounces of sugar consumed and number of cavities in children are
correlated

- Example 2:
To study the relationship between age (years) and bone density (mg/cm®) data was
obtained for 7 subjects as shown in the below table:

Age(X) | Bonedensity (¥) | XY X Y?
30 10.2 306 900 104.04
35 9.5 332.5 1225 90.25
47 91 427.7 2209 82.81
50 8.8 440 2500 77.44
60 7.9 474 3600 62.41
70 1.5 525 4900 56.25
80 _ 7.1 568 6400 50.41
X =53.14 7 =859 Sxr=| Y X'= >rt=
30732 | 21734 523.61
- \‘? Ao "’1}5{} 3 3 ‘
o —_;:—‘ ~03% #é
30732-7 (53. 14) (8 59)
;[21734—7 (53.14)"/52361-7 (859) w%? e,
| 118 J2o2 738

| ¢4 A A AR A 3T

Q@(Rﬁd V&%@iﬁ’e szyeﬁ N\ééﬁl)?‘ ,f;; L g’ Y - M;' \"{‘3

Steps in hypothe51s testmg
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2- Test statistic:

substitute the values of r and n Anto the formula: In our case:

r=-0987, n=7

h.9877-2 221

t= =
%}7[—(—0.987)2 0.161
/

/!
From the table of t distriﬁ,ﬁtion withn—-2=7-2=5df
B |

= —13.726

3- Critic_(tl value: i
'/ =005, 1-a=1-0.05=0.95
;'i::f-tn-z, 1-a = -172,0.95; ~ts, 095 =-2.015

4- Decision: Sincqf';ffhe calculated value (-13.726) is less than the value obtained from
the table (-2.015), we reject Hy.

5- Conclusion:

we conclude that, in the population, age and bone density are linearly
correlate. "

o

Spearman Rank Correlation <7 WA oy,

As in-the case for the Pearson correlation coefficient; Spearman’s rark- order_”w

correlation cqeiﬂg}ggggg@e used to evaluate data for n subjects, each of whom has

S N

contributed a score on two variables(denoted as X and Y). Within each of the

variables, the n scores are rank-ordered.

11
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In computing Spearman’s rank correlation coefficient, one of the following is true
with regard to the rank- order data that are evaluated:
1- The data for both variables are in rank-order format

it S5

2- The original data orders are in a rank-order format for one variablé and in an

RS

interval ratio fqgr}_at”_hf_gr‘them second variable. In such instance, data on the second
--Véfi-at;le are converted to rank—order format in order that both _Sets of data represent
the same level of management.
-«3_ The data for both variables have been transformed into a rank-order format from
an interval ratio format, since we bélieved that one or more of the assumptions

underlying Pearson correlation coefficient have been violated.

The same general guidelines that are described for interpreting the value of the
Pearson correlation coefficient can be applied to Spearman's rank-order correlation

coefﬁcient.

%To calculate Spearman rank correlation coefficient for a given set of data, we follow

~ the steps:

1= Rank the values of X from low to high
__-2- Rarnk the values of Y from low to high

/3"-‘“ Compute d; for each pair of observations by subtracting the rank of y from the

rank of X. - \
f"‘*’hmz.. R

F

% d; = Rank (X;) — Rank (Yy)

Nerpmesgpenarres e

S

|
J

R

,~4- Square each d; and compute Zd;z , the sum of the square values. | -

5- The Spgarman rank correlation is given by: -
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where n is the number-of pairs of X's and Y's. Not2 that the value of 1, 1s between 1

and -1.

Example 1:
The table below shows number of hrs studied by 10 students and the grades they

obtained:

Grade in

exam (Y)

Number of hrs
studied (X)

62612

S

r.=1 6(4)

=l =097
| 10000 —1)

Steps in hypothesis testmg‘
1-Null and alternative hypo fesis

Ho: ps=0 / Hip: ps>0
/

2. Test statistic: /
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Substitute the values of n and ry in the formula. We have n = 10, r;=10.97

0.97 ~/10 - 2

t= " 1_0.97°

=11.292

_3- Critical value: let o= 0.01; then fhe critical value is 2.896. reject Hyif t 2 {14

s
el

4- Decision: sincet=1 1292is greater than the critical value (2.896), we reject Hy,

5- Conclusion: There ig'a swtrong positive relationship between study time and scores

in the exam.

