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Abstract. In this paper, we will prove (resp. study) the Baire generic va-
lidity of the upper-Holder (resp. iso-Holder) mixed wavelet leaders multi-

m

fractal formalism on a product of two critical Besov spaces B?m (R™) x
BE’QQ (R™), for t1,t2 > 0, 1 < 1 and ¢2 < 1. Contrary to product
spaces By"™(R™) x B> (R™) with s1 >  and sz > % (Ben Sli-
mane in Mediterr J Math, 13(4):1513-1533, 2016) and (B;"*(R™) N
CT™(R™)) x (BT (R™) N C™*(R™) with 0 < m < s1 < 7 and

0 <72 < s2 < ¢ (Ben Abid et al. in Mediterr J Math, 13(6):5093-

t
5118, 2016), all pairs of functions in the obtained generic set are not

uniform Hoélder. Nevertheless, the characterization of the upper bound
of the Holder exponent by decay conditions of local wavelet leaders suf-
fices for our study.

Mathematics Subject Classification. 26A30, 42C40, 54E52, 28 A80, 28AT78.

Keywords. Mixed Holder exponents, wavelet leaders, Baire category,
multifractal, Hausdorff dimension.

1. Introduction

Recently, many authors were interested in mixed multifractal spectra (see for
example [1,3-6,14,30,31]).

In the framework of probability measures g on R™, singularities are
expressed by the pointwise exponent h,(z) of p at z, given by

L og(B(z, 1)
r—0 log r

(1.1)

Y Birkhauser

hu(m) =
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Let dim denote the Hausdorff dimension. Conventionally dimf) = —oco.
The (single) spectrum of u is given by
h+— dimE,(h) where E,(h)={z:h,(z)=h}. (1.2)

The mixed multifractal spectrum of two measures p1 and po on R™ is given
by
(hl, hg) = dimEM (hl) n E#2 (hQ) (13)

It combines local characteristics which depend simultaneously on various dif-
ferent aspects of the underlying dynamical system, and allows to better un-
derstand the dynamics. Olsen [30] conjectured a mixed multifractal formal-
ism which links the mixed spectrum (1.3) to the Legendre transform of mixed
Rényi dimensions. Olsen obtained a general upper bound. He also proved that
this bound is equality if both measures are selfsimilar with same contracting
similarities.

In the framework of locally bounded functions f : R™ — R, singularities
are expressed by the Holder exponent hy(z) of f at z, given by

hy(x) =sup{h > 0: f € C"(x)}. (1.4)
Recall that f € C"(z), for h positive non-integer, means that
[f(y) = Py — )| < Cly — " (1.5)

holds for all y in a neighborhood of x, for a constant C' and a polynomial P
of degree less than h.

Single spectra are described by either iso-Holder spectrum (initially in-
troduced by [19] in turbulence)

h — dimE;(h), where Ej(h)={z:hs(z)=h} (1.6)
or upper-Holder spectrum
hi— dimE}, where E} ={z:hs(z)<h}. (1.7)
The mixed multifractal spectra of two functions f; and fo on R™ are given
by
(hl, hQ) = CliII’lE’f1 (hl) n Ef2 (hg) (18)
and
(h1, h) = dimE N B2, (1.9)
The definitions can be extended for simultaneous Holder exponents of finitely
many functions.

Clearly
dimEy, (h1) N Ef,(he) < min(dimEy, (hy), dimEy,(hs)) (1.10)
and
dimB}: 1 E}? < min (dim B!, dimE}?) (1.11)
Note that if i is a probability measure on R and f, is its primitive, then
hy,(x) = lignﬂi(r)lf IOgul(OB;(f’T)), (1.12)

when the right-hand term in (1.12) is less then 1.
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In [1], the authors conjectured a mixed wavelet multifractal formalism
which links the mixed spectrum (1.8) to the Legendre transform of a scal-
ing function on the simultaneous continuous wavelet transforms of f; and
f2. They also proved the validity of that conjecture for pairs of selfsimilar
functions with same contracting similarities. In [3], the authors extended the
validity for pairs of some non-selfsimilar functions.

