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Chapter 1

CONIC SECTIONS

1.1 Parabola

Definition 1.1 A parabola is a set of all points in a plane that are equidistant from a fixed point F' (called the focus) and a
fixed line D (called the directrix) in the same plane.

Vi
Let the focus lies along the x-axis at F = (a,0) and let the directrix
be the line x = —a. From Definition 1.1, we have |PF| = |PD|. Then |
from the distance formula, we obtain P(a,y)
F(—a,y) m.odeeee-
Va2 +(-02 = /(x+a) + (- )2 o e
[ —a)2 142 = _
= (X a) +y - ()C + Ll) Jertex ! F(a,0) x
= (x,a)z +y2 — (x+a)2 Focus Axis of symmetry
=y =(x+a)?—(x—a)?
D
= y2 =4dax . Directrix

Figure 1.1: An illustrative graph of of the parabola.
The result is the equation of a parabola with vertex at the origin, that opens to the right. Similarly, we can extract the other equations of

the parabola. In each case, a > 0 which represents the distance from the vertex to the focus. The axis of symmetry of the parabola is a
line that passes through the vertex and is perpendicular to the directrix.

1.1.1 Vertical Parabolas

When a parabola opens right or left, it has a vertical axis of symmetry. In this case, the parabola is called a vertical parabola. We study
the special and general cases of the vertical parabolas. In the special case, we assume that the vertex of the parabola is at the origin. In
the general case, we assume that the vertex is at V (h, k).

(A) Vertical Parabolas with the Vertex at the Origin.

The equation of the vertical parabola with the vertex at the origin is x> = +4ay, where a > 0.
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(1) The equation x> = 4ay has the following properties:
B2
e The vertex of the parabola is V (0,0). |
e The parabola opens upwards. |
F(0,a)
e The axis of symmetry of the parabola is y-axis. \ E&
e The focus of the parabola is F(0,a). s
e The directrix of the parabola is y = —a. S |
\

Figure 1.2: The graph of the parabola x> = 4ay.

(2) The equation x> = —4ay has the following properties: ¥4

e The vertex of the parabola is V(0,0). By

e The parabola opens downwards. {=

The axis of symmetry of the parabola is y-axis. =t

The focus of the parabola is F(0,—a). |

e The directrix of the parabola is y = a.

\. J

Figure 1.3: The graph of the parabola x> = —4ay.

(B) Vertical Parabolas with the Vertex at V (h,k).

The equation of the vertical parabola with the vertex at V (h,k) is (x — h)*> = +4a(y — k), where a > 0. The previous form is the general
formula of the vertical parabolas.

(1) The equation (x — k)% = 4a(y — k) has the following properties:

e The vertex of the parabola is V (h, k).

F(h,k + a)
e The parabola opens upwards.

The axis of symmetry of the parabola is parallel to y-axis. 1 \" m3

The focus of the parabola is F(h,k+a). |

D:y=k—a

The directrix of the parabolaisy =k —a.

\. J

Figure 1.4: The graph of the parabola (x — h)? = 4a(y — k)
for h,k > 0.
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(2) The equation (x — h)? = —4a(y — k) has the following properties:

e The vertex of the parabola is V (h,k). ‘

i V(h, k)
o The parabola opens downwards. | H
e The axis of symmetry of the parabola is parallel to y-axis. | J
. | - ‘—7 F(hk — a)
e The focus of the parabola is F (h,k — a).

e The directrix of the parabola is y = k+a.

Figure 1.5: The graph of the parabola (x— ) = —da(y —k)
for h,k > 0.

m Example 1.1 Find the focus and the directrix of the parabola x> = 4y, and sketch its graph.

Solution:

The equation x2 = 4y takes the form x2 = 4ay with a = 1. i

Therefore, the parabola has the following properties:

e The vertex of the parabola is V (0,0).

The parabola opens upwards. F(O,1)

The axis of symmetry of the parabola is y-axis. T T OfF T

D:y=-1

The focus of the parabola is F(0,1). '7

e The directrix of the parabolaisy = —1.
Figure 1.6: The parabola x> = 4y.

m Example 1.2 Find the focus and the directrix of the parabola (x+ 1)2 = —4(y — 1), and sketch its graph.

Solution: The equation (x4 1)? = —4(y — 1) takes the form (
5

(xfh)2 =—4a(y—k). ¥

D:y=2

This implies @ = 1, h= —1 and k = 1. The parabola has the following
properties:

e The vertex of the parabola is V(—1,1).
e The parabola opens downwards.

e The axis of symmetry of the parabola is parallel to y-axis. k

e The focus of the parabola is F(—1,—1).

e The directrix of the parabola is y = 2. Figure 1.7: The graph of the parabola (x+ 1) = —4(y—1).

m Example 1.3 Find the equation of the parabola with vertex (2, 1) and focus F(2,3). Then, sketch the graph.
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Solution:
Since the vertex and focus are in the same line x = 2, then the axis
of symmetry of the parabola is parallel to the y-axis. Also, from the

y-coordinate of the vertex and focus, the parabola opens upwards.

Thus, the equation of the parabola takes the form
(x—h)* =4a(y—k) .
From the vertex and focus, we have
V(hk)=(2,1)=h=2and k=1

F(hk+a)=(23)=a=2

By substituting the values of a, & and k, the equation of the parabola
becomes (x —2)> = 8(y—1).

Horizontal Parabolas

Figure 1.8: The graph of the parabola (x —2)? = 8(y — 1).

When a parabola opens upwards or downwards, it has a horizontal axis of symmetry. In this case, the parabola is called a horizontal
parabola. We consider the two cases: the vertex at the origin and the vertex at V (h, k).

(A) Horizontal Parabolas with the Vertex at the Origin. The equation of the horizontal parabola with the vertex at the origin is

y2 = +4ax, where a > 0.

(1) The equation y? = 4ax has the following properties:

e The vertex of the parabola is V(0,0).

e The parabola opens to the right.

e The axis of symmetry of the parabola is x-axis.
e The focus of the parabola is F(a,0).

e The directrix of the parabola is x = —a.

(2) The equation y? = —4ax has the following properties:

e The vertex of the parabola is V(0,0).

e The parabola opens to the left.

o The axis of symmetry of the parabola is x-axis.
e The focus of the parabola is F(—a,0).

e The directrix of the parabola is x = a.

D:ix=-a

Figure 1.9: The graph of the parabola y* = 4ax.

Figure 1.10: The graph of the parabola y> = —4ax.

(B) Horizontal Parabolas with the Vertex at V (h,k). The general equation of the horizontal parabola with the vertex at V (h,k) is

(v — k)% = +4a(x — h), where a > 0.
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(1) The equation (y — k)? = 4a(x — h) has the following properties: |

The vertex of the parabola is V (h,k).

i : ‘ |
The parabola opens to the right. f i

| x

The axis of symmetry of the parabola is parallel to x-axis. ‘

The focus of the parabola is F (h+a,k). |

D:ix=h—a

The directrix of the parabolais x = h —a.

Figure 1.11: The graph of the parabola (y — k)? = 4a(x — h)
for h,k > 0.

r

(2) The equation (y — k)> = —4a(x — h) has the following properties:

The vertex of the parabola is V (h, k).

h—a J

r

F(h— a,k) ‘—'ﬂV(h,k)
e The parabola opens to the left. = i 5
o The axis of symmetry of the parabola is parallel to x-axis. |
e The focus of the parabola is F(h— a,k). | S

e The directrix of the parabola is x = h+a.

\.

Figure 1.12: The graph of the parabola (y — k)> = —4a(x —
h).

m Example 1.4 Find the focus and the directrix of the parabola y*> = —8x, and sketch its graph.

Solution:

The equation y? = —8x takes the form y? = —4ax with a = 2.

The parabola has the following properties:

The vertex of the parabola is V (0,0).

