Power Series Solutions

Recall, a power series in powers of (y _ X,) Is an infinite
sum on the form

S a,(x—x)",
n=0

for example:
2 (x—2)" (3x + 1) e X Zn*
nzz(; 3"+ Z Jn + Z(; (2n +1)!

The set of all values of X for which a power series converges is
called the interval of convergence of the series.



Suppose that the power series
n
Z a, (X — Xy )
n=0

has a positive radius of convergence, that Is there is a positive
number Psuch that the power series converges for all

Xel =(X,—p, X% +p)

If Zan(x—xo)n:O forall X e, then

n=1

a =0 forall n=0,1, ...



Two power series ian (x=x,) and ibn (x=x, )" can be
n=i m= |
combined by addition or subtraction provided that:

(i) they start with the same power of X
(i1) their summation indices start at the same value.

Definition:

A function f s said to be analytic at a point X, if it can be
represented by a power series on the form ian (x—x,)",

with a positive radius of convergence. "=

For example, SINX and e* are analytic functions everywhere,

while L is analytic exceptat x=0.

X



Remark. Every polynomial is analytic everywhere, and every
rational function is analytic except at the zeros of its

denominator .
Consider the second order differential equation

d? d
a,() 3 +8,(0) L +a,(x)y=0. (1)
dx dx

Dividing both sides by a,(x), Eq.(1) can be written as
2 dy
+ p(X)&HI(X)y:O,

dy

dx>
a, (X) ~ (%)
2,00" =200

where p(x) =

A point X, Is called an ordinary point of equation (1) if both
p(x) and g(x) are analytic at x,.






A point which is not an ordinary point of the differential equation is
called a singular point of the equation.

The point x, =0 Is an ordinary point of the DE
d°y
dx?

Because both functions p(x)=e* and g(x) =sinx are analytic at X,

+(ex)%+(sin X)y = 0.

© X" 0 2n+1

and these series have the interval of convergence (—o0, 0)
while x, =0 Is a singular point of the DE

d?y

2

+(Inx)ﬂ+x2y=0.
dx




A singular point x = x, Is called regular singular point of Eq.(1)
if both (Xx=x%)p(X) and (x-x%,)’a(x) are analytic at X,. A

singular point which is not regular is said to be irregular singular
point.

Example

Determine the ordinary points, the regular singular points and
iIrregular singular points of the DE:

(X" =X )Y +(2x + D) y+x°(x+1)y =0
Let us put the equation on the form

V'+p(X)y'+g(x)y =0, where



2X+1 2X+1
- = — , an
X"—x° X (x=1(x+1)
Xx“(x+1)  x*(x+1) 1
X*—x*  xX*(x-D(x+1) x-1

after canceling common factors .

q(x) =

Thus all real numbers except 0,1,-1 are ordinary points and
0,-1,1 are singular points.
Now,
2X+1
> , and
X“(X=1D(x+1)
(X_Xo)2
x—1

(X=X%;) P(X) = (X=X,)

(X=%,)?q(X) =



At x, =0 we have

2x +1 X
X —X-)p(X) = cand (x—x.)?q(x) = .
(X=%,) p(X) XD+ D) (X=%)"a(x) =~ —
The first function is discontinuous at x =0 , therefore this is
Irregular singular point.

At X, =1 we have

(X— %) P(X) = Xf(xxfl)

Both functions are analytic at x =1, thus it is regular singular point.
At X, =—1we have

,and (X—X,)°q(x)=x-1.

2X+1

(x=4)P0) = T and (x— %)) = 22

(x=1) X—1

Both functions are analytic at x = —1 , thus it is regular singular
point.




Theorem:

If X, 1s an ordinary point of the DE
d°y
dx*
then there are two linearly independent power series solutions of
this equation on the form

Y1 :Zan(x_xo)n’ Ys :an(x_xo)n’
n=0 n=0

with an interval of convergence centered at X and has a
positive radius of convergence.

+ p(x)%m(x)y: f(x).