In [14], the second author of this paper conjectured a mixed wavelet
leaders multifractal formalism which involves a mixed wavelet leaders scaling
function w(y, r,)(p1,p2). He also proved that, Baire generically, the upper
bound (1.11) becomes equality and dimE;ﬁl1 ﬂE}f coincides with the Legendre
transform of w(y, ,)(p1,p2), for pairs (f1, f2) in a product of continuous Besov
spaces B;"™(R™) x B2 (R™), for s; > { and sy > . In [6], this result
was extended in a product of intersections of a non-continuous Besov space
with a Holder space (B;!">°(R™) N C7"(R™)) x (B> (R™) N C*™(R™), for
0< 1 <81 < % and 0 < 75 < 59 < % The Baire equality of (1.10) on
these spaces was also studied in [6,14]. To achieve the results, the authors
have used the wavelet leaders characterization of the Holder exponent (1.4)
of a uniform Holder function.

In this paper, we will prove (resp. study) the Baire generic validity of the
upper-Holder (resp. iso-Holder) mixed wavelet leaders multifractal formalism

on a product of two critical Besov spaces B;’! 4 (R™) x B,? (R™), for t1, 1 >
0, ¢ <1 and g2 < 1. Contrary to the above product spaces, all pairs of
functions in the obtained generic set are not uniform Holder. Nevertheless,
the characterization of the upper bound of the Holder exponent by decay
conditions of local wavelet leaders suffices for our study.

Ideas of this paper together with [6,14] allow to cover the case of any
finite product of above Besov spaces.

Note that, Jaffard and Meyer [27] proved that if ¢ > 1 then functions

in BF ’q(Rm) are not necessarily locally bounded. They also computed the

single Holder spectrum generically in Bt% ’q(Rm) if 0 < ¢ < 1. In the case
where 0 < t < ¢ < 1, in order to simplify the notations, the generic set was
constructed in the case where m = 1. In this paper, we clarify and give the
construction for any m.

Note that the multifractal formalism of infinitely simultaneous many
pointwise singularities was studied by Peyriere [31]. Its validity holds under
some Frostman assumption. The check of this assumption proves to be very
difficult.

Note also that iso-Hélder spectrum and multifractal formalism of single
functions have been studied under selfsimilarity assumptions on f [2,7-12,15,
21], or for a class of particular random processes [22], or for specific functions
f [13,20], or even generically in either Baire sense [24,27,28] or prevalence
sense [17,18].

In the next section, we will recall the statement of the mixed wavelet
leaders multifractal formalisms and summarize our main results.

In Sects. 3, 4 and 5, we give the proofs.
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2. Mixed Wavelet Leaders Multifractal Formalisms and Main
Results

2.1. Mixed Wavelet Leaders Multifractal Formalism
mj

Let {25 ¢ (2 —k), r=1,...,2"—1,j > 0, k € Z"}U{d(x—Fk), k € Z™}
form an orthonormal wavelet basis of L?(R™) in the Schwartz class (see [29]).
We will omit the index r. Using the notation A = \; , = k277 +[0,277)™ and
¥a(z) = (272 — k), the wavelet coefficients ¢ (f) and Cy(f) of a function in
L?(R™) are given by

ce(f) = [ ot —Fk)f(t)dt (2.1)

Rm™m
and
Ca(f) =27 | a(t)f(t)dt. (2.2)
]Rm
The usual modification holds for (2.1) and (2.2) when f is a tempered distri-
bution.
In [29], it is proved that any function f in L?(R™) can be expanded as

fla)= Y alHo@—k)+) > Cra(Hea(), (2:3)
kezm F>0 AEA;
where
Aj = {)‘j,k ke Zm}. (24)
Recall that B;*?(R™) is the space of all functions f satisfying
1/t a/t\ 11
A1 = (Z |Ck(f>|t> + D0 DD et <0
keczm 7>0 )\GAJ'
(2.5)
(with the usual modification when ¢t = co and/or ¢ = 00).
Let f € B%>(R™), there exists C' > 0 such that
Vji>0VYAed; |Ca(f)]<C. (2.6)
For A € A; let
dx(f) = sup [CA(f)] (2.7)
ANCA

denote the wavelet leader coefficient of f in the cube .
Let z € R™ and j > 0. Denote by A; ;(,) the unique dyadic cube in A; that
contains z. Put

Adj(Njr(ay) = [ [I(Ri(z) = 1)277, (ki) +2)277). (2.8)

i=1
Clearly Adj(A;j (z)) is the union of A () and its 3™ — 1 adjacent cubes in
Aj.
The local wavelet leader around x at scale j is defined by

dj(f)(x) = sup  |Cx(f)]- (2.9)