N oW oB oW oo

The parabola opens to the left.

The axis of symmetry of the parabola is x-axis.

The focus of the parabola is F(—2,0).

L N

The directrix of the parabola is x = 2.

\.

Figure 1.13: The parabola y> = —8x.
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m Example 1.5 Find the equation of the parabola with focus (3,0) and directrix x = —3. Then, sketch the graph.

Solution: 5

Since the focus of the parabola is F(3,0) = F(a,0), the axis of 3
symmetry of the parabola is x-axis and it opens to the right. 2

Thus, the equation of the parabola takes the form y? = 4ax. s 4 2 1 + x
Since a = 3, then the equation of the parabola is y* = 12x. The
directrix of the parabola is x = —3.
D:ix=-3
Figure 1.14: The parabola y> = 12x.
m Example 1.6 Find the focus and the directrix of the parabola 2y?> — 4y + 8x+ 10 = 0, and sketch its graph.
Solution:
Since the quadrature is on the y—term, then the parabola takes the form (y — k)% = +4a(x — h).
2y2 —4y+4+8x+10=0,  divide all terms by 2
2 —2y+4x+5=0,
y2 —2y=—4x—-5, isolate y-terms
O?—2y+1) = —4x—4
—_———
completing square
(y— 1)2 =—4(x+1) (y—k)? = —da(x—h)
4 5
The parabola has the following properties: 4
3
e The vertex of the parabola is V(—1,1). Fezy  WELL
e The parabola opens to the left. — T3 31 / 5 —
e The axis of symmetry of the parabola is parallel to x-axis. '_IDW: 0
e The focus of the parabola is F(—2,1). N
4
e The directrix of the parabola is x = 0. s

Figure 1.15: The graph of the parabola (y—1)> = —4(x+1).

1.2 Ellipse

Definition 1.2 An ellipse is a set of all points in a plane such that the sum of the distances from each point to two fixed points
(called foci) is constant.
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e Each of the two fixed points mentioned in the previous
definition is called a focus. The line containing the foci minor axis car=venLex
intersects the ellipse at points called vertices. 3

focus focus

e The line segment between the vertices is called the major vertex vertex

axis, and its midpoint is the center of the ellipse. center

\ major axis
e A line perpendicular to the major axis through the center
intersects the ellipse is called the minor axis and its endpoints co — vertex
called co-vertices.

Figure 1.16: An illustrative graph of of the ellipse.

Let ¢, be a circle with midpoint F, and radius 2a. From Figure 1.17, the distance of the point P to the circle ¢, equals the distance to the
focus Fi. Therefore, if the point P = Wi (0,b), then |PFj| = |Pc;| = a. From Pythagoras’ theorem, we have a = b% + 2.

e S L

W,(0,b)

b

¥

T Rren FOO p F;(C_O)\: %

W,(0,—b) W>(0,-b)

Figure 1.17

From Definition 1.2, we have ¥/

| PFy| + |PF}| = 2a

VGO 20— =R

(x+¢)24+y? =4a®> —da\/(x—c)2 + 2+ (x—c)> +»?
(x—cP2+y2=—(a—£x)

(x—c)?+y*=d>— Z—zxz —2cx

| Rcen POD F@0)) X

2
¥ —2ex+cr+y2=a*— Z—zxz —2c¢x  isolate x-terms any y-terms g
2_c2 ) 9
(55)x2+y? =a?—c*  divide both sides by a” — ¢
S G W,(0,~)
a + a?—c* 1

2 2
%4‘%2:1 P =a®—c?

Figure 1.18

1.2.1 Ellipses with the Center at the Origin

The equation of the ellipse is z—i + Z—z =1.



14

CONIC SECTIONS

(A) If a > b, the ellipse has the following properties:

The center of the ellipse is P(0,0).

The vertices of the ellipse are V} (a,0), V2(—a,0).

The foci of the ellipse are Fj (c,0), F>(—c,0), where
AR

The major axis of the ellipse is x-axis with length 2a.

The minor axis endpoints (co-vertices) are Wi (0,b), W, (0, —b).

The minor axis of the ellipse is y-axis with length 2b.

(B) If b > a, the ellipse has the following properties:

The center of the ellipse is P(0,0).

The vertices of the ellipse are V;(0,b), V»(0,—b).

The foci of the ellipse are Fj (0,c¢), F>(0,—c), where
PR

The major axis of the ellipse is x-axis with length 2b.

The minor axis endpoints (co-vertices) are Wi (a,0), Wa(—a,0).

The minor axis of the ellipse is y-axis with length 2a.

V2(—a,0)[ F2(—¢,0)

F1(€.0)\ v, (4,0

| T E—— ] X

Figure 1.19: The graph of the ellipse Z% + ié = 1, where

a>b.

\.

IR ACE!

Figure 1.20: The graph of the ellipse ;‘% + Y- 1, where

b>a.

m Example 1.7 Identify the features of the ellipse and sketch its graph.

(1) 9x>425y* =225

Solution:

(2) 16x* +9y* = 144

2

1. By dividing both sides by 225, we have ’2‘% + % = 1. The result takes the form 2—2 + i—z =1, where a =5 and b = 3. Since a > b,

then c =v/25-9=+16=4.
The ellipse has the following properties:

e The center of the ellipse is P(0,0).
o The vertices of the ellipse are V;(5,0), V2(—5,0).
e The foci of the ellipse are Fj(4,0), F>(—4,0)

e The major axis of the ellipse is x-axis with length 10.

e The minor axis endpoints (co-vertices) are Wy (0,3), W»(0,—3).

e The minor axis of the ellipse is y-axis with length 6.

¥

Figure 1.21: The graph of the ellipse xé + % = 1, where

a>b.

25
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o

2. By dividing both sides by 144, we have 2 + 2 = 1. The result takes the form % + % =1, where a =3 and b = 4. Since b > a,
y g y 9 T 716 a2 b

then ¢ = V16 —9 = /7.

~

The ellipse has the following properties:

e The center of the ellipse is P(0,0).

e The Vertices of the ellipse are V;(0,4), V2(0,—4).

5 X
e The foci of the ellipse are F;(0,v/7), F>(0, —+/7) R
F(0,—V7)
o The of the ellipse is x-axis with length 8. '
¥(0,-4)
e The minor axis endpoints (co-vertices) are W;(3,0), W»(—3,0). ®
e The minor axis of the ellipse is y-axis with length 6. .
Figure 1.22: The graph of the ellipse % + )1st =1, where
b>a.
m Example 1.8 Find an equation of an ellipse if the center is at the origin and
(1) Major axis on x-axis (2) Major axis on y-axis
Major axis length = 14 Minor axis length = 14
Minor axis length = 10 Distance of foci from center = 101/2

Solution:

(1) Since the major axis is on x-axis, then the equation of the ellipse takes the form Z—z + I{—z = 1, where a > b. Also, the major axis
length is 2a = 14 and this implies @ = 7. The minor axis length is 2b = 10, so b = 5. From this, the equation of the ellipse

becomes j{—; + % =1.

(2) Since the major axis is on y-axis, then the equation of the ellipse takes the form Z—i + Z—z =1, where b > a. From the minor axis
length 2a = 14, we have a = 7. Also, the distance of foci from the center is ¢ = 10y/2. Since ¢> = b*> — a2, then b*> = 249. By
substituting the values of a and b, we have % + % =1

1.2.2 Ellipses with the Center Not at the Origin

G2 | 0k

The equation of an ellipse of the form is = 7

(A) If a > b, the ellipse has the following properties: » e
. . ‘ / o Fy(h+ ¢, k)
e The center of the ellipse is P(h,k). Vy(h—a k) / F2 (= e k) LRGN v i )
1 | :l | “‘
e The Vertices of the ellipse are V| (h+a,k), Vo(h—a,k). et ‘ \,\ P(h,k) W
e The foci of the ellipse are Fj (h+c¢,k), F>(h—c,k), where e |
Wi(h,k —b)

c=Va2-b?. | 5

o The major axis of the ellipse is x-axis with length 2a. L Y
h+a

e The minor axis endpoints are W; (h,k+b), Wa(h,k — b).

o The minor axis of the ellipse is y-axis with length 2b. e (k2
Figure 1.23: The graph of the ellipse =~ + : =1,

b2
where a > b.