Example 2:

<

To study the relationship between age (years) and bone density (mg/cm®) data was

obtained for 8 subjects as shown in the below table:

Age (X) | Bonedensity (¥) | Rank (X) | Rank Y)
30 10.2 1 8
35 9.1 2 6
47 9.5 3 7
50 8.8 4 5
60 7.9 5 4
70 7.5 6 3
80 7.3 7 2
85 6.5 8 1

d;

7
-4
-4

-1
1
3
5
7

d;
49
16
16
1
1
9
25
49

> d =166

Substitute the values of n and izd ? into the formula for r. From the given data:

n=8 and Zd,~2= 166; then:

S

| 6066) _
8(64 1)

14

-0.976
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) 7
- : 7
. ;

/.
Steps in hypothesis testlfig
I- Null and alternative IzyI/otheSts

Hy: ps=0 {, /o vs H: p;<0
2- Test statistic: -

s’j;
/ / ~0.976 /8 -

/ t= " 1= (-0.976 )2

=-12.665

E”'
;
il
£
;

!

I

3- Critical value:/{fef a = 0.05; then critical value is -1.943; reject Hy if : t < L

i
i

4- Decision: sm/d];ét =-12.665 is less than -1.943, that is: We reject H,.

5- Concluszon There is a high negative relationship between bone density and age.

‘ /

Correlation and causation:

Correlation is a measure of the degree to which two variables are related. A
strong correlation between two variables, whether positive or negative, does
not mean that one of the variables caused the other. For example, if the
correlation between math score and high blood pressure is 0.93. This does not
mean high blood pressure causes poor mathematics performance or that poor
mathematics performance causes high blood pressure. The correlation of -0.93
shows that there is a very strong relationship between math test scores and
systolic blood pressure, but that correlation tells us nothing about what causes

that relationship. Correlation coefficient W&Wm

between two variables, but does not explain why the relatlonshlp occurs

it s TS " )

Things to remember:
¢ The correlation can range in value from -1 to +1.
¢ The absolute value of the coefficient reflects the strength of the correlation. So
a coi'relgtiori of -0.70 is stronger han a correlation of +0.5. A common
mistake among students occurs when they assume that a positive correlation is
~ stronger thari a negative correlation.
¢ Pearson correlation is used with interval/ratio scale data.

15
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Types of correlations ahd the corresponding relationship between variables

value

’

value

-1.0-0.0

What happens What happens Type of Value Example
to variable X to variable Y correlation : ,
X increases in Y increases in positive 0.0-1.0 The more time you spend
-| value value studying, the higher will
. . be your test score
X decreases in Y decreases in positive 0.0-1.0 - | The less money you put in
value value the bank, .the less interest
you will earn
‘X increases in Y decreases in negative —1.0—~0.0 | The more you exercise, the
value value less you will weigh
X decreases in Y increases in negative The less time you take to

complete a test, the more
you will get more mistakes

16
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Q‘i@( <.“ Simple linear Regression and Correlation

e

Interpreting and plotting a line:

If we have two variables, say, X and Y. A straight line relationship»bet{)veen them
can be expresséd as:

T

Y =a+bX

[
SR

Where:
a: is the intercept ( where line intercepts or cross Y-axis

b : slope (amount of change in Y when X change by 1 unit).

{a . 310’\:0. IS ameasure
\a : 32‘0\
' — of how fast the line
A—X,
' 'S yi.s\'ng o "Fa.nfnj. Tha

rate OG\' \Q"V;c-h '1, I‘Y\We‘sel

Xl X?— C.mm‘)M(d ujdh X be'.‘.wee’ﬁ
anr4 heo PO'm‘\'s, on That

Yine.

%-¥,
Slope = Xz __)(1

.