N CAdj(Nj k(z))
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If f is uniform Holder, then the Hélder exponent hy(x) given in (1.4) is
characterized by a decay condition of the wavelet leaders near x (see [25])

lim inf M .

h = , 2.1
(@) = limint 2550 (2.10)
Recall that f is uniform Holder if there exists § € (0,1) and C' > 0 such that
Va,y eR™ |f(x) — f(y)| < Cle —y|’. (2.11)
Without any assumption of uniform regularity on f we only have
1 ,
hy(x) < liminf log d (/)(z) (2.12)

Jj—o0 10g 27j
If Q is a bounded subset of R™ and j > 0, put
A](Q) = {A S Aj : Aj C Q} (213)

Let fi; and fo be two functions in B%>°(R™). The mixed wavelet leaders
scaling function w& f2)(p1,p2) on (Q, for pi,p2 > 0, is defined by

log [ 277 % ((da(f1)" (da(f2))*)

XEA,(Q)
log(29)

w?fl,ﬁ) (p1,p2) = hjrglorolf
(2.14)

The mixed wavelet leaders scaling function wy, #,)(p1,p2), for p1,p2 > 0, is
defined by

Wity f2) (P1,P2) = ing&,ﬁ)(phpz). (2.15)
The Legendre transform of the function w(y, r,) is defined by
g (s he) = p1>(il{1£2>0(h1p1 + hapa — w(s ) (P1p2))- (2.16)

The iso-Holder mixed wavelet leaders multifractal formalism (see [14]) states
that

lelE/’f1 (hl) n Ef2 (hg) =m+ wzkfl,fz)(hh hg) (217)

The upper-Holder mixed wavelet leaders multifractal formalism (see [14])
states that

dimE} N EP =m+w(y, 1, (h,ha). (2.18)

Remark 1. Besov spaces B;'(R™), s,t,q > 0, are Baire spaces. If moreover
s > m/t then B;"?(R™) is included in B%>(R™).

Recall that in a Baire space E any countable intersection of open dense
sets is dense and called a Gg-set or residual set. Moreover, if a property (P)
on E holds on a Gs-set, (P) holds Baire generically in E.

In [14], the second author proved that, Baire generically the upper-
Hélder mixed wavelet leaders multifractal formalism holds for pairs (f1, f2)
in a product of continuous Besov spaces B; "™ (R™) x Bg7*™(R™), for s; > i
and s > 2. In [6], this result was extended in a product of intersections of a
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non-continuous Besov space with a Hélder space (B;"™ (R™) N C7(R™)) x
(Biy ™ (R™) N C72(R™), for 0 < 71 < 81 < 7 and 0 < 72 < s2 < 2. The
Baire validity of the iso-Holder mixed wavelet leaders multifractal formalism
was also studied in [6,14]. To achieve the results, the authors have used the
wavelet characterization (2.10) of the Holder exponent of a uniform Hoélder
function.

In this paper, we will prove (resp. study) the Baire generic validity of the
upper-Holder (resp. iso-Holder) mixed wavelet leaders multifractal formalism

on a product of two critical Besov spaces B, T R™) x B/? “(R™), for ¢ < 1
and g2 < 1. Contrary to the above spaces, functions in critical Besov spaces
are not necessarily uniform Holder. Bound (2.12) can be applied, but not
(2.10). Note that, for ¢g; > 1 and ¢o > 1, functions of these spaces are not

necessarily locally bounded (see [27]).

From now on, we will not write (R™) in B;" i (R™).For L = ({1,...,4m)

€ Z™, let Cp, be the cube L+ [0, 1]™ of R™. Our main results are summarized
in the following theorems.

