Fourier Integral
The Fourier integral of a function T defined on (o, )
IS given by
f(x) = iT{A(a) cos(ax)+ B(a)sin(ax)lde,
where ~°

A(x) = T f (x) cos(ax)dx,

B(x) = T f (x) sin(ax)dx.



Theorem. Let Tand f'be piecewise continuous on every
finite subinterval and f is absolutely integrable on the
Interval (—oo, ).

Then the Fourier integral of f converges to f(x,), if T is

continuous at X, and converges to 1% >;f‘xo) if fis

discontinuous at X, , where f(x,"), f(x,) are the right

and left hand limits of f at X,

Example 1. Let 0. x<0
f(xX) =<1, 0<x<2,
0, X > 2.

Find the Fourier integral of £, then deduce that js'”“ a:%.
0 a
Solution.

o0

A(a) = _[ f (x) cos(ax)dx = j cos(ax)dx = siniax)} = siniza).

—0o0



MT _ (1— cos(Za)}

o 0 a

B(a) = of f (x)sin(ax)dx = fsin(ax)dx —

Hence, the Fourier integral of f s

{sin(Za) cos(ax)+ (1_ COS(Z(Z)) Sin(ax)} ez

94 a

f(x)le

7T 0
Now, the function f is continuous at X =1, therefore x=1 the integral
on the R.H.S. converges to f(1) =1, thus

1= iT{M cos(a )+ [1_0(2?(2“)) sin(a)}da

5 (04
_ i]‘i 2sin(a) cos? (&) . [1—005(205)) sin(a)\ dex
Iz 24 &
_ 2L e [2cos? (@) +1—cos(2a) |dex, ( 2c08*(a) =1+ cos(2a)).
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Example 2. Find the Fourier integral representation of

0, X < —1,
f(x) =<X, —1l<x<mm,
_ KO, X > TtT.
Solution.
Ala) = f f (x) cos(ax)dx = _[ x cos(ax )dx = XM} = ]{de
S (24 1 L5 «
_ zsin(az)—-sina . cos(om) Cos o
a - (04 . 052 . . ju
B(a) = [ f(x)sin(ex)dx = [ xsin(ax)dx = - XCOS(“X)} +| costax)
—o0 -1 24 il -1 24

mcos(za) cos(a) N sin(7zer )+ sin(a)

a a a’

Hence the Fourier integral of f is

a’ a a a’

%T{nsm ar)-sina . cos(om)—cowj cos(ax)+(— rcos(ra) cos(a ) sin(7ze) + sin(a )j Sin(ax)}da.



If f iIs an even function, then the Fourier integral of
f on (—o,) is the cosine integral

f(x) = i]o A(ar) cos(ax) dex,
where "¢
A(x) = 2 j f (x) cos(ax)dx.

Similarly, if f is an odd function, then the Fourier
integral of T on (—oo, ) is the sine integral

f(x) = i]e B(a)sin(ax) de,
where &

B(x) = T f (x)sin(ax)dx.



Example 1. Let

3, | X |< 2, 3
f(x)=
0, | X [> 2. > >

Find the Fourier integral representation of f .

Solution.
From it’s graph it follows that f is even. Hence

6sin(ax)]” _ 6sin(2c)
a |, a

thus, the Fourier integral representation of f is

Ala) =2 f f (x) cos(ax)dx = 2 j 3cos(ax)dx =

f(x) = ij A(ar) cos(ax) da = 2 j Sin(ZOl)cos(ozx) de.
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Example 2. Let

f(x)={())(’ I xj<1 ']

|x |>1. R

-1
Find the Fourier integral representation of f .

Solution.
From it’s graph it follows that f is odd. Hence

B(a) = 2T f (x)sin(ox)dx

= Zcos(a)+ Zsin(a)’

2

1
=2jxsin(ax)dx: dx =

04 04 04

1 1
— 2X cos(ax)} N ,[ 2 cos(ox)
« 0

0

and the Fourier integral representation of f is

o

f(x)~ —J'B(a)sm ax) —I{ 2¢05(c ZSinz(a)}sin(ax) da.



Let T be a function defined only for x > 0, then
It can be represented by a Fourier integral in two ways:

(1) As a cosine integral:
By definingf on x <0 by f(x)=f(-x),
then this extension is an even

function, hence we get /

f(x) = i]? A(ar) cos(ax) dex,
7T 0
where

A(x) = 2T f (x) cos(ax)dx.



(2) As a sine integral:

By definingf on X <0 by f(x) =—f(—x), then this
extension Is an odd function, hence we get

f(x) = ET B(a)sin(ax) de,
7T 0
where %

B(x) = zof f (x)sin(ox)dx. /

e —— —

f(x) = X, 0< x<1,
Example. Let 1o x>1.

Represent f (1) by a cosine integral and (2) by a sine
Integral.



Solution. )
(1) Ala)=2 j f () cos(ax )dx

_ ijcos(ax)dx _ 2xsin(ozx)}1 _j 25in(ax)dx _ Zsin(a)+ 2{005(05)—1},

a a (04 0[2

0

hence, the cosine integral representation of f is

[ZSin(a) X 2{c08(c§)—1}} cos(ox) dar.

f(x) ~ %T A(ar) cos(ax) da =%oj2

0

(2) B(a) = 2]0 f (x) sin(ex )dx

P 2cos(a) N Zsinz(a)’
0 3« o a

_ 2} it == 2X COS(aX)T N j 2 cos(ax)

a

hence, the sine integral representation of f is

f(x) = %T B(a)sin(ax) da ZET{_ 2c0sia2) + 2Sin(a)}sin(ocx) da.

2
0
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