16 CONIC SECTIONS

(B) If a < b, the ellipse has the following properties: - L e

e The center of the ellipse is P(h,k). ‘ / | Fb« +0)

e The Vertices of the ellipse are V) (h,k+b), Vo(h,k —b). Woth— ak
[ PRE) i
e The foci of the ellipse are Fi (h,k+c), F»(h,k— c¢), where ‘ \‘ Fz(hv‘#* o

c=Vbr—d?. X

| . -

o The major axis of the ellipse is y-axis with length 2. T hmk-b)

Wih+ak)

o The minor axis endpoints are W (h+a,k), Wa(h— a,k).

\. J

e The minor axis of the ellipse is x-axis with length 2a. e (k)
Figure 1.24: The graph of the ellipse “—— + "T =1,

where b > a.

m Example 1.9 Find the equation of the ellipse with foci at (—3,1), (5,1) and one of its vertice is (7, 1), then sketch its graph.

Solution:
Since the y—term in the foci is constant, the equation of the ellipse is of the form (x;h y + b ;zk - 1 where a > b.
From the given foci, we have Hlustration:
Fi(h+c,k)=(51)=h+c=5k=1 h+c:5—>®
Fy(h—ck)=(-3,1)=h—c=-3,k=1 h—c:—3—>@

By doing some calculation, we obtain 4 =1 and ¢ = 4.
Also, from the given vertex, we have V| (h+a,k) = (7,1) and by substituting the value of &, we obtain a = 6.

From the formula ¢Z = a* — b2, we have b? = 36 — 16 = 20, so b = 2+/5. Thus, the equation of the ellipse is

(1?12

=1.
36 20

The ellipse has the following properties: N wans s

e The center of the ellipse is P(1,1).

e The Vertices of the ellipse are V;(7,1), Vo(—=5,1).

Vy(=5,1) B(=31)

e The foci of the ellipse are Fj(5,1), F>(—3,1).

e The major axis of the ellipse is x-axis with length 12. *

e The endpoints of the minor axis are Wi (1,1 +4+/5) and 3

Wa(1,1 —4\@). L WLl-45)

e The minor axis of the ellipse is y-axis with length 8+/5.

1 2
Figure 1.25: The graph of the ellipse <x;61) L0 23) =1.

m Example 1.10 Find the equation of the ellipse with foci at (2,5), (2, —3) and the length of its minor axis equals 6, then and sketch
its graph.
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Solution:

_h)2 )2
Since the x—term in the foci is constant, the equation of the ellipse is of the form % + O bzk Y — 1 where b > a.

From the given foci, we have Tlustration:
Fi(hk+c¢)=(12,5)=h=2,k+c=5
k+c=5—
Py(hk—c)=(2,-3)=>h=2k—c=—3 te @
By doing some calculation, we obtain k = 1 and ¢ = 4. k—c=-3- @

Also, the length of its minor axis equals 2a = 6, hence a = 3. From the formula 2 =b?—a% wehave b2 =164+9 = 25,80 b =5. Thus,
the equation of the ellipse is

(x—2)? L o= 1)?

9 5
r 2
The ellipse has the following properties: 3’ ae9
e The center of the ellipse is P(2,1).
e The Vertices of the ellipse are V;(2,6), V2(2,—4). Wy(-11)
e The foci of the ellipse are F|(2,5), F»(2,-3). 1 L
e The major axis of the ellipse is y-axis with length 10.
e The minor axis endpoints are W (5,1), Wa(—1,1).

e The minor axis of the ellipse is x-axis with length 6.

i . ee 227 4 =D
Figure 1.26: The graph of the ellipse XT + yT =1

m Example 1.11 Identify the features of the ellipse 4x” + 2y — 8x — 8y — 20 = 0, then sketch its graph.

Solution:

4x2 +2y> —8x—8y—20=0
22 +y* —dx—4y—10=0
207 —4x +y2 —4y =10  isolate x any y terms
2(x2 —2x+1)+( 2 _dx+ 4)=10+2+4  completing square: (a=+b)*> = a® +2ab + b*
2x—1)*+(y-2)%=16
2

=17 0-27
8 16

divide by 16 .

The result takes the standard form
(x—h?  (y—k)?
a? b2

=1,

where
h=1,k=2a=2v2, and b=4, then c=/16—8=2V2.
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The ellipse has the following properties: s

Wi(1+2v2,2)
e The center of the ellipse is P(1,2).

4

e The Vertices of the ellipse are V;(1,6), V2(1,-2). na-ad/ mazlwm | mhzeds mas

2 P(12)
o The foci of the ellipse are F (1,2 +2v/2), F>(1,2 — 2v/2). /

e The major axis of the ellipse is y-axis with length 8.

Wy(1+ 242,2)

e The endpoints of the minor axis are W; (1 +2+/2,2) and
Wa(1-2v/2,2).

e The minor axis of the ellipse is x-axis with length 4+/2.

i . inse G2 0-2)°
Figure 1.27: The graph of the ellipse XT + }T =1

1.3 Hyperbola

Definition 1.3 A hyperbola is the set of all points in a plane such that the absolute value of the difference of the distances of
each point from two fixed points (called foci) is constant.

o Each fixed point mentioned in the previous definition is called
a focus.

Vertices

S e s
N b i

Focus
e The point midway between the foci is called the center. The

line containing the foci is the transverse axis.

e The graph of the hyperbola is made up of two parts called Transverse axis
branches. Each branch intersects the transverse axis at a

point called the vertex. Asymptotes

\. J

Figure 1.28: An illustrative graph of the hyperbola.

Let ¢; be the circle with midpoint F; and radius 2a. The distance of a point P of the right branch to the circle ¢, equals the distance to
the focus Fi: |PFi| = |Pc|.

1 “‘-\
V(a0  Fy(c,0)
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Figure 1.29

From Definition 1.3, we have
||PF1| — |PP|| =2a

\/(x—c)2+y2—\/(x+c)2+y2 =2a

XZ(CZ _a2) _aZyZ :(12(62—02)

Rearranging and completing the square

2 2
X
— = 2y 5 = 1 dividing both sides by A —d?
a c—a
x2 y2 5
=3 = 1 b*=c"—a
as b

1.3.1 Hyperbola with the Center at the Origin
(A) The equation of the hyperbola is Z—z — i—z =1.

The hyperbola has the following properties:

e The center of the ellipse is P(0,0).

e The vertices of the ellipse are Vi (a,0), V2(—a,0).

The foci of the ellipse are Fj(c,0), F>(—c,0), where
c=Va+b?.

e The transverse axis is x-axis with length 2a.

The asymptotes are y = i%x.

(B) The equation of the hyperbola is Z—z - Z—z =1.

The hyperbola has the following properties:

The center of the ellipse is P(0,0).

The vertices of the ellipse are V;(0,b), V2(0,—b).

The foci of the ellipse are F;(0,c¢), F>(0,—c), where
c=Va2+b?.

e The transverse axis is x-axis with length 2b.

The asymptotes are y = i%x.

Transverse axis

Figure 1.30: The graph of the hyperbola ;‘% - ié =1

PO | x

| " Transverse axis

Figure 1.31: The graph of the hyperbola 'Zé - Z27 =1
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m Example 1.12 Identify the features of the hyperbola and sketch its graph.