The slope may be positive or negative

We call Y as a linear function of X. The term linear equation arises from the fact that-
when the equation is plotted on ordinary graph paper, all pa1rs of X and Y which

satisfy the equat1on of the form

| Y =a+bX
yields points, which fall on straight line.
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For the above linear equation, If weleta=2 and b = 1, then:

Y=2+X |
Any equation of the form Y = a + bX has a graph. If we plot points on the (X, Y)

ey

plane, all the pairs of values satisfying the equation, they lie on the'lins;, 0,2), (-1, 1), |
(1,3) all satisfies the equation. : » ' o

~The above equation can be graphed using the following data; ' :

AN

1X 0
Y |1 2 |3

4t y=x+2 ' : .

N
-
[=]
-
N
w

Slope is positive. A positive slope, such as b= 1 in our above equation, means that
- the line slants upwards to the right; that is, y increases as X increases. Y increases by
1 as increases by 1. The slope may be negative. If we let a = l and b=-2; we are

o

going to have the following linear equation:

Y=1-2X

The above equation can be graphed using the below table.

X [-1 JoJ1 T2
Y (3 |1 [-1 3
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A negative slope, as Y=1-2X, with b=-2, Y changes by -2 (decreases by 2) when
X incréasgs by 1.

A horizontal line has b = 0 as itslslope because Y does not change as X increases.
When b = 0, the equation Y = a + bX becomes Y = a. Thus, Y = a is the equation of a

horizontal line.

Equation of a horizontal line

Y=g

Interpretation of the slope:
The cost of renting a car for one day is 80 SR plus a charge of 0.80 (80 h) for each

mile the car is driven. The rental cost for a day (SR) is:

 Cast =80 + 0.8 x (number of milés driven). -
80 = cost incurred no matter how many miles are driven. 0.8 implies that total cost
increases by,0.8% for each additional mile driven. |
Plotting a line: |
1- We choose two values of x arbitrary.

2- For each value of X we compute a value of Y.
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3- Wie kl.:)lot each (X, Y) pair as a point on a graph and draw a line through the
points. | ‘4
For example, for our liﬁe :
Cost=80+ 0.8 x
we choose X;= 100 and X, = 400. Next we compute the Y values:
ForX;=100,Y,=280+0.8 (100) = 160.
For X, =400, Y, =80 + 0.8 (400) = 400

We have (X, Y) pairs as (100, 160), (400, 400), plot the points and draw the line

through them, as shown in the figure below:

450

400, 400

Y ( cost per mile)

150

50

0 100 200 300 400 500

x (miles driven)

The main goals of many statistical techniques are to establish relationships, which
make it possible to predict one or more variables in terms of others. For example:

1- Height and weight ; .
2- Age and systolic blood pressure
3- Consumption and income
4- ‘Amount of exercise and heart beat
5- Hrs of study and GPA -
The nature and strength of the relationship between two variables m

ay be examined
by regression and correlation techniques.

Regression is used to discover the form of the relationship between two variables, say,
X and Y, by defining an appropriate equation and to predict and estimate the value of
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‘ Y for a gvi.ven value of X. Correlation is used to establish whether a relationship

between two variables is strong or weak.

Simple linear regression: ‘

In regression, a sample of n elements is taken from the population of interest and two
variables X (height) and Y (weight) are measured on each of the chosen n elements
obtaining: | -

(X1, Y1), (X2, Y2), cvnenenn. » (Xn, Yn)

Where, for example, X; (height of the first person) , Y; (weight of the first person), are
paired since both are measured on the same element of the sample (first person). We
usually selects the values of X, and is measured before the values of Y (For example,
we measure ége before we measure blood pressure).

The variable X is usually referred to as the independent variable (income, hrs of study,
age, height) and Y as the dependent variable (expenditure, grade, blood pressure,
weight) and we speak of the regression of Y on X or the regression of the dependent
variable on te independent variable.

Scatter diagram:
A first step in studying the relationship between two variables is to prepare a scatter

:diagram of the data, which is obtained by plotting the pairs of measurements (X, Y)),

(X2, Y2), cevenenen , (Xn, Yu), with the values of the independent variable X on the
horizontal axis and the values of the dependent variable Y on the vertical axis.
Without examination of this scatter diagram it is impossible to analyze any
relationship that might exists.