Theorem 2.1. Let ql,qz,thtg > 0. Let b; = max {q;,t;}, i € {1,2}. Then, for
7111 »q2

all (fl,fQ)GB Btz
1.
DLy D2 if PLoy P2
Wfr p2) (P1D2) > m(b1+b2)zf T <l (2.19)
(f1,f2)(P1,D2) 2 ‘
m Zf Pl + p2 2 1
2.
” = -0 if hy <0or hy <0

m+ w(fl’ffz)(hl’ h2) { < min {h1by, haby, m} else. (2:20)

Theorem 2.2. Let qq1,qo,t1,t2 > 0. Let b; = max{qz,t} z € {1,2}. Then,

Baire generically, pairs of functions (f1, f2) in B i X Bt2 . satisfy for all

Lez™
b1 P £ P1 P2
c _ _ 7n(7 ‘*)# +22 <1
WF, ) (P15 D2) = W(gy g2 (P1,P2) = . ' PR (2.21)
and
% . [e%e if hy <0or hy <0
m +W(f17f2)(h17 h2) = {mln{h b17h2b2’m} else. (2.22)

Theorem 2.3. Let q1,q2 < 1 and t1,t3 > 0. Set b; = max{ql,t} i€ {1,2}.

Baire generically, pairs of functions (f1, f2) in Bt’f B’2 satzsfy for all
Lezm

1.
V (h1,hy) dim EP*0E}NCL = dim EF* NER = m+w(y, p,)(h1, ha). (2.23)
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2. If by ¢ [0, 3] for either i =1 or 2 then
dimEy, (hl) N Ey, (hg) NCr = dimkEy, (hl) nEy, (hg) = —00 (2.24)

{: m 4wy, gy (hiyhe) if hy < 0orhy <0

X 2.25
<m 4wy g, (ha, he) else. (2.25)

3. If (h1,h) € 0, 1] x [0, 2] then

dimEf1 (hl) N Ef2 (hg) NCr = dimEfl (hl) N Efz (hg) <m+ wzkfhfz)(hl’ hg)
(2.26)
If moreover h1by = haby then

dimEh (hl) N Ef2 (hg) NCr = dimEfl (hl) n Efz (hg) =m+ wzkfhfz)(hl’ hg)
(2.27)

3. Proof of Theorem 2.1

Let (f1, f2) in Bf’ql X Bgm. For i € {1,2}, put b; = max{q;,t;}.
1. If Q is a bounded subset of R™ and f € B%%°(R™), define the wavelet
leaders scaling function w? (p) on Q, for p > 0, by

log | 27 Z (dx())"

O IR TI AEA; ()
@y (p) = liminf log(2-7)

; (3.1)

where A;(Q) is in (2.13).
The wavelet leaders scaling function wy(p), for p > 0, is defined by (see [25])

wr(p) = infwf (p). (3.2)

Remark 2. In [25], it is shown that wy(p) does not depend on the chosen
sufficiently smooth wavelet basis.

By Hélder inequality, we have (see Proposition 3.1 of [14]) for all p,¢ > 0
such that % + % =1

1 1
Wity f2) (D1 P2) > Len (pp1) + PRtz (ap2), (3.3)

Lemma 3.1. If f € Bt%’q and b = max{q,t} then
mp

Vp>0 ws(p) > min{m,T}.

Proof. For p >0 and s > 0, the oscillation space Op(R™) is defined by

fe O;(Rm> — f e B;’W(Rm) and sup o(sp—m)j Z (d)\(f»p < 0.
720 AEA;
(3.4)
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Its local version O;/llé -(R™) is the space of functions f such that the restriction
of f on any bounded open set €2 in R™ coincides with a function in O (R™).

In [25], it is also shown that
wr(p) =sup{s: f € O;ﬁ’;c(Rm)}. (3.5)

(a) Let0 < ¢ < min(1,¢t). Since ¢ < ¢, then B;"/*? — B™/"" In Proposition
2 in [26], it is shown that B:n/t’t — O,;m'/t.
o If p <t then O:nléz C O;rflgc. Thus wy(p) > mp/t.
e If p > ¢ then in Proposition 2 in [26] it is shown that O;n/t — O]T/”.
Thus wy(p) > m.
(b) Let 0 <t <q<1and feB™"
e If p > ¢ then p > t. It is known that B;n/t’q - B,T/p’q. Since p > ¢
then Bp'/P? — Bp"PP_In Proposition 2 in [26], it is shown that
By/PP < Op'/P Therefore w(p) > m. In particular, wy(q) > m.
e Let now p < ¢. In [25], by Holder’s inequality, it is shown that, if
both f and the wavelets are compactly supported then
a/p
D (da(£)? = 2D | S (da ()"
AEA; XEA,
We deduce that

walq) < %m(p)

and so
q
wy(q) < ];wf(p)

It follows from Remark 2 that this property remains valid if the
wavelets are sufficiently smooth.