1) 4x*—16y* =64

(2) 4> —9> =136

Solution:

(1) By dividing both sides by 64, we have % — % = 1. The result takes the form Z—z — Z—z =1
Sincea=4and b=2,thenc=+16+4 = 2+/5.

The hyperbola has the following properties:

The center of the ellipse is P(0,0)

The vertices of the ellipse are V;(4,0), V2(—4,0).

The foci of the ellipse are Fi (2v/3,0), F>(—2+/5,0).

e The transverse axis is x-axis with length 8.

The asymptotes are y = i%x.

. 2 2
Figure 1.32: The graph of the hyperbola 75 — T=1

(2) Divide both sides by 36 to have % — % = 1. The result takes the form % — &

m -5 =1.
b a2
Since a =2 and b = 3, then c = v/4+9 =+13.

The hyperbola has the following properties:

e The center of the ellipse is P(0,0)

e The vertices of the ellipse are V;(0,3), V»(0,—3). v
e The foci of the ellipse are F(0,v/13), F>(0,—v/13).

e The transverse axis is x-axis with length 6.

e The asymptotes are y = i%x.

Figure 1.33: The graph of the hyperbola % — % =1.

m Example 1.13 Find an equation of the hyperbola if its vertices are V;(3,0) and V»(—3,0), and one of its foci (4,0), then sketch its
graph.

Solution:

Since the y—term in the vertices is constant, the equation of the hyperbola takes the form 2—2 — i—z = 1. Also, V;(a,0) = V;(3,0) implies
a=73and Fi(c,0) = F;(4,0) implies ¢ = 4.
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From the formula ¢? = a® + b2, we have b = /16— 9 = /7.

Thus, the equation of the hyperbola is % — % =1.
The hyperbola has the following properties:

e The center of the ellipse is P(0,0)

e The vertices of the ellipse are V;(3,0), V2(—3,0).

e The transverse axis is x-axis with length 6.

The asymptotes are y = :l:gx.

)2
(A) The equation of the hyperbola is (xaizh) -

The hyperbola has the following properties:

e The center of the ellipse is P(h, k)

e The vertices of the ellipse are V| (h+a,k), Vo(h —a,k).

c=Vat+b?.

The transverse axis is x-axis with length 2a.

The asymptotes are (y — k) = :I:g (x—h).

(B) The equation of the hyperbola is

b? a?

The hyperbola has the following properties:

The center of the ellipse is P(h, k)

e The vertices of the ellipse are Vi (h,k+b), Vo (h,k—b).

The transverse axis is x-axis with length 2b.

The asymptotes are (y — k) = i% (x—h).

The foci of the ellipse are F;(4,0) and F>(—4,0).

1.3.2 Hyperbola with the Center Not at the Origin

o—k)? =1.

The foci of the ellipse are F} (h+ c,k), F>(h— ¢, k), where

O-k? @R

The foci of the ellipse are F (h,k+c), F>(h,k—c).

Figure 1.34: The graph of the hyperbola 2% -

2
y
L=l

Fyth—c,k)
1

Vz(h—a,k)/ P 23

Figure 1.35: The graph of the hyperbola o

@ -0
b2 :

S8

e ( \‘"
%)

ivl(h,k +H)

e ™
s
bl £
\l\// o
P 3
-9

O—R? e

Figure 1.36: The graph of the hyperbola ;—f - 2
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m Example 1.14 Find the equation of the hyperbola with foci at (—2,2), (6,2) and one of its vertices is (5,2), then sketch its graph.

Solution:

Since the y—term in the foci is constant, then the equation of the
2 )2
hyperbola takes the form % + Ob%) =1.

From the given foci, we have

Illustration:

Fi(h+c,k)=(6,2) = h+c=6k=2 htc=6—(1)
Bh—ck)=(-22)=h—c=—-2k=2 h—c=-2-(2)
By doing some calculation, we obtain 4 =2 and ¢ = 4.

Also, from the given vertex Vi (h+a,k) = (5,2), we have h+a = 5. By substituting the value of A, we obtain a = 3. From the formula

2 2
2 = a®+ b2, we find b* = 16 —9 = 7 and this implies b = /7. Thus, the equation of the hyperbola is @ + @ =1.

»n

The hyperbola has the following properties: 8 ¢
e
0

e The center of the ellipse is P(2,2)

e The vertices of the ellipse are Vi (5,2), Va(—1,2).

e The foci of the ellipse are Fj(6,2), F>(—4,2).

e The transverse axis is x-axis with length 6.

e The asymptotes are (y —2) = :tg (x—2).

. v

i . -2 | -2 _
Figure 1.37: The graph of the hyperbola ** 5+ J —=1.

m Example 1.15 Find the equation of the hyperbola with foci at (—1,—6) , (—1,4) and the length of its transverse axis is 8, and sketch
its graph.
Solution:

)2 AV
Since the x—term in the foci is constant, the equation of the hyperbola takes the form 0};72") Gl

pres
From the foci, we have Ilustration:
F(hk+c)=(-1,4)=h=—1k+c=4
Frlhk—c)=(-1,-6)=h=—1k—c=—6 kte=4-()
By doing some calculation, we obtain k = —1 and ¢ = 5. k—c=-6— @

Also, the length of the transverse axis is 2b = 8 and this implies b = 4. From the formula 2 =a?+b? wehave i? =25—-16=9, so
a=3.

Thus, the equation of the hyperbola is
G+1)?  +1)?

=1.
16 9
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The hyperbola has the following properties:

The center of the ellipse is P(—1,—1)

e The vertices of the ellipse are Vi (—1,3), Vo(—1,—4).

The foci of the ellipse are F;(—1,4), Fo(—1,—6).

o The transverse axis is x-axis with length 8.

The asymptotes are (y+ 1) = i%(x+ 1).

2
Figure 1.38: The graph of the hyperbola % +

m Example 1.16 Identify the features of the hyperbola 2y? — 4x> — 4y — 8x — 34 = 0. Then, sketch its graph.

Solution:

2y? —4x® —4y—8x—34 =0,
2y — 4y —4x® —8x =34
2(y2 —2y)— 4()c2 —2x) =34  Rearranging x-terms and y-terms
2% —2y+1)—4(x> = 2x+1) =344+2+4  completing the square
2(y—1)? —4(x+1)> =40

-1)? 1)2
% — % =1 dividing both sides by 40

(x—h)

From the standard form (y;—zk)z — =5+~ =1,wehaveh=—1,k=1,a=+10,and b = 2+/5. Thus, from the formula A=a+ b2, we

a2

have ¢ = v/30.

(x+1)?

HE — 1

The hyperbola has the following properties: Y

e The center of the ellipse is P(—1,1) M
£ 4
i

. . ¢
e The vertices of the ellipse are Sty

Vi(=1,142V5), Va(=1,1-2V/5) . T 1 A
W
The foci of the ellipse are '

Fi(—1,1430), F(—1,1-/30) . .

e The transverse axis is x-axis with length 44/5.

e The asymptotes are (y— 1) = +/2(x +1).

. —1 2
f‘lgure 1.39: The graph of the hyperbola % -

(+D)?
10




Exercises

Exercises

1-13 M Write an equation of the parabola with the given elements, then sketch the graph.

1 Vertex at (—4,2) and focus at (7%72).
2 Vertex at (2,6), passes through (—1,4) and opens to the left.
3 Vertex at (—1, 1) and y-intercept of (0,2).
4 Focus at (2,4) and directrix is y = —2.
5 Vertex at (0,—2), passes through (—2,0) and opens to the left.
6 Vertex at (5,3), passes through (3, —1) and opens downwards.
7 Vertex at (1,2) and focus at (1,3).
8 Vertex at (4, —3), passes through (10, —6) and opens downwards.
9 Vertex at (—3,—5), passes through (—5,—6) and opens downwards.
10 Focus at (4,1) and directrix is the y-axis.
11 Vertex at (4,—5), passes through (6, 1) and opens upwards.
12 Vertex at (—8,2), passes through (2, —3) and opens downwards.