P

The scatter pattern made by the plotted points usually suggests the basic form of the
relationship between the two variables.

Example:

The below data were obtained on a study of the relationship between mothers’ weight
and birth weight of their infants. Let: |

Y = infants birth weight (kg)

X= mother weight (kg)
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Mothers weight (X) | Infant birth weight (Y) |
49.4 35 '
635 3.7
68.0 : 3.6 o
52.2 2.7 o
: 54.4 3.0
- 70.3 4.1
50.8 34
65.8 3.6
* 54.1 34
59.0 3.2

The scatter péttern_ made by the plotted points usually suggests the basic form of the
relationship between the two variables. |

4.5
- L J
- 4
o=
20 .
)
-3 S
w 35 F * .
= * *
=
& +
=]
ot 3 = ‘
L J
2.5 [ 1 1
40 50 60 70 80

mother's weight

P

For example, the scatter diagram of the previous data revealed that when mother’s
weight increase infants weight also increase. High values of one variable, mother's =
weight, are associated with high values of the other variable, infants' weight. Scatter
diagram gives a'visual impression of what the relationship between the two variables
might be. We decide by visual inspection upon the kind of the line which best
describes the overall pattern of the data.
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The best ﬁfting line:
‘We know from the introduction of this chapter that, the equatlon of the straight line
has the general form:

Y=a+bX

Where a is the y- intercept (where the line crosses y-axis), and b is the slope or
-amount Y changes per unit change in X.

For example, the equation that used to describe the exact relatlonshlp between the two
- common scales of measurement of temperature

F=32+(1.8)C

Where C is the temperature in degrees Celsius or Centigrade (°C) and F is the same
temperature of 32°F. For example °0C corresponds to a temperature of 32°F and
10°C corresponds to 50°F.

If this relationship were to be represented graphically for the data in the following
table:

C 0 10 | 60 | 100
F 32 | 50 | 140 | 212

A straight line relationship as this is called linear. Thus every 1°C increase in
temperature corresponds to an increase of 1.8 °F.

250 [

200 | y=1.Bx+32

150 ¢
. 100 ¢

50 F

0 20 40 60 80 100 120
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This equ‘ati.on implies an exact relationship, which in the case of two variables, say, X
and Y, means that, given a value of X, a value of value can exactly be datermined.
_;} When the.two variables increase together, the relationship is aid to be direct and the

value of b is gosig&. When the relationship is inverse, one variable increases and the
\______,——\_/__l\\m—‘\

other decreases. The value of b is negative.

Now, we go back to the example of the scudy of the relationship bétween mothers’
weight and birth weight of their infants. From the scatter diagram, it is obvious that
“there is some form f relationship between the two variables, but this relationship
cannot be described exactly by means of an equation as in the case of the temperature
scales. No line could possibly pass threugh all the points in the scatter diagram.

Howevér, some sort of equation could summarize this relationship and might be
obtained by drawing a smooth line through the middle of the data points. We would
like to draw a line tat best fit the data.

To avoid individual judgment in the fitting of the best line, it might be reasonable to
define the best fitting for the data as the line where the distance between the line and
the actual values (points) be as small as possible.

The line is called a regression line- and its corresponding equation is called a
regression equatiorm. The regression equation can be expressed in the form:

"\ i ¥ "! . -
Y ) P@V%Q = Aressioy e -

Where Y is the predicted or fitted value of a given observed Y. Where a is the y-
intermﬁ-&osses y-axis), and b is the slope or amount Y changes per

unit change in X.

The values of a and b are estimated from a given data and once they hzve been
determined, we can substitute a value of X into the equation and calculate the
corresponding value of Y.