Since w¢(g) > m, then

mp

wr(p) = rh

Clearly

min{m. 57} =5 (e - 10=4)-

Thus for all p, ¢ > 0 such that % + % =1

-2
Put z = Il] We have for all z €]0,1]

m
w(fl,f2)<p17p2) > — (1 4+ =4 = - ‘ _P1

m p1 P2 D1
w(fl,fz)(plap2)2* 14+ =+ 2y
2 bl b2
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So
m p1 | P2 .
W(ty,f2) (P1,D2) = o (1 + by + by - xér[%)fl] (p(.%')) )
where
b1 b2
o) = o= 2|+ |- - 2

The first assertion of the point can be deduced from the following lemma.

Lemma 3.2.

. D2 D1
f - -=2_4
g&f@ ‘

P2 _ D1 ojf P2 P
_F—£—§#£+5§1
P2 P TR
BB 1T R eR 2L
Proof. Write p(x) = [v—a1|+|z—az|, where a1 = §* > 0,and as = 1-52 < 1.
e If ay,as €10,1] and a; < ag, ie., % + ’Z—z <1, then

a1 +as —2zxif z<ay
Veelo,1] ¢z)=X az—a if a1 <zx<as
20 —ayp —ag if as < x.

Thus
. b2 b1
inf r)=a—a =1————.
2€[0,1] () S by by
e Ifay,as € [0,1] and ay < ay, i.e., % <1, ’g—j <1and %Jr% > 1, then

a1 +as — 2z if x<ag
Vzelo,1] o¢x)=< a1 —as if ag <z<ay
20 —ay —ag if a; < x.

Thus

inf —a—ay =242
(b e@) =ar—az =04 0

e If a; € [0,1] and ag < 0, i.e., % <1, 1‘;—; > 1, then

Ja—a if z<a;
Ve el 90(96)_{233(11@2 if a1 <.

Thus
. D1 P2
f =a;—ag="+7—-—1
L
e Ifa; >1andas €[0,1], ie, 2 >1, 32 <1, then
Jartay—2zif z<ay
Vo el SQ(l”)_{cn—ag if ag <.
Thus
inf @(x):a17a2:&+p—271.

z€10,1] bl b2
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e Ifa; >1and a; <0, ie, §+ >1, 2> 1., then

Vzelo,1] olz)=a; —as.

Thus
. p1 | D2
nf o(x)=a1—ay=-—+-"-—1
9361[0,1] 90( ) a“ a2 bl b2
O
For p1,pe > 0, set
m(B+R)ifk+2<l
B(p1,p2) = b bt
m if P 22> 1.
1 2
From above, we deduce
Vp1,p2 >0 wip p)(P1,02) > B(p1, p2).
2. The previous lower bound yields
\ hl, h2 >0 m+ wzkfl,f2)(h17 hz) <m+ B*(hl, hz)
Lemma 3.3. We have
" B e if hy <0orhy <0
m+ B*(h1, h) = {min{hlbl, hobs, m} else. (3.6)

Proof. To compute B*(hy, ha) = inf>0(h1p1 + haps — B(p1,p2)), we split

P1,P2
(0, +00)? as
(0, +00)? = Dy U Dy,
where
DIZ (p17p2)6(07+00)2§ ]2+p72§1 )
by b2
and
Do={(pp) € (0.400% P4 22 21
by ba
Clearly
B*(h1,h2) = min {%lfgylngg} : (3.7)
Clearly

Vi=1,2 1B:Eg:é%fig,
where 0D; is the boundary of D;.
We have
0D1 = {(p,0); 0<p<bi}

b
U {(p,—bijrbz); OSprl}U{(O,p); 0<p<bo}
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and

b
0Dy = {(p,b?p+bz> ;0<p< bl} U{(0.p); p= b2} U{(p,0); p=b1}.

Then
inf g = min {Ogl;}gbl gl(p),0£§£b2 92(p), odnf, gs(p)} :
é%fz g = min { . Slzrgbl g3(p), p1§zi 94(p), plgbfl gs (p)} ;
where
P
g1(p) = (h1by — m)ZT’
1
g2(p) = (haby — m);%, g3(p) = (habr — hzb2);i1 + hoby —m
ga(p) = hap —m,  gs(p) = hap — m.
Thus

B”(h1, h2) = min { . Slgébl 91(p); | Slggm 92(p), | Slgébl g3(p)’p1§£2 g4(p),p1§£1 95(p)}

I e if h1 <0Oor hy <0
min {h1b1, hab2, m} else.