13 Focus at (3,6) and the directrix y = 2.

14 - 21 M Write an equation of the ellipse with the given elements, then sketch the graph.

14 Center at the origin and major axis on x-axis and its length equals 8 and minor axis length equals 6.

15 One of its vertices (3,0), one of its foci at (2,0).

16 Center at (2,2), one of its vertices (4,2), and one of its foci (24 +/3,2).

17 Center at (1,—1), one of its vertices (4, —1), and one of its foci (14 /5, —1).

18 Center at (—2,3), major axis is parallel to y-axis, and its length equals 8 and minor axis length equals 4.
19 Vertices (2,3) and (2,—2), and minor axis is parallel to x-axis and its length equals 2.

20 Vertices (—1,—1) and (—1,9), and minor axis is parallel to x-axis with length 8.

21 Foci (10,—-2), (4,—2) and one of its vertices (12, —2).

22 -31 M Write an equation of the hyperbola with the given elements, then sketch the graph.

22 Vertices (0,—2) and (0,2) and one of its foci (0,1/13).
23 Vertices (0,—6) and (0,6), and one of its foci (0, —8).

24 Vertices (1,1) and (11, 1), and one of its foci (12, 1).
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25 One of its vertices (—4,0) and the asymptotes y = +x.

26 One of its vertices (1,0) and the asymptotes y = +2x.

27 One of its vertices (0,5) and the asymptotes y = :I:%x.

28 One of its vertices (0, —%) and the asymptotes y = :I:%x.

29 Center at (3,5), one of its vertices (3, 11) and one of foci (3,5 +21/10).
30 Center at (4,2), one of its vertices (9,2) and one of foci (4 4 /26,2).

31 Foci (4,—2) and (10,—2), and one of its vertices (8, —2).

32 -75 M Determine the elements of the conic section and sketch its graph.

32 (x—1)2=8(u+1) 54 y=—2x>—28x—89
33 y=—(x-2)%2-2 55 y=x>+6x+5

34 y=-3(x+2)%+3 56 y=2(x—4)2-3
35 y=1(x+2)?2-5 57 y=—2x>—16x—35

—(v_12)\2
36 y=—4(x—1)2+1 58 x=5=0-3)

_ 92 _
37 y=4x2+24x+25 59 x=-2y"—4y-5

2 2 _ _
38 y:4(x_5)2_7 60 x~+5y"+6x—40y+84=0

2 _
39 y:_s(x+4)2+9 61 x +2y+2x—2

2 2
40 y=x>—8x+7 62 55-5=1
41 4224102 = 100 63 &% =1
42 x2+9y* =36 2 2
Y 64 55— =1
43 2 40 : g
100 © 49 65 %_%:1
44 £12 - )y
5T 66 45— 3 =1
2R
(3 | =27 _
46 WL 4 P o 68 £ Y1
2 2 2
47 %6—’_%7]:1 69 (XTS)Z_OSZ)-:l
48 5+ =1 G2y
5730 70 55— —1 =1
2R ,
49 f_‘_%ﬁ*l 7 ()’gj)“f()‘;;)zzl
2 2
0§+ ™ gy

51 25(x—3)2+10(y+2)2 =100
(x=3)7+106+2) 73 —4x2 +10y2 = 100

2 =22
52 5+ =1 74 10y2 4 49x% = 490

53 49x% +4y2 =196 75 y2—5x24+6y—40x—76 =0
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Chapter 2

MATRICES AND DETERMINANTS

2.1 Matrices

2.1.1 Definitions and Notations

Definition 2.1 A matrix A of order m x n is a set of numbers or expressions arranged in a rectangular array of m rows and n
columns.

A matrix is a rectangular table of form

ai a2 a3 atn—1 Aln
azy any ans te az n—1 ax
asy asn ass e a3z n—1 azp
A=
Am—-1,1 9m—12 AdAm—-13 °° Am—-1pn—-1 Am—-1n
aml am2 am3 e Am,n—1 Amn

Notes :
(1) The horizontal arrays of a matrix are called its rows and the vertical arrays are called its columns.
(2) a;j represents the element of the matrix A that lies in row i and column j.

(3) The matrix A can also be written as A = [a;}]uxn-

m Example 2.1 Find the order of each matrix, then find the given elements.

2 4
(1)A={l 0],alland6122

1 3 5
(2) B= {2 | 0} , a1z, az1 and a3

Solution:
1. The matrix A is of order 2 x 2. The elements a;; = 2 and ay; = 0.

2. The matrix B is of order 2 x 3. The elements a1 = 3, ap; =2 and ay3 = 0.
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Definition 2.2 Two matrices A = [a;;] and B = [b;;] having the same order m X n are equal if a;; = b;; foreachi=1,2,...,m
and j=1,2,...,n.

m Example 2.2 Find the value of x if the matrices A = B.

12 12
A_Ll 4x71}’B_[71 11}

Solution:

Since the matrices A = B, then from Definition 2.2, we have 4x — 1 = 11. This implies x = 3.

2.1.2 Special Types of Matrices

1. Row vector. A row vector of order n is a matrix of order 1 X n written as A = [a; a ... a,]. Forexample, A=[2 7 0 —1 9]is
arow vector of order 5.

aj
ap 1
2. Column vector. A column vector of order n is a matrix of order n x 1 writtenas A= | . |. For example, A= |7 is a column
: 3
an

vector of order 3.

3. Null matrix. The matrix A = [g;]mxn is called a null matrix if @;; = 0 for all i and j i.e.

0 0 0

0 0 0
A= ‘

0 0 0

0
0 0 0
4. Square matrix. If the number of rows equals the number of columns (m = n), then the matrix is called a square matrix of order
n. In a square matrix A = [a;;], the set of elements of the form a;; is called the diagonal of the matrix. For example, the diagonal

For example, { 0} is a null matrix of order 2 x 3.

2 =7 3
of the following square matrix is highlighted inred | 1 0 9].
-1 6 8

5. Upper triangular matrix. The square matrix A = [a;;] of order n is called an upper triangular matrix if a;; = 0 for all i >

ailr  apz a3 din
0 ax ax azn
A= 0 0 as3 asy
0 0 0 ann
2 3 1
For example, |0 —1 4] is an upper triangular matrix of order 3.
0o 0 5

6. Lower triangular matrix. The square matrix A = [a;;] of order n is called a lower triangular matrix if a;; = 0 for all i < j:

apg 0 o - 0
a; ayp 0 -+ 0
A= |a1 ax a3 - 0

anl  A4p2 A3 -+ dpn
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4 0 0
For example, |1 —1 0| is a lower triangular matrix of order 3.
2 3 5

7. Diagonal matrix. The square matrix A = [a;;] of order # is called a diagonal matrix if a;; = 0 for all i

a;;p 0 0 0
0 axpn O 0
A=1]0 0 azs 0
0 0 0 - am
This can be written as diag(ay1,a22,...,dn)-
2 0 0
For example, |0 1 0| is a diagonal matrix of order 3. Note that a square matrix that is both upper and lower triangular is
0 0 5
called a diagonal matrix.
8. Identity matrix. The square matrix I, = [a;;] of order n is called an identity matrix if a;; = { (1) i ; j .

An identity matrix of order n can be represents by

10 0 0
01 0 0
=0 0 1 0
00 0 - 1

For example,

S O =
S = O

0
0] is an identity matrix of order 3.
1

2.1.3 Operations on Matrices

(1) Addition and subtraction of matrices :

Definition 2.3 Let A = [g;;] and B = [b;;] be two matrices of order m x n. Then,
1. A+B=C with ¢;; = a;j +b;;.