Example

Find the general solution in power series form for the differential
equation

y'_2 Xy =0 ) (1)

about the ordinary point x,=0.
Solution. Assume that the solution is given by

y= Zcx = y'= chx

using the values of vy and y* In equation (1) we get



To make the powers of X similar in both series, put
n-1=k iInthe firsseriesand n+1=k In the second one, to get

D (k+1)c,, x“=> 2¢c,, x“ =0,
k=0 k=1
= ¢, + > (k+1c,, x* =D 2¢c,_, x“ =0,
k=1 k=1
= ¢, + > [(k+1c,,—2c,, ]x“ =0.
k=1
Since this true for all values of X we get

¢, =0, and
Ciy =5Cy, for all k=123,... (2)



From the recurrence relation (2) we obtain

K=1=C, =C,,
K=2=C,=%¢C, =0,
K=3=C,=3C, =3C,,
K=4=c,=£C,=0,
K=5=C;=3C, =¢C,,

Now, from the assumption we have

Y= €, X" =Cy+CX+C,X" +CX° +C,X* +CoX° +CX° +..

n
n=0



Or
Y=Cy+CoX  +1CX* +2c,x° +...

2 4 6
— Co[1‘|' )i! T );! T X3 "‘]

o0

=¢, Y X =e™.
k=0
Example
Find the general solution of the differential equation
(Xx-Dy"'+y'=0, (1)

about the ordinary point x,=0.



Solution. First let us write equation (1) as

Xy'—y'+y'=0, (2)

Assume y=>'c x" = y'=> nc,x"", y'=> n(n-1)c, x"?,
n=0 n=1

n=2

using the values of Y, Y and Y in equation (2) we get

in (n—1c, x"* —in (n—1)c, x"?+> nc, x"* =0.
n=2 n=2

To make the powers of X similar in all series, put
n—1=k in the firs series, n—2=k in the second one , and
n—1=k Inthe last one, to get



S k(K +1) Gy X =Y (k+2)(k+2)c,, ¥ + 3 (K +1)c,., X =0

k=1 k=0 k=0

= Y k(k+1)c ., X —2¢, =) (k+D(k+2)c,., X +¢ + D (k+1)c,,, X =0,
k=1 k=1 k=0

= ¢, - 26, + Y [(k+D)(k+1)c, ., —(K+D)(k+2)c,, X =0,
k=1

c,—2¢,=0=c,=2¢C,, and
C., =t=cC.,, for all k=1,23,.. (3)

k+2

From the recurrence relation (3) we obtain

— —_ 2 — 1
k=1=c¢,=2¢C, =3¢,



K =2 =¢C,

NG

C,,

— 3 —
=3C; =
K=3=0C; =:C,,

Now, from our assumption we have

n 2 3 4 5
y= E C, X =Cy+CX+C,X +CX +C, X +C X +...
n=0

_ 1 2,1 3,1 4 1 5
—CO+C1X-I-§C1X +§C1X +ZC1X +§C1X A

=Cy +C[X+ixX*+Ix° +ix +1x° +..]



Example

Find the general solution in power series form for the differential
eguation

y'—xy =2+ 3X, (D

about the ordinary point x,=0.
Solution. Assume that the solution is given by

y=> ¢, x" = y'=>nc, x"", y'=> n(n-1)c, x"?,
n=0 n=1 n=2
using the valuesof Y and Y' inequation (1) we get

> n(n-c, x"*=> ¢, x"* =2+3x.
n=2 n=0

Put n—-2=k inthe firs series and n+1=k in the second one, to get



S (K+1) (k +2)Cp X< =30, XK = 2+ 3x
Orn=0 -
C, + (60, — Co)x+ S [k +1) (K +2)C,., — oy X" = 2+ 3x
e s G
C, =2,
6¢c, —C, =3= C; =¢C,, and
(k+1)(k+2)c,.,—c,_, =0, for k>2. (2)

From the recurrence relation (2) we obtain



1C1, K=2,34,...

Crio = (k+1)(k+2
Which implies

K =2 = C, 12C
=l =0 =20, ===,
1

1 —
K =4 = C4 =35C3; = 755 Cp -
and so on. Now, from the assumption we have

Y= € X" =Cy+CX+C,X" +CX° +C, X" +6X° +CX° +...
n=0

=Cy +CX+2X° + ¢ )X+ ex + 2 X+ X’ ..