4. Proof of Theorem 2.2

4.1. Construction of a Saturating Pair (Fy, F»)

We will first construct a pair (Fy, F2) of functions that will satisfy (2.21).
For L = (¢1,...,¢4,,) € Z™, put

L] = [t + -+ + [£m] (4.1)
and Cp, the cube L + [0, 1] of R™.
Let
Fzy= > Y Y  C\(F)a(a). (4.2)

LEZ™ j>1 XeA;(Cr)

Remark 3. If A € A;(Co). Let L € Z™ and A = L + A be the cube obtained
from A by the translation of L. Clearly A € A;(Cr). We will put

C5(F) =27 Hey(F). (4.3)
This choice yields

s (F) =27y (F). (4.4)
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So to compute the wavelet leaders of F' it suffices to look to those associated
to Ain A;(Co).
For A € A; write
kK
YA

Remark 4. Note that \ and \ share the same .J.

1 2
oIqut,letaz;—l—f.

q
If j > 1and A € A;(Cy) put

whereK € Z™ — (2Z)™ and J < j. (4.5)

1 mJ
t .

Ca(F) = —27 (4.6)
J
Clearly d)(F) = O\(F) = j%2*”3‘7. It is easy to show that F € B, .

e Let now t < ¢. If r is a positive integer, then A,.(Cy) contains 2™" dyadic
cubes of side 27". Let o, be a bijection between {0,...,2" — 1}™ and
{0,..., 27" —1}.

Let D =J,-,{2™",...,2m"*1 —1}. For each j € D, there exists a
unique r € N such that 2™" < j < 2m™+1—1 Let m; = 2970, }(j—2™")
and A; be the associated cube in A;(Cp). Put

1

(jIn(j)2)s

For all L € Z™ and all j > 2, the function F' has at most only one non-

vanishing wavelet coefficient in A;(Cr). Thus F' € Bt% .
At scale j, denote by R;(Cy) the set of all cubes A € A;(Cy) such that
j < 2mJ (where J was given in (4.5)). We have the following result.

VieDCy(F)= , and C\(F) =0 else. (4.7)

Proposition 4.1. There exists C > 0 such that

for all X € R;(Co)there exists\' C Asuch that Cy» > ELEJ

(4.8)

Proof. Let X € R;j(Cp). Let j/ be such that 2™7 < j/ < 2m/F1—1and A\; C A.

This is possible since when j’ increases from 2™/ to 2m7/+1 — 1, ij,/ takes all
dyadic values %, where k € {0, 20— l}m.
Thus for X = \j/
1
C)\/ (F) - /7/21
(4" In(j")?)a
This achieves the proof. O
If
R;(Cr) ={ e Aj(CL):j<2m} (4.9)
then (4.3) implies that there exists C' > 0 such that
2Ll
a2a

Actually, we can show the following result.
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Proposition 4.2.

—27M g omd <
my (In(i)2) /
VLEZ"Yj>2¥AeN(CL) da(F)~Q U0
Z o else,
Ja2aq-

where the notation u = v means that there exist C' > 0 independent of A and
J such that & <u < Cv.

Proof. Thanks to (4.4), we can assume that j > 2 and A € A;(Co). Let J
defined by (4.5).

o If v/ < J, then Cy (F) = 0, since at scale j' the only non-vanishing
coefficient is located at T;.’}' = 2’%/,, for some k' € {0,...2" — 1}, then
J' <1’ < J and the corresponding cube cannot be included in \.

e If ¥/ > J then j < 2™ +1 Let r be the unique integer such that 2" <
j < 2m(+1) We have necessarily r < 1.

x If 2™/ < j then J < r. For any j' € D such that 2™ <
g < 2mtland X C A, if O\ (F) # 0, then Oy (F) = ﬁ ~
J"In(5")?)q

—L . Thus
(41In(5)?) ¢
d\(F) = Cr(F) ~ — (4.11)
(jIn(5)?)=
Suppose that for all 5/ such that 2" < j/ < 2™+l and ) C A we have

Cx(F)=0. Since J < r+1 < j, then there exist only one j’ such that
om(r+1) < 41 < gm(r+1)+1 4 Ajr C A (it suffices to take j/ such that

m.s / . .
= Qfﬁ = 2%) and in this case we have

d\(F) = Oy (F) = ! o (4.12)