2. A—B=Cwith¢;j = a;j — bjj.

From Definition 2.3, if A = [a;;] and B = [b;;] are two matrices of order m X n, then

[ai1+bi1  app+byp -+ ap+biy,]

a1 +byy  an+by - ay+by
A+B= .

Ldm1 +bum1 am+by - amn+bmn_

Also,

[ai1—bi1  anp—bry -+ ap—by,]

a1 —byy  axn—byp - ay—by
A—B= .

Laml —bm1  @m2 —bu2 -+ Gmn — by
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1 3 2 5 0 8
m Example 2.3 IfA= |5 —4 6(andB=|1 4 —1|,findA+BandA—B.
0o 9 2 10 11 -2
Solution:
1+5 3+0 248 6 3 10

]

o)}
(=)
)}

A+B=|5+1 —4+4 6+(-1)
0+10 9+11 2+(-2) 10 20 0

1-5 3-0 2-8 -4 3 -6
AB=|5-1 —-4-4 6-(-1)|=|4 -8 7
0—10 9—11 2—(-2) ~10 -2 4

(2) Multiplying a matrix by a scalar:

[ Definition 2.4 Let A = [g;;] be a matrix of order m x n. Then, for any k € R, kA is a matrix C = [¢;;] with ¢;; = ka;j.

From Definition 2.4, if A = [a;;] is a matrix of order m x n and k € R then k A = [k aij].

kayy  kapp - ka

kayy  kay -+ kap,
kA =

kay kaypy - kapy

1 3 2

m Example 2.4 If A = {0 9 2

} , find 3A.

Solution:

3A =

3x1 3x3 3x2] [3 9 6
0 27 6

3x0 3x9 3x2|

2

0 , find —2A 4+ 3B.

oo W

m Example 2.5 IfA = {_12 2] and B = {

Solution:

1 6 2 3] [-2 —12] 6 91 [4 -3
*ZA“B:*Z{—z 4}*3{0 8}:{4 —8}+{0 24]:{4 16]'

Theorem 2.5 Let A, B and C be matrices of order m x n, and let k,/ € R. Then
1. The addition of matrices is commutative: A+ B = B+ A.

2. The addition of matrices is associative: (A+B)+C=A+ (B+C).
3. The null matrix is the identity matrix of addition: A 0 = A.
4. (k+0)A =kA+(A.

5. k(tA) = (k0)A.
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Definition 2.6 Let A = [g;;] be a matrix of order m x n. There exists a matrix B such that A+ B = 0. This matrix B is called
the additive inverse of A and it is denoted by —A = (—1)A.

(3) Multiplication of matrices:

Definition 2.7 Let A = [g;;] be a matrix of order m x n and B = [b;;] be a matrix of order n x p. The multiplication AB is a
matrix C = [¢;;] of order m x p, where

n
cij = Y dixbyj = ainb1j +apbj + ...+ Ginbn; .
k=1

Note: the multiplication AB is defined if and only if the number of columns of A equals the number of rows of B; otherwise, we say the
multiplication is undefined.

1 6 2 3
m Example 2.6 If A = {_2 4] and B = {0 8},ﬁndAB.

Solution:

g |1 6|2 3] _[1x246x10 1x3+6x8]_[2 51
T -2 4[]0 8] T |-2x2+44x0 -2x3+4x8|  |-4 26|

1 6 2 2 30
m Example 2.7 If A = andB=|—-1 4 2{,findAB.
-2 4 1
0o 1 7
Solution:
AB*{l 6 2} 2o 7{_4 29 26}
-2 4 1 0 1 7 -8 11 15

A special case of multiplication of matrices is multiplying a row vector by a column vector. Let A = [a] a3 ... a,] be a row vector of

b
by
ordernand B= | . | be a column vector of order n. Then the multiplication AB is a matrix C = [c] of order 1, where
by
n
c= Z apby = a1by +axby + ...+ anby, .
k=1
8
m Example 2.8 IfA=[2 1 4]andB= |-3|,find AB
5

Solution:
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AB=[2x8+1x (—3)+4x5]=[33].

1
m Example 29 IfA=[2 1 4 —6]andB= _34 , find AB
7
Solution:
AB=[2x1+1x3+4x (—4)+(-6) x 7] = [-53].
2 2 3
= Example 2.10 IfA=[1 3 5] ,B=|-1|andC=|—1 4|, Compute (if possible) 1. AB 2. BC.
0 0 1
Solution:
2
(1) AB=A=[1 3 5]|-1|=[-1].
0

(2) The multiplication BC is not possible since the matrix B of order 3 x 1 and the matrix C of order 3 x 2.

Theorem 2.8 Let A be a matrix of order m x n, B be a matrix of order n x p and C be a matrix of order p x g. Then,
1. The multiplication of matrices is not commutative: AB # BA.

2. The multiplication of matrices is associative: (AB)C = A(BC).
3. The matrix I, is the identity matrix of multiplication: Al,, = A.

4. For any k € R, (kA)B = k(AB) = A(kB).

Theorem 2.9 Let A and B be any two matrices of order m x n. The multiplication of matrices is distributive:
1. (A+B)C =AC+ BC, where C is a matrix of order n x p.

2. C(A+B) =CA+CB, where C is a matrix of order p x m.

4 3 9

= Example 2.11 IfAz{_1 5 0

] and B = [g ﬂ Compute (if possible) 1. AB 2. BA.

Solution:

(1) The multiplication BC is not possible since the matrix B of order 3 x 1 and the matrix C of order 3 x 2.
2 31(4 309 5 12 13
@) BA_[O 1} {—1 2 O}_{—l 2 0}'

3 4

m Example 2.12 If A = Ll )

} and B = B 8} , compute (if possible) 1. AB 2. BA.

Solution:
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3 4][7 5 25 15
@ AB:[A 2} {1 o]:[fs 75]‘

7 5]1[3 4 16 38
@m=| o5 3=[5 4]

From this example, we find AB # BA and this means the multiplication of matrices is not commutative.

m Example 2.13 If A = {4 3} , find A,

-1 2

Solution: Al, = {_41 ;} Ll) ﬂ = {4 ﬂ

Definition 2.10 Let A = [g;;] be a matrix of order m x n. Then, the transpose of A is A" = [a;i|nxm-

Theorem 2.11 Let A and B be any two matrices of order m x n and k € R.
1. (A') =A.

2. (A+B)=A"+B.
3. (kA) =kA'.

4. (AB)' = B'A".

Remark 2.12
1. The transpose of a row vector is a column vector and vice-versa.

2. The transpose of a lower triangular matrix is an upper triangular matrix and vice-versa.

3
m Example 2.14 IfA:{3 -1 0],B={2 ! _12} andC=| 1 4| ,Compute
2

2 05 1 -1 0 o
@® Ay 3 (3a)
(2) (A+B) @ (ACy
Solution:
3 2
1 A= —01 ? ,50 (A") = B ;l ﬂ

5 1
(2) (A"‘B):F - O}_’_{Z (1) _2}:{? 2 _22}.Fromthis,(A+B)’: 0 5.
2

2
3 A =3A"=3|-1 5|=[-3 15].
0 1
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511}3
304 2]

—_
—_ NN

14 3
@) (AC) =C'A! = { = {5 50}.

Determinants of Matrices

Let A be a square matrix. Then, the determinant of A is denoted by det(A) or |A].

Definition 2.13 Let A = [g;;] be a square matrix of order n. Then, the determinant of A can be defined as follows:

[ a 1A =[d]
JA) = { Y (=) ajAij(i=1,...n) :otherwise,

where A;; is det(A) after removing the row i and clomun ;.

The determinant of an 2 x 2 Matrix

Let A be a square matrix of order 2 as follows:

ap a2

a a
A= |1 21 Then det(A) = =ajjax —aziaiy.
an) az] anp

az]

m Example 2.15 Find the determinant of the matrix.

s 4 —1
N oueft ]
Solution:

1 5
1. det(A):’3 7‘:1><7—3><5:7—15:—8.
4 -1
2. det(B):’2 9 ‘:4><9—(—1)><2:36+2:38.

