Cauchy-Euler Equation
An nth order linear DE
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where Q,, 3, _4,---, Ay are constants, is called Cauchy-Euler
equation.

Example: (i) 3x° v x% +5y=0

o .dty o, dfy
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) X" —-—X"—=-3y=Inx
() dx*  d°x J
We shall confine our attention to finding the general solution of
Cauchy-Euler equation on the interval (O, o0).



Method of solution

First consider a first order homogeneous Cauchy-Euler
Equation:
ax <~ +by =0.
It IS easy to see that the solution is given by
y=cx", where m==2,

a

Now, consider a second order equation

ax’ 2;y b +cy =0 (1)

and suppose that Y =X" is a solution of (1), where mis
a constant to be determined.




= y'=mx"", y"'=m(m-1)x"

Using the values of y, y', y'" In (1) we obtain
x"lam(m—1) +bm+c|=0
But X" # Q therefore
am(m—-1)+bm+c=0
Or

am’ +(b—-a)m+c=0. (2)
Thus, y=x" is a solution of (1) whenever mis a root of the

the auxiliary equation (2).
In solving Eq.(2) we have three cases:



Casel:
Equation 2 has two distinct real roots, say m,, m,, then

y, = X™, y, = X" are two linearly independent
solutions of Eq.(1), and hence the general solution is

y=CY;+CY,

m m
=C,X *+C,X ?, C,C, eR.
Example:
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Solvethe DE X°y''-2xy'—4y =0. (1)
Let y=X",then Y'=mx™ ", y"'=m(m-1)x™
Using these values in (1) we obtain

X" Im(m—-1)—2m—4]=0

o x"m? —3m-4|=0



But X" #20=m*-3m—-4=0
= (mM-4)(m+1) =0

—>m=4,-1
Hence the general solution is

4 -1
y=CcX +C,X 7, C,C,eR.

Case 2:

Equation 2 has two repeated real roots, say m, = m, = A,
then y, = X", y, = x* Inx are two linearly independent
solutions of Eg.(1), and hence the general solution is



y=0CY: +GCY,
=c, X" +¢c,x*Inx, ¢c,,c, e R.

Example:
Solve the DE  4X°Yy"'+8xy'+y=0. (1)
Let Y=X" then Y'=mx™", y"'=m(m—-1)x™*
Using these values in (1) we obtain

X" [4m(m—1) +8m+1|=0
or X" [4m? + 4m+1|=0
But X" #0=4m*+4m+1=0

= 2m+1)(2m+1) =0

—m==t, 3
12 -1 -1
Therefore the general solution is Y = C,X2 +C, X2 Inx.



Case 3:
Equation 2 has two complex conjugate roots, say
m =a+ (i, m,=a— fi,then
y, =Xy =x*" are two linearly independent
solutions of (1).
However, using Euler’s formula €'’ =cos& +isin @
the two independent solutions can be reformulated in the

form y =x*cos(FInx), y, = Xx*sin(S1n x),

and hence the general solution of Eq.(1) Is

y = x%[c, cos(BIn x)+c,sin(BInx)] ¢,c,eR.



Example:

Solve the DE  X°y''+3xy'+3y = 0. )

Let Y=X" then y'=mx™?, y"'=m(m—1)x"2

Using these values in (1) we obtain

x"[m(m—1)+3m+3]=0,

or xm[m2 +2m+3]= 0.

But x™#20=m*+2m+3=0,
—m=—-1+/2i,
—>a=-1 f[= J2.

Therefore the general solution is

y = x‘ltc1 cos(v/2 In ) + C, sin(~/2 In x)]



Example:

Solvethe DE ¥Y'"'—-3y=0. ()
Multiplying both sides by x>, we obtain
X’y'"'—-6y=0. (2)

Now, let y=X" ,then Y''=m(m-1)(m—-2)x
Using these values in (2) we get

X" Im(m—-1)(m—-2)—6]|=0.
or

x"|m?® —3m? +2m—6|=0,
But X" #0=m’+3m’+2m—-6=0,

=3,++/2i
Yy =X {c cos(\/_lnx)+c sm(\/_lnx)]

m—3




Therefore the independent solutions are

y, = X%, y, =cos(~/21In x), y, =sin(~/2 In x)
And the general solution is

y =, X% +¢, cos(+/2 In x) + ¢, sin(+/2 In x).
Example
Solvethe DE ~ XY'=Y+3Yy=2. L)

Multiplying both sides by X , we obtain
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X“Y'"'=Xy'+y = 2X. (2)

This i1s a nonhomogeneous Cauchy-Euler equation,
therefore the general solution Is of the form  y=Yy +VY .
Fory. let y=X",then y'=mx™", y"'=m(m-1)x™*



Using these values in x°y''—xy'+y =0
Imply  x™[m(m—-1) —m+1|=0,

or x"|m?—-2m+1|=0.

But X" #0=m*—-2m+1=0,
—m=1 1.
Hence, the independent solutions are Y, = X, Y, = XIn X,
and Y. =C,X+C,XInXx.
For Y, , we apply the variation of parameter.

()

X Xlnx 0 xlnx
W= =X W, =, =-2Inx, w, =
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Hence, U, = |~=dx =—(Inx)’
u, = | dx =2(In )

= Y, =Uy; tUY,

—x(In X)* + 2x(In x)*

= X(In x)°.
Therefore the general solution is
Y=Y Y,
=C,X+C,XInx+x(In x)2.



Cauchy-Euler equation can be reduced to a linear D.E.
with constant coefficients using the substitution
Xx=e'or t=Inx.
Example
Use the substitution X=¢€' or t=InX to solve the D.E.
X*y'"'—3xy'+3y = 0. (1)

Solution. By the chain rule we have

N
y dt dx X dt ?

V=5 () =5GR) =5 (G )
Using these values in Eq.(1) we get
°Y 42 +3y=0, (2

dt?
Which is homogeneous L.D.E. with constant coefficients.




Hence the auxiliary equation is
m° —4m+3 =0,

or (mM-1)(M-3)=0=m=1, or m=3.
Hence the solution of Eq.(2) Is
y=ce' +c,e’.

Therefore the solution of Eq.(1) is given by

3In x

In x
y=ce  +cC,e

=C,X+C,X’.



General form of Cauchy-Euler Equation

The general form of Cauchy-Euler equation is

n n-1
an(axw)”‘fj ,Y+an_1<ax+ﬂ)“—l‘; n_i/+----+al(ax+ﬂ)%+ao(ax+ﬁ)y:Q(X)’
X X X

where a_,,a, ;,---,a4,c, [, [ = Qire constants.
Example. Solve the D.E.

2x —-D°y"'—-(2x—-1Dy'—4y =0. (D

Solution. Let

y=02x-1)" = y'=2m(2x-1)"", y"=4m(m-1)(2x -1,
Using these values in Eq.(1) we obtain

(2x-D)"[4m(m-1)-2m—-4] =0
=2m’-3m-2=0=>m=-3or m=2.



Hence the general solution is

y=c,(2x—1)2 +c,(2x—1)2.

Homework
Solve the D.E.
(BX+2)°y'"'+10(3x + 2)y'+9y = 0.