=C(L+ I+ X+ )+ e (X+ 5 X +.) +2X° + 5 X7 +..



Example

Find the general solution in power series form for the differential
eguation

y'—xy =0, 1)

about the ordinary point  x,=2.
Solution. Assume that the solution is given by

y=3c, (x-2)" = y=Ync, (x-2"%, y'=Yn(n-1)c, (x-2)"*.

n=2

Now, let us write equation (1) as

y'—(x—2)y—2y =0, (2)

using the valuesof Yy and y" iIn(2)we get



S n(n-1c, (x—2)"2-Sc, (x=2)"* 3 2¢, (x—2)" =0

Putting n—2=k in the firs series, n+1=k in the second one and
n=k in the last one we get

ST (k+1) (k +2)0,, (x—2) = Se, (x—2) = > 26, (x—2)* =0,
or

2C +Z (k+1) (k +2)c,,, (x—2)" chl (x—2)* - 2c, Zch (x-2)“ =

2(C, —Cy) + i[(k +D(k+2)c,.,—C._,—2¢ ](x-2)" =

It follows that



c, =C,, and

2C, —Cy_ .
Cor2 = Trmesy for k=123,... (3)
which implies that
(=1=>c, =22
( — 2 3C4 _ Zciz—c1 _ 2c$2—c1 |

Using the values of these coefficients in the assumption we have

Y= € (X=2)" =Cy+C,(X—2)+C,(Xx—2)* +C;(x—2)° +...
n=0



y=C, +C(X—=2)+Co(X—2)* +1(2¢c, — ¢, )(Xx—2)° +...
=C[Ll+(x—2) —1ic,(x=2)° +...]+¢[(Xx=2) + 1 (x=2) +...].
Remark

We can use the following change of variables to transform the
ordinary point X,=2 to the origint,=0 and proceed as before:

v dy _dy dt _ dy
=X Zjdx_dtdx_dt’

d’y _ d°y gt _ d%y

dx>  dt? dx  qdt?
Thus the differential equation becomes

4% _ (t+2)y=0.

dt?




Example
Find the solution of the initial value problem
y"+x°y'=y=0, y(0)=1, y'(0) =-2, @)
using the power series method about the ordinary point x,=0.
Solution. Assume that the solution is given by
Y= icn X" = y'= incn X" y":in(n—l)cn X",
n=0 n=1

n=2
using the values of 'y, y'and y" in (1) we obtain:

Y n(n-1c, x"* +> nc, x"*=> ¢, x"=0.
n=2 n=1 n=0

Put n-2=k in the firs series, n+1=k In the second, and
n=k in the last one, to get



i k+1)(k +2)c,,, X +Z (k-1c,_, x" —ickxk:O,
=0 0

=20, + 6c3x+2(k +(k+2),,, X" +Z(k ~)e,, X =y —Cx—=) 6, X =0,
k=2 k=2

k=2
= (26, - ;) + (66, —c)x+ Y [(k+D)(k +2)c,., +(k=1)c, , ~¢.]¥ =0
k=1

=120, ¢, =0=¢C, =5C;,
6c,—C, = ¢, =¢C,, and
(k+1)(k+2)c,,,+(k-1)c,_,—c =0, fork=>2,

¢ —(k-1)ci 4
= G2 = i) K=23,....

Hence, k:2:>C4:%[C2 1] 12[1 1]’
K=3=¢;=5[C;—2¢,]=5[5C —Cl,



Now, from the assumption we have

o0

n 2 3 4 5 6
Y=Y € X" =Cy+CX+C,X" +CX +C, X" +6X° +CX° +...
n=0

=C, +CX+ic X +ie X’ + L (2c, —c )Xt +...
=C(L+ix*+Lx* +. )+ (x+3x° =L x* +..).
Since y(O):1:>c0:1,
and y'(0)=-2=c, =-2,
hence

y=L+ix°+4x +.)—2(x+ix° =L x* +..)).