The determinant of an n x n Matrix

Before starting evaluating the determinant of an n X n matrix, we first need to define the minor and cofactor of that matrix. The minor
M;; is the determinant of the matrix obtained by eliminating the i row and the j™ column of A.

1 3 1
m Example 2.16 If A= | -2 —1 2|, find the minors M, M1, and M3.
2 4 5
Solution:
-1 2
M = 4 5’7—1><5—2><47—13.
-2 2
M, = ) 5’_—2><572><2_714.
-2 -1
M3z = 2 4’——2><4—(—1)><2——6.
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The cofactor C;; of the matrix A is defined as follows:
Cij= (—l)HjMij
Note that the cofactor C;; depends on the minor M;;.

m Example 2.17 In the previous example, calculate the corresponding cofactors of the minors My, M, and M 3.

Solution:
Cp = (—1)HDMy = (1)(—13) = —13.
Crp = (—1)IF2Mpp = (—1)(~14) = 14.

Ci3 = (—1)H3IMy5 = (1)(—6) = —6.

(1) The determinant of an 3 x 3 Matrix
The determinant of a matrix A is obtained as follows:

e Choose a row or a column of A (we usually choose a row).

e Multiply each of the elements q;; of the row (or column) by its corresponding cofactor Cj;.

Let A be a square matrix of order 3 as follows:

aj; app a3
A= |ay axn ax3
az; azx aszy

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

det(A) = a1 1C11 +apCia+a3Ci3
=a (~1)TIMy +an (1) M +ars (1)) M

azr  a
asy  asz

asl

az a3 23
asy  ass

=dari
aszy  ass

—ai +am3

= a1 (anazs —axnaxn) —an(aziazz —axpazr) +a1z(az1azr —axnaz) .

m Example 2.18 Find the determinant of the matrix.

1 6 3 4 1 5
1M A=|5 -1 4 2 B=|2 1 -2
-2 9 7 1 8 7
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1(—=7—36) —6(35+8) +3(45—2) = —42— 258 + 129 = —171 .

Solution:
1 6 3
1) det(A)=|5 —1 4|=1C;1+6C12+3Cy3
-2 9 7
=1(=D)" My +6(=1) M +3(— 1) My
-1 4 5 4 5 -1
_1‘9 7‘*6 2 7‘*3‘—2 9‘
4 1 5
@) det(B)=2 1 —2|=4Cy +1Cp2+5C1
1 8 7

2 =2
1 7

4’1 -2

8 7‘_1

o

1 8

(2) The determinant of an 4 x 4 Matrix

Let A be a square matrix of order 4 as follows:

ai
a
A= |
asi
a4

Then

det(A) = a11C11 +a12C12 +a13C13 +a14C14

=ap (=) IMy +an(—1) "M+ a (1) M+ ag (1) Mgy

where
ap a3 axu ax)  axz  ax
My = |az2 a3z asa| ,Mip= |az a3 a4,
|a42  a43  a44 ] |a41  a43  a44 ]
a1 ax axy a axp axp
Miz= |a31 a3 as| ,Mis= |a31 a3z as;
|a41  aa2  a44 ] |a41 A4z a43 ]

m Example 2.19 Find the determinant of the matrix.

1 6 3 2
5 -1 4 1
1M A= 2 9 7 3 2) B=

7 1 3 -6

ap
an
asy
as

—_ o N A~

q = =

aps
a3
ass
as3

B LW O WL

A=) My + 1= DI, +5(=1) 5

4(7416) —1(14+2)+5(16—1) =92 — 16475 = 151 .

ay
a4
as4
ag4

[o) NN 9}
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Solution:
-1 4 1
M de(A)=|9 7 3|=—1]" 3|-4 3|1 7
3 -6 1 -6 13
1 3 -6
= —1(—42—-9) —4(—54—3) +1(27—7) =51 +228 +20 =299 .
5 4 1
det(Ay)=|-2 7 3 :5'; _36’—4'_72 _36’+1‘_72 ;’
7 3 -6
=5(—42-9) —4(12-21) +1(—6—49) = —255+36 — 55 = —274 .
5 -1 1
9 3 -2 3 -2 9
det(Az)=[-2 9 3 :5' _‘ | - ‘+1} ‘
T 1 e 1 -6 7 -6 7 1
=5(—54—3)+1(12-21)+1(~2—63) = —285-9—65 = —359 .
5 —1 4
det(Ag)=|-2 9 7:5‘9 7’+1‘_2 7’+4‘_2 9’
1 3 13 7 3 7 1

=5(27—7)+1(—6—49) +4(—2—63) = 100 — 55 — 260 = —215 .

Thus,

det(A) = 1det(Ay) — 6 det(Ay) +3 det(A3) — 2 det (A4) = 1(299) — 6(—274) +3(—359) —2(—215) = 1296 .

1 0 1
30 1o o3
@ deB)=1 3 o/ =1] °|=oll %41
A T I (A e
—1(18-36)—0+1(4—21)= 18— 17 = —35..
2 0 1
der(B)=|0 3 o|=2]7 7 —of% hy10 3
1 4 6
— 2(18—36)—0+1(0—3) = —36—3 = —39 .
211
1o o 9. fo 1
der(Bs)=|0 1 9l=2], 1] J+1[] -
17 6
—2(6—63)— 1(0—9)+1(0— 1) = —114+9—1 = —106.
2 1 0
13 o 3o 1
@)= 0 1 31=2; G-t} Jrof)

=2(4-21)—1(0-3)+0=—35+3=-32.

Thus,

det(B) =4 det(By) — 1 det(By) +5 det(B3) — 2 det(B4) = 4(—35) — 1(—39) + 5(—106) — 2(—32) = —773 .
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Theorem 2.14
1. If A is a square matrix having a zero row (or a zero column), then dez(A) = 0.

2. If A is a square matrix having two equal rows (or two equal columns), then det(A) = 0.

3. If A is a square matrix having a row which is a multiple of another row (or a column which is a multiple of another
column), then det(A) = 0.

4. If A is a diagonal matrix or an upper triangular matrix or a lower triangular matrix, then det(A) is the product of the
elements of the main diagonal.

5. The determinant of the null matrix is O and the determinant of the identity matrix is 1.
6. If B is obtained from A by multiplying a row (or column) by A, then det(B) = A det(A).
7. If B is obtained from A by interchanging two rows (or two columns), then det(B) = —det(A).

8. If B is obtained from A by multiplying a row by a non-zero constant and adding the result to another row (or multiplying
a column by a non-zero constant and adding the result to another column), then det(B) = det(A).

m Example 2.20 Find the determinant the matrix.

1 2 =2 1 2 =2
1) A=(0 0 O B C=14 7 5

3 4 7 3 6 -6

1 2 1 3 1 4
2) B=1|6 5 6 @4 D=0 -1 2

3 4 3 0O 0 5
Solution:

(1) The matrix A contains a zero row, so from (item 1) in Theorem 2.14, we have der(A) = 0.
(2) The matrix A contains two equal columns, so from (item 2) in Theorem 2.14, we have det(A) = 0.
(3) The third row in matrix A is a multiple of the first row by 2, so from (item 3) in Theorem 2.14, we have det(A) = 0.

(4) The matrix A is an upper triangular matrix, so from (item 4) in Theorem 2.14, we have det(A) = —15.

m Example 2.21 Find the determinant the matrix.

