Constructing a second solution from a
known one. (Reduction of order)

Consider a second order L.D.E. on the standard form
Y P Loy =0 @
dXx dx _ _
Where Pand Qare continuous on some interval /.
Let Y.(X) be a given solution of Eq.(1) defined on /

andy,(x) =0 forall Xin /.

Suppose y =uy, Is a solution of Eq.(1). Then,
yI: u’ Y, + uyll
y'=u'y, +2u'y’ +uy'.

Substituting these values in Eq.(1) we get



y,u'+(2y', +Py,)u'=0
Let W = u'=—=W"'= u"", using these values in
Eqg.(2) we get

(2 + P)dx =

Which is separable first order D.E., hence we have
In|W |+2In]y, |+IP(x)dx+c =0

— P(X)dX x) dx
orWyzlzceI :>W—cef;”d
1

" dx+c,,

Hence u =c, [ ==

—[ P(x)dx
y1

:>y=clylj' dx+c,y,.



Therefore the second solution Is given by
Yo = ¥, | S dx.

It is easy to see that ¥, and Y, are linearly
Independent on the interval /.
Example 1. Use reduction of order to solve the D.E.

xy'—-(x+1Dy'+y =0, x>0, (1)
if Y.=¢" isa given solution.
Solution. Let y=uy, = ue’

= y'=u'e” +ue’, y'=u"e" +2u'e” +ue”.

Using these values in Eqg.(1) we obtain




xe'u"'+(x—-1e*u'=0, +=xe’ =u"'+(1-L1)u'=0.
Let W =u'= 2~ =y,

hence we have 9% 4 (11— X)W =0,
which is a first order L.D.E as well as separable D.E.

Separating variables we get
av — (L —1)dx

\\% X
—INn|W |=In(X) — X+ cC

X

or W =c,xe 7,
Hence u = J'clxe‘X dx

c, =e°".

=c,(—xe™ —e ) +c,.

Therefore the solution of the D.E. Is
y=y,u =e’{c,(—xe”" —e ")+c,}=c,(—x—-1) +c,e’.



Example 2. Solve the D.E.
X2y'—xy'+(x* =)y =0, xe (0,7) ()
given that y, =“*Is a solution.

Solution. Put the D.E on the standard form
y'+P(X)y'+Q(x)y = 0,
then apply the formula y, =y, | === dx.

Y1

Thuswe have Y''—%x Y +@— =)y =0,

—jldx

hence vy, =y, [ dx=y,[=;

COS X COS X
X X

dx_yl_f L dx

COs™ X

= Y1 | [ sec? x dx = TX

and the general solution is

— COS X sin X
y = C, X +C, X,




Example 3. Use reduction of to solve the D.E.
y'—y'-2y = X, (1)
Given that y, =e™ Is a solution.

Solution. Let y=uy, =ue™
= y'=u'e”-ue”, y'=u"e" -2u'e” ~ue

—X

Using these values in Eq.(1) we have
u'"—3u'= xe”™.
Let W =u'= ¢ =u", which implies
¥ —3W = xe”,

Which is first order L.D.E. with an integrating factor
1(X) =e >,




Hence we have

e W =c, +jxe‘2xdx

2X 2X

=C, +—5Xe 7 —+e”
—W =c,e> — (2 x+31)e”
:>u=fcle3x—(%x+%)ex dx

=1ce’™ —(Ex—1e* +c,

Hence the general solution is
y=yu =e*{3ce” —(3x-7)e* +c,}

X

=1lce” —(ix—-1)+c,e™.

Notice that expression— (3 x—%) represents the
particular solution since the D.E. Is
nonhomogeneous.



HW. Solve the D.E.
2 0

X y'—xy'+2y =0, x € (0,00),
If y, = xcos(Inx) Is a given solution.



