Variation of Parameters

Consider a second order L.D.E. on the standard form

y'+P(X)y+Q(xX)y =T (x), @
where P,Q and T are continuous on some interval

/. Let Y. =CY, +C,Y, be the general solution of the
associated homogeneous D.E. Y"+P(X)y+Q(x)y =0.

Can we find two functions u,,u, such that the

Yp =UY1 tU>Y, s a particular solution of Eq.(1)?
Let ¥, =UY: +U,Y, be a solution of Eq.(1).
Then vy '=(uy, +uy,)+(uy, +u,y;) , for simplicity



Assume that ujy, +u,y, =0 which implies that
Vp''= (Ugys +U3Ys )+ (Uyyy +u,y;).

Substituting the valuesof y_,y "and y " In
Eq.(1) we obtain ujy; + ury; = f(x).

Using Cramer’s rule to solve the two equations

Uin + u;yz =0
Uy, + upy, =f

for u,’,u,” we get
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u, zj‘%dx, and u, :j%dx.
Similarly, if we have the n® order D.E.

a,(X)y"™ +....+a,(x)y+a, (X)y = g(x),
where &,,.--,a;, 85, 9 are continuous on some
interval / and a,(x) #0 for all xin I .

Let Yc =CY, +....tC Y, be the solution of the
assoclated H.L.D.E.

a. (X)y"™ +....+a,(X)y+a,(xX)y =0,

where
O |




then y, =u,y, +...+u,y, where
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u, =J'%dx, i=1,..,n,

~and W. Is obtained fromw

0

Yy




Example.1 Use variation of parameters to solve the
DE. y'—y'—2y = 4.

Solution. The auxiliary equation is
m> -m-2=0=>m=2,-1,
hence y, =c.e” +c,e* =c,y, +C,Y,.
By variation of parameters we havey, =u,y, +Uu,Y,.
Also,

e2X o 0 e* e’ 0
w=|", = e, W, = =—4e*, and W,=| " |=4e*,

2<% p@f 4 e 2e* 4
hence

U, ::%dx = j4e‘2xdx =-2¢, and

u, ::%dx :j—4e‘xdx =4e” =y, =(-2e)e” +(4e)e* =2,



therefore the general solution is
y=Y.+Y, =ce’+c,e* +2

It Is evident that solving this problem by using
undetermined coefficients method will avoid a lot of

computations.
Indeed, since g(x)=2=y, =A=y '=y, "=0,

using these values in the original D.E. and
comparing coefficients we get A=2=vy_ =2.

Example 2. Solve the following differential
eguations

(1) y'"+y=secx.



Solution. The auxiliary equation is
m? +1=0=m = i,
hence Ye =C,COSX+C,SINX=CY, +C,Y,.
By variation of parameters we have Y, = Uiy +U,Y,.
And

COSX SInX 0 sinx COS X 0
= i = 1= = —taﬂ X, and W2 — ) — 1’
—SinX COS X SeCX COSX —SiNX Secx
Hence

u, = %dx:j—tan xdx =In|cosx|, and

u, = %dx:jdx:x: y, =cosxIn|cosx|+x,

And the general solution is
Y=Y, +Y, =C COSX+C,SsInX+cosxlIn|cosx|+xsiIn X.



(2) y''+y =secxtanx.

Solution. y, =c¢,cosx+c¢,sinx=c,y, +¢,Y,.

Now, by variation of parameters we have
Yo =UYs Uy Y, But

COS X 0
—sSinX secxtan X

0 Sin X

W=1 W, = =—tan’x, and W, = = tan x,

secxtanx COSX

Hence u, :J'%dx:j—tan2 XdX = X —tan X,
u, :j%dx:jtanxdx= In|secx|,
= Y, =CosX(x—tanx) +sin xIn|secx|,

And the general solution is
y=Y,+Y,=¢c0osx+C,sinx+xcosx+sinxln|secx|, C, =c, —1.



(3) y"+3y+2y =%

Solution. The aux. eg. is m*+3m+2=0=m=-2,-1,
Hence y, =ce™ +c,e ™ =c,y, +C,Y,,

therefore y, =u,y, +u,y,. But

e g - 0 | . e 0]
W = _ze—2x _e—x W 1 p ~ et W2 - _ze—ZX 1 1+e*
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Hence wu, =|fdx = [
Hz :,‘-%dx — jliex
=y, =e(Inl+e*)-1-e*)+e*In(l+e"),

And the general solutionis y=y, +vy,.

Notice that some terms in ¥, can be absorbed in V.-




(4)  y'"+y'=tanx
Solution. Y. =C; +C, COS X + C, SIN X = C,Y, tCY, +CiYs.

Then Y, =UY; +U,Y, +UzY;. But

1 cosx  sinx 0 COSX  SinX
W=|0 -sinx cosx|=-1 W, =| O —sinx CoOSX|=tanx,
0 —cosx -sinx tanx —cosx —sinXx
1 0 sin X 1 cosx 0
W,=0 0 cosx|=-sinx, W,=|0 —sinx 0 |=-sinxtanx,
0 tanx -sinx 0 —cosx tanx

Hence u, :J‘%dx = j—tan xdx =In|cos x|,

=I%dx = jsin Xdx = —CcoS X,

u, = %dx=_[sin X tan xdx=_[~°"n Sl e =

COS X

_jl cos de:J'(secx—cosx)dx= In | sec x + tan X | —sin X,

COS X

— Yy, = In|cos x|+ cos x(—cos x) +sin x(In | sec X + tan X | —sin x).



(3) x2y"—xy'+y =4xInx, x > 0.
Solution. This 1s a Cauchy-Euler equation, and
y. =cX+c,xInx=c,y, +¢C,Y,,

therefore y, =u,y, +u,y,. But

(-

X XxlInx 0 xlnx )
1 1+Inx anx 1+ 1nx

X

hence u, =|jdx = ILQZde =2In°x,

=4|nx,
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u, :j%dx:ILQde:Zlnzx,
=y, =x(3In’ x) + xInx(2In® x) = 2 xIn> X,
and the general solution Is
Y, =C,X+C,xInx+2xIn° x.



Homework

Use variation of parameters to solve the initial value
problem:

4y"'-y = xe?, y(0) =1, y'(0) =0.