1 3 1 4 2 -1
1 A=1{4 2 -1 @) C=|1 3 1

0o -3 2 0o -3 2

2 6 2 1 3 1
2 B=1|4 2 -1 4 D=|6 8 2

0o -3 2 0 -3 2
Solution:

(1) det(A) =1(4—3)—3(8—0)+1(—12—0) = —35.
(2) The matrix B is obtained from A (in item 1) by multiplying the first row by 2, then det(B) = 2det(A) = —70.
(3) The matrix C is obtained from A by interchanging the first and second rows, then det(C) = —der(A) = 35.

(4) The matrix C is obtained from A by multiplying the first row by 2 and adding the result to the second row. Therefore, det(D) =
det(A) = —35.
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Theorem 2.15

1. Let A and B be square matrices of order n. Then det(AB) = det(A)det (B).
2. Let A be a square matrix. Then det(A) = det(A").

u Example 2.22 If A — [i ﬂ and B = {

Solution:
First, we compute det(A) and det(B).

1 3

det(A) = ‘4 )

I = —10and det(B) = ‘ 3

-2 0

3

-2 0

1

1

-2

] ,find (1) det(AB)  (2) det(A").

(1) From Theorem 2.15, det(AB) = det(A)det(B) = —10 x (—2) = 20.
(2) From Theorem 2.15, det(A") = det(A) = —10.

Exercises
1 3 2 5 0 -2 0
1-10 MIfA=({5 -4 6(,B=|1 4|andC=| 0 7|, compute the following (if possible):
0o 9 2 10 11 5 3
1 B+C 6 BA
2 2B+3C 7 A
3C-B 8 (3A)
4 A—C 9 det(A)
5 AB 10 det(2A)
4 —1 -2 2
11-20 MIfA=(1 5|,B=|3 6|andC= , compute the following (if possible):
9 5 3
2 7 1 4
11 A+B 16 BC
12 5A 17 AB
13 —3A+2B 18 B
14 A-C 19 (2A)
15 AC 20 (A")

21-24 WIf det(B) =2 and det(A) = —3, find the following:
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21 7det(A)

22 det(AB)
25 - 32 M Find the determinant.

1 =2

25 7

26

2
~N N =
A O W

27

AN W
O
D DN

28

—_ N W B~

[e>RNoREN |

[, BV, I (O JROS)
[\

23

24

29

30

3

32

det(A")

det((AB)")

< O
S = W

DN = =
—_— 0 O W
SO = W
— = N
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Chapter 3

SYSTEMS OF LINEAR EQUATIONS

Linear Systems

Definition 3.1 A linear system of m equations in n unknowns x1,x, ..., X, is a set of equations of the form

ayx; +apxo+apzxy+...+apxn = by

ar1 x| +axxy +ay3xy+ ... +ayxy, = by

az1x1 +azpxy +azsxz + ... +azuxn = b3 3.1
A1 X1 + A X2 + @3 x3 + ... + +apnxn = by

where a;j,bj € Rfor1 <i<nand 1< j<m.

The above system of linear equations can be written as AX = B where

aj; app - A X1 by

a1 axp - ay X by
A= | . . .|, X=1].],andB=

dnl A4p2 - Apn Xn by

A is called the coefficients matrix
X is called the column vector of the variables (or column vector of the unknowns)

B is called the column vector of constants (or column vector of the resultants)

A special case of the linear system of equations is a system of two different variables x| and x,:

ajixy +apxy = by
az1xy +axnxy = by

The above system of linear equations can be written as AX = B where A = anan , X = " ,and B = b .
a1 an x by
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Solution of Linear Equations Systems

A solution of the linear system Ax = B is a column vector Y with entries y1,y3,...,y, such that the linear system (3.1) is satisfied if we
replace y; with x; i.e., AY = B holds where Y’ = [y1,y,...,yn]. Note that for the linear system of equations AX = 0, the column vector
X" =10,0,...,0] is always solution and it is called the trivial solution.

In this chapter, we present three methods to solve the system of linear equations (3.1): Cramer’s method, Gauss elimination method,
and Gauss-Jordan method.

Cramer’s Method

Theorem 3.2 Let AX = B be a linear system with n equations in n variables. The system has a solution if der(A) # 0.

Theorem 3.3 Let AX = B be a linear system with n equations in n variables. If det(A) # 0, then the unique solution to this
system is
det(A;)
X =
det(A)

where A; is the matrix formed by replacing the i column of A by the column vector of constants B.

for everyi =1,2,...,n,

The matrix A; is formed by replacing the first column of A by the column vector of constants B:

(b1 a2 -+ ayy]

by axpn - ay
Al =

by ap - Ann |

The matrix A, is formed by replacing the second column of A by the column vector of constants B:

[ary by -+ ayy]

a1 by - ay
Ay =

Ldn1 b, - Ann |

By continuing doing so, the matrix A, is formed by replacing the last column of A by the column vector of constants B:

ayy app - b

a1 ap - b
A, =

apl Ay - by

m Example 3.1 Solve the linear system by Cramer’s rule.

1) 2x+3y=7 B) xj+2x =1
—x+y=4 2x1 +xp = —1

2) 2x+y+z=3 @) x+y+z=12
dx+y—z=-2 x—y=2

2x—2y+z=6 x—z=4
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Solution:

2

3

@

A= {_21 ﬂ =det(A) =5.

A= {1 ﬂ — det(A) = 5.

Ay = |:_21 Z:| = del‘(Az) =15.

det(A)) -5 det(Ay) 15
— 2 _ | and x» = — 2 _3
det(A) 5 M= a5

X1

The column vector of variables is X = [_3]} .

2 1 1
A=14 1 —1| =det(A)=-18.
2 -2 1
(3 1 1
A= |2 1 -1 =>d€l‘(A1) =-—0.
16 -2 1
2 3 1
Ap=14 =2 —1|=det(Ay)=18.
2 6 1
2 1 3
Az= 14 1 2| =det(A3) =-54.
2 -2 6
Hence,
det(A}) -9 1 det(Ay) 18 det(A3) =54
- -~ - y= = > — landz= L
YT da(d) T Z18 2707 de(a) T —18 PEE e (a) T 18
3
The column vector of variablesis X = [ —1].
3
1 2
A= {2 ]} = det(A) = 3.
A = Ll1 ﬂ s det(A) =3.
1 1
Ay = " = det(Ay) = -3.
From this,
det(Ay) 3 det(Ay) -3
T daa) T 3 WER2= (A~ 3
The column vector of variables is X = [_11 .
1 1 1
A=|1 -1 0| =det(A)=3.
1 0 -1
2 1 1
A= 1|2 -1 0 :>d€I(A1) =18.
| 4 0 -1
1 12 1
Ay=|1 2 0= del(Az) =12.
114 -1
1 12
Az=1|1 —1 2| =det(A3)=6.
1 0 4
Therefore,
A 1 A 12 A
_ det(A)) :j:67y:d€f( D) _ 12 g delds) 6

YT dea(d) T 3 det(d) 3 det(d) 3
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6

The column vector of variablesis X = (4] .
2

Gauss Elimination Method

Definition 3.4 The following operations are called elementary operations:
1. Interchange of two equations.

2. Multiply a non-zero constant throughout an equation.

3. Replace an equation by itself plus a constant multiple of another equation.

Definition 3.5 Two linear systems are said to be equivalent if one can be obtained from the other by a finite number of
elementary operations.

The elementary operations help us in getting a linear system from the system (3.1), which is easily solvable.

Theorem 3.6 Let CX = D be the linear system obtained from the linear system AX = B by a finite number of elementary
operations. Then, the linear systems AX = B and CX = D have the same set of solutions.

H Elementary Row Operations

Rewriting the system of linear equations in matrix form simplifies the solution process. The operations on the corresponding matrix are

exactly the same operations on the original system of equations as follows:

1. In the linear system, we can multiply the corresponding equation by a real number A # 0. In a matrix, we can multiply the elements

of one row by that number.

2. In the linear system, we can replace one of the original equations with another after multiplying by a number. In a matrix, we can