Orthogonal Sets of Functions

The inner product of two functions f and 9 on
an interval [a,b] is given by

(f,9)=[ fO)g(x)dx.

The norm of a function f on the interval [a,b]
IS given by

| f ||=\/(f,f)=\/jf2(x) dx.




Orthogonal Functions

Two functions f and 9 are said to be orthogonal on the
interval [a, b] if

b
(f,g>=j f()g(x) dx =0.
For example f(x)=x and g(x)=x* are orthogonal on[-1,1].
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Since (f,Q) = jf(x)g(x)dx:j‘x3 dx =0
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Moreover, | f|=+/(f,f)= /jx dx = \f



Orthogonal Sets
A set of functions {¢ (X),®,(X),...,# (X),...} issaidto
be orthogonal on the interval [a,b] if

(B ) = | #n () $,()dx =0 for all m=n
If in additionthen this set is called an orthonormal set.

¢, ||=1 for all n=1,2,...,
For example {sinx,sin 2x,sin3x,...} 1S an orthogonal set on
[0, 7], because (sin(mx),sin (nx)) = fsin(mx)sin (nx)dx = 0,

and - -
| sin mx ||== \/j(sin mx)? dx = \g for all m=1,2,...
0

Hence the corresponding orthonormal set is

{\/Z%(X), \/z% (X),---,\/Z¢n (X),--}-
7T 7T 7T




Example 1

- 1(:05”—7ZX n=12,...
Show that the set of functlons{’ ( D } '
is orthogonal on the interval [O, p], and find the
corresponding orthonormal sel.
et ¢m(x)=cos[”%xj . then we have

(B (X),1) = Ecos(m—ﬂxj dx :isin[m—”"ﬂ — 0.
0 P m7z P

0
and

(D (X), B, (X)) = fCOS(m—ﬂxj COS(n—ﬂXj dx
0 P P

= JQE{COS( (m+ n)nxj+ cos((m — n)ﬂxj}dx = 0.
0 2 P p




Now,

P
11l = [{1dx=1/p , and |4, ||—\/jcos£ ; )dx \E forall m>1,

0

hence the corresponding orthonormal set Is

{%, % COS[nTﬂXj}’ n=12,....

Remark.
cosxcos y = 1 {cos(x + y) + cos(x — y)},
sin Xsiny = %{cos(x + y) —cos(X — Y)},
cosxsiny = 2{sin(x + y) + cos(y — X)



Example 2

Show that the set of functions {1’ COS[mT”X}Sin[”T”XJ}’ mn=12...
is orthogonal on the interval [—p, p].

Let ¢, (x) = COS[m;Xj @, (X) —sm(np j then for M= N we
have

(#0004, 00) = | cos[ ﬂxjcos(n—ﬂxjdx
P P

_ I { ((m +pn)7zxj+cos((m —pn)ﬂxj}dx _0

Slmllarly, (0. (X), @ (X)) = fsin[m—ﬂjSin(n—ﬂjdx

_ p _—1{cos£(m Al n)ﬂxj—cosi(m — n)ﬂxj}dx =0
< 2 p p




Lo (X)) = fcos(m—ﬂxj dx =0,
et P

1 o, (X)) = Jp'sm(mm()dx =0,
P

—P

and

(D (X), @, (X)) = fcos(m—”xjsin(n—”xjdx
p p

[ fan( 0= o

—O.

Hence the set of functions is an orthogonal set.