How the values of a and b are obtained:

If we denote the distance between the actuaj value Y; and the corresponding value };,




s "
d1=Y17- Y] :
d=Y,-Y,

N
d3=Y;-Y;

We note, d, and d, are positive, while d; is negative. It might be reasonable to define
the best fitting line as the line that produces the smallest d;’s, on the average. The
problem with this cefinition is that some of the d;’s are positive and some are
negative. It is possible that the average of the d;’s is 0, but non of the d;’s is 0. To
avoid this problem, we square the d;’s and define the best tting line as the line that
produces the smallest sum of the squared deviations.

Criterion, which, is used today for determining “best fit”, is known as the method of
least squares.

The method requires the sum of the squares of the differences between the observed

points (X;, Y1), (X3, Y2), -.e...... , (Xn, Yn) and the fitted points on the line
(X l,f; )NG4 - (X,,7,)be as small as possible values of a and b are calculated

from the following formulae:

P '{’{'M P
Q2 vecbre%m \oer o
Sk
Jali \ ‘
\ - _ Skt
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ﬁxamplé:
From the Eata of mother's and infant's weight, the following information was
obtained:

10 10
ix,. = 590, }Hf Y, =34, > XY, =20234, > X’= 35280.84
i=l i=1 i=1 i=1 S

X =590/10=59, Y =34/10=34

Zn:Xix_fn)?F
b= i=1
> X} -nk?

substituting values from the information given, we obtain:

20234—(10)(3.4) (59) 17.4
2 = = 0.037
35280.84—(10P (59>  470.84

a=Y—bA-’;

a=3.4-0.037(59)=1.22

T e St 7
Thus, our sampl regression line is:

e 5 R P!
é\e 9 ~5HY =a+pX —>» ol \

Y =122+0037X (mother weight)
/)1 b=0.037 is called regression coefficient ’ {};‘J%%
A T e b
. .~

7

———>Interpretation of regression coefficient:

For every unit increase in the independent variable x, we expect on average, the

i i s e e

dependent variable (Y) to increase by the amount of b (regression coefficient).

kR A O i S35

For our example:

For every kg increase in the mother weight, we expect infant weight to increase by
0.037. |

10
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&

£
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gt‘gh

infantw
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=
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[ =]

58 &0 78 £0
mather weight

£
=

The regression line can be used for predlctlon
What is the expected weight of an infant if the mother weight if mother weight is 60

kg. In th1s case, we substitute the value of mother Welght (60kg) in the regress1on

PR e ..

equat1on to obtam a predlcted value for 1nfant welght

A ANV i,

The predlcted value is: \)

1.22 + 0.037 (60)

Y =
1.22 +2.22 =3.44

So, we expect infant weight for a mother with 60 kg of weight to be 3.44.

The below table shows the observed (Y) values and the predicted values (YA )

Independent Observed Predl.cted i=v.7 dz Y-y
variable (X) | value (Y) value ¥ T
49.4 3.5 3.04 0.45 0.2025
63.5 3.7 3.57 0.13 0.0169
68.0 3.6 3.74 -0.34 0.1156
52.2 2.7 - 3.15 -0.45 0.2025
54.4 3.0 3.23 -0.23 0.0529
70.3 <o 4.1 3.82 0.28 0.0784
50.8 34 3.10 | 0.30 0.0900
65.8 3.6 3.65 0.05 0.0025
54.1 3.4 3.22 0.18 0.0324
59.5 3.2 3.40 0.20 0.0400
) ’ ' : 0.8337

11
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The values in the third column are obtained from the equation

Y =122 +0.037 X

as follows:
Y =1.22+0.037(29.2)=1.22 +1.82 = 3.04
Y2 =]

22 +0.037 (63.5)=1.22+2.35=3.57

10=L122+0.037 (59)=1.22 +2.18 = 3.40

b

We need an indication of whether the points lie close or far from the line. The
standard error (Se) provides a measure of the degree to which data are scattered about
the regression line. If Se is large, then the observed values (Y) are widely scattered
about the regression line, and we should place little confidence in prediction made
from the equation. If Se is small, then we know that most of the points lie close to the
line and we should have confidence in prediction made from the regression line.