('In(j")?)e  (iIn(5)?)«
x If 5 < 2™/, then since we should have r’ > J, the best /' is .J. Take

j’ such that 7;",/ = 25, = 2% Then 27 < j' < 2m/F1 X\, C X\ and

1 1
d)\(F):C)\/(F): - - T =~ T my° (413)
(' In(5")?)e Ja2

O

Let g1, q2,t1,t2 > 0. Let ¢ € {1,2}. Put b; = max{qg;,t;} and let F; be
the function given by (4.2), (4.3) and(4.6) (resp. and (4.7)) if ¢; < t; (vesp. if
t; < qi), where g, t are replaced by ¢; and ;.

Using the above results, clearly wp, g,)(p1,p2) = w&éh&)(pl,pg) for all
L € Z™, and we can directly show that (Fy, F») satisfies (2.21). But, since
(F1, F») will be in the G-set, we will prove (2.21) on the entire Gs-set in the
next section.
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4.2. The G;-set
Let (Fy, F3) as above. If parameters ¢;,g; are finite then the product space
Btt? M BE s separable (in the case where one or more of these parameters

equals infinity, the reader can accommodate the idea of the construction
done in [14] for the steps below). Let (f1.n, fa,n)n be a dense sequence in

Bg’ql X Bg’qz. For a nonnegative integer n, define g;,, of the form (2.3)
with

ck(gin) = cu(fin) (4.14)
and

Cx(gin) = Ca(F;) if j > nand A € Ajand Cx(gin) = Ca(fin) else.  (4.15)

5501 T q2
; : ty t2
Clearly, the sequence (g1, 92,n)n is dense in B;! ~ x B’

1 2 2
Letaiz;+fifqi§tiandai=fifqi>ti.Ifti<q¢,letCibea

3 q’L (2
constant given by (4.8), (4.11), (4.12) and (4.13).
Put

n(n) = ﬁ

m
»q1 ty 092 .

The residual set of BE X By

A= N U Blgin2 Mri(n) x Blgan, 2 Hra(n)),  (4.16)

LeZ™ NeNn>N

where B(g;.n,2 Flr;(n)) denotes the open ball in Bg’qi of center g; ,, and
radius 27 Flr;(n).
We have the following proposition.

Proposition 4.3. If (f1, f2) € A and L € Z™ then for infinitely many ns
(f1, f2) € B(g1,n, 2711 (n)) x B(ga,n, 27 Flra(n)) (4.17)
and
1
V)\EAn(CL)ViE{LQ} d)\(fl) > §d,\(Fl)

Proof. Clearly, if (f1, f2) € A and L € Z™, then for infinitely many ns (4.17)
holds. It follows that

VAeA(Co)Vie{1,2} [Cx(fi) — Cr(gim)| < 27Hlri(n). (4.18)
If g¢; < t;, then thanks to the choice of r; ,,, we have for all A € A,,(Cr)

() > Cr () = Ca(F) 2 Ml > SOAF) = Jaa(Fy).

If t; < ¢;, we have seen that (4.11), (4.12) and (4.13) hold. In each case L = 0
and
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1 1
da(fi) > |Cx (f)] = Cx (Fy) — 271l > 50,\' (F;) = idA(Fi)-
Using (4.3), the last result remains valid for any L € Z™. O

Now we can achieve the proof of Theorem 2.2. Let A be the residual
set (4.16). If (f1, f2) € Aand L € Z™, then for infinitely many ns (4.17) holds.

1
Let §,, be the integer part of Olg n2. Propositions 4.2 and 4.3 together with
mlog
(4.9) imply that

> @(f)PAx(f2)P* = Y (da(f)P (da(f2))P?