. -,—-—»—**“‘"“"”M}
The standard error s given by; {

e

An alternative simple formula is:

/
)/2%2’ ~ad Y0 XY,
— i i=; . i=1

L

For our example the standard error from the fi=st equation is :

b

Se=4/0.8337 /(10 - 2) = 0.323

12
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"While from the second equation is givey”y:

g \/34.2 —1.22(34) - 0.037 (2023 .4
e =

fo s =0.323

Example 2:
The table below shows plasma volume and body weight for eight healthy males.

Body weight (kg) | Plasma volume (1)

OF wd A | 58 2.75

: P ST ' 2.86
Wﬁﬁf’iﬁ v *»:r&wfi‘i}*;»&f»? 74 335
64 2.76

ST S 71 3.05
"‘“{*‘M&W‘ 66 3.12

C Total 536 24

@%LLE*%G‘@@A erey

? % .g“ X H T ) 8 8 . 8

@)ked e Y X, =536, Y.¥, =24, > XY =1616.94,

. Qiaﬁwﬁi \piu ul\-““‘% . = =
_)ﬁ,b . \‘V}%‘f‘i‘i?&‘% gﬁ”ﬁ;’li 8 5 8 -
ik 2o 2 X7 =36118, XX = 648.66

@5‘;{,&_& E i=1 i=1

X =536/8=67, Y =24/8=3

S XY, - nX¥
bz'i=1
ZX,-Z—}’Z)—(—Z

substituting’ values from the information given, we obtain:

1616.94-(8)(67) () _
~ TSers@Aer | 0%

- 13




a=3-0.043 (67)=0.12
Thus, the relationship is described by:

Y =a+bX

M 0.12 + 0.0437 body weigh:\

—= Th The regression coefficient (b = 0.043) indicates: with each 1 kg increase in body

welght plasma volume will increase by 0.043 liters. =
ﬁ We - can predict plasma volume from body. welght For example if body weight is

_60kg, plasma volume will he:

Plasma volume = 0.12 + 0.043 (60) = 2.70 liter.

w
in
A
+*

- plasma volume (liters)
tn w

50 55 60 - €5 70 s 80
body weight (kg)

In Summary:
Main Goals in regression: .
1- Establish a relationship between two or more variables

2- Enable us to predict the values of the dependent variable from the values of
the iridependent variables.

14
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EXERCISES

The followmg scores represent nurses’ assessment (X) and physicians’ assessment (Y) of
the condition of 10 patients at time of admission to trauma center.

X 18 13 18 15 10 12 8 4
Y 23 20 18 16 14 11 10 7 6 4

)< Construct scatter diagram for this data \‘ _

|- @ dind persen Goel§icad
@%uvdwji‘““ s

G—ﬁ\*\ \WA\ H *». ’
C e el G N &sﬁﬁwﬂﬂ Xon &

/% e \“"‘ o 3’%};% L «*%'f"""},kx ,ﬁ» S
b LU - WO WA Yw&ﬁxw vedas e

\%}4 Plot the following regression equations on the scatter diagram and indicate which one
you think best fits the data.

K7 =8+05X
2-¥=-10+2X
] “=J.21+1.08X

~
w

&‘D /helght is frequently named as a good predlctor for weight among people of the same age
d gender. The following are the heights (m) and weights of 10(kg) males between the ages of

19 and 26 years.
—

Weight (X) [ 83.9 |99 | 63.8|71.3|65.3|79.6 70.3 | 69.2 | 56.4 | 66.2 ‘ -
Height (Y) |1.85]1.8 | 1.73 | 1.68 | 1.83 | 1.84 ; 1.74 1.64 | 1.69 | 2.05

Information given:

1- > X, =125 2->Y,=1785 3- ) X,¥,=1296.37 4 > X}= 53888.72

5-> Y} =31.99

)A Draw scatter diagram
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'Z/Obtain the regression equation

3- Predict weight if height is 1.85m
e

5- Qalculate Pearson correlation coefficient r.

M

7

" / 6- Test the hypothesis:

Ho:p=0. VS Hy: p>0
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Q3- Suppose we are interested in the relationship between forced vital capacity (FVC), a
pulmonary function index, and the age of a Saudi boy. For a sample of 10 Saudi boys aged 6,
...15 we measured the FVC for each boy. Results are reported in the below table.

AgeX) |6 |7 [8 [9 [10 [11 |12 |13 [14 |15
FVC (Y) | 1.21 | 1.38 | 1.54 | 1.78 [ 2.00 | 1.94 | 2.26 | 2.34 | 2.80 | 3.05
Rank(X) |1 |2 |3 |4 |5 |6 |7 |8 |9 |10

Rank (Y) :
T 1- ) X, =105 2- >'Y,=203 3- > XY, =229.09 4- Y X7= 1185
5-% Y = 44.40

1- What is the dependent and independent variables?

2- Obtain the regression equation

A

i

, 3~ Predict FVC if age is 10.5 years.

e -

4> Calculate tilgr.l?earson correlation coefficient r.
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h . }(Test the hypothesis:
- Hy:p =0. VSHpi: p>0

7-
L

Calculate Spearman rank correlation r,

-

K Test the hypothesis
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Test the hypothesis: -
' 0:p =0. VSH;:p>0

-5~ Calculate Spearman rank correlation

Test the hypothesis
i Ps =0 - Hpips>0
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Q7- If the relatibnship between X and Y s positive, as variable Y decreases variable X:
I-increases @&B decreases - ' 3- remains the same ° 4- changes

Q8- Which of the following statements is false: -
. 1- Pearson's r is used when one or both variable is at least of interval scaling
L-2- The range of the correlation coefficient is from -1 to +1 .
3- A correlation of r = -0.85 implies implis a stronger association than'r = (.80
,e- A negative correlation between X and Y indicates as X increases Y increases

% Of the following measurement levels, which is required for the valid calculati(“)nr of a

 * rwp Mmagnitude indicates that:

I
i
Sed

Pearson correlation coefficient?
l-nominal - 2- ordinal &- interval @b ratio
k [ e

Q10- You are told that there i"’s"«a_‘h_igh,L Positive correlation between measures of 'fitness' and
hrs of exercise. The correlation coefficient consistent with the above statement is:

1-0.3 2-0.2 - &p0.8 4- 0.3 S- non of these

Q11- The lowest strength of association is reflected by which of the following correlation
coefficients?
a) 0.95 b) -0.60 ¢) -0.33 @@0.29 e)non of a, b, ¢, d

Q12- Of the following measurement levels, which is required for the valid calculation of
Spearman correlation coefficient? , ‘ ’ ’
1- nominal . &P ordinal 3- interval 4- ratio

Q13- An investigator aims to establish for a sample of subjects the relationship between blood
cholesterol levels (mg/cc) and blood pressure (mmHg). Below two questions refer to this
investigation. ' ‘ /
1- The correlation coefficient appropriate for establishing the degree of correlation between
the two variables: ' }
a) is determined by the sample size .  b) depends on the direction of the relationship
¢) is Spearman’s r @) is Pearson'sr '

Q14- If the correlation coefficient obtained is 0.80. A correlation of this direction and

AR,

a) High blood pressure causes high cholesterol

‘? High blood cholesterol causes l}igh blood pressure

c) there might be a third variable which causes both high blood pressure and high
cholesterol. '

d) non of the statements a, b, c is consistent with the value orr

¢) any of the statements a, b, c might be correct, we cannot be sure from the available r
value. *

Q15- A study is xg’_:gpg‘ggggg to examine the relationship between gﬁ%{i&@g‘i‘fexpg intake} and
. Systolic blood pressure.> -»
1- The correlation coefficient appropriate for establishing the degree of correlation
between the two variables:

a) is determined by the sample size

'b) depends on the direction of the relationship
¢) is Spearman's r ‘

@) is Pearson's r




Q16- We can calculate the correlation coeffi
- a) the top score from one set and
b) at least.two scores from the sa

&) The two sets of measurements

d) Not possible fo calculate r for

cient between two sets of data if given: .
the lowest score from the other set

me set | |

for the same subjects

the two sets ’