AEAL(CL) XER,
16— |L|(p1+p2) = 2mJ —m(pil_»'_&)(]
O D Dy e B
J=6,+1 Jou
, 27 |L|(p1+p2) n m(lfﬂ,i)J
ZC nalpl+a2p2 Z 2 = Hp.
J=6,+1
Thus
cr - . ( re, ) (@ (1))P (dx(f2))” )
Wih. o) (P15P2) < m o liminf o2
<t liminf ( reR () (A (1)PH (dr(f2)) )
11m 1n.
=m n—-—4o00 10g2 n
log H,,

< m + liminf
n—+oo log2=7"

o If P14 2 <1 then H, ~ "2 0 om =i =i,

ne1P1a2pP2

Thub
log H;, p1 o, P2
li f =m(=+ 7).
m i e =M, )
Thus
Cr b1 P2
w(fl’fz)(pl’p2) (bl + b2)
o If 2L 22 > 1, then H, ~ C"Z 0P omU=5 =507 & o for a
constant « that we do not need to precise. Thus
log H,,
m ~+ lim inf %8 =
n—+oo log 27"
Thus

C
w(le’fZ)(plyp2) <m

Gathering these upper bounds with the lower bounds already obtained
in Theorem 2.1, we get (2.21). Result (2.22) is a consequence of
Lemma 3.3. O
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5. Proof of Theorem 2.3
1. In [27], the following result is proved.

Proposition 5.1. Let ¢ <1 and t > 0. Put b =max{q,t}. If f € Bt%’q then
Vh>0 dimE} <min{m,bh}.

By (1.11), if (f1, f2) € B ™ x Bj2™ then
dim E" 1 E" < min {dim EM, dim E’;;} .
From Proposition 5.1 and the upper bound (1.11)
Vhi>0Yhy >0 dimE} N ER < min{m,bihy,bsho}. (5.1)
We will now show that this upper bound is optimal in the Baire sense.
Let a > 1. Let L € Z™. For each scale j, denote by A]L(oz) the dyadic
cubes A € Aj(Cr) such that J = [Z].
Let A be the residual set (4.16) of the space B;?’ql X B;?m. Let
(f1, f2) € A. For each L € Z™, fix the sequence of infinitely many ns such

that (4.17) holds. Let K% (a) be the set of points = that belong to AL (a) for
the above ns. Using [16,23,24], we have the following result.

Proposition 5.2. If a > 1 then dim KX (a) = ™ and there exists a o-finite
measure pl carried by K*(a) such that, if E C K*(a) and dim E < = then
pE(E) = 0.
By applying (2.12) and Proposition 4.3, we have
Vie{L,2}Vae K (a) hylz)< —
Let hy,he > 0. Put 8 = min {m, by hy,bahs}. Put o = % Result (5.2) implies
that

(5.2)

K'a) Cc B} nEENCL. (5.3)
From Proposition 5.2, it follows that
. m .
min {m, b1hy,baha} = o < dlmElJ}l1 N E;}; NCy. (5.4)

Thus using (2.22) and (5.1), we deduce that (2.23) holds.
2. Let (f1, f2) € A. For hy € [0, 3] and hs € [0, 2], we have

dim Ef, (h1) N Ey, (hy) < dim Ef* N E}? = min {byhy, baha} .
If moreover hi1by = hobo, then
dim (Ef, (h1) N Ey, (ha)) < dim (E}* 0 E}?) = bihy = bohs.
Let us show the lower bound. Take oo = b1 hy. Clearly
Kp(a) C E}' nE} NCy.
Split B} N Ef? NCy as
E} N E NCL = (Ey, (h1) N Ef,(h2) N CL) U S (b, ha) U TL(ha, ha),
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where
Sp(hihe) = |J E ¥ nERne,
N>1
and
To(hi,he) = |J BB nEP ¥ ney.
N>1

Let ;£ be the measure considered in Proposition 5.2. Since for all
N2>1

}L1 -

f1
1 m
= (h1 — N)bl < E,

_ L L
dim K (o) NE} "V NEY <dmE} Y nER2NC

then Proposition 5.2 yields
LK (a) N BTN A B2 =0,
It follows that
L _ L hi=% ~ phay _
te (Sp(hi, b)) = sup pg (Kp(a) NE, ¥ NER?) =0.
N>1 1 2

Similar argument yields
(15 (T, (ha, ha)) = 0.
Therefore,
0 < py(K(a)) = pg(Kr(a) N Ep, (h1) 0 Ey, (h2)).
By Proposition 5.2, we deduce that
dim K1 (o) N Ey, (hy) N Ey, (hy) = %
Consequently,

hlbl :hgbg = SdlmEfl(hl)mEf2(h2)mCL

m
(&%

Finally,
dimEfl (hl) N Ef2 (hg) NCr = dim (Efl (hl) n Ef2 (hg)) = hy
by = hoby = m + w{fl,fZ)(h17 h2)
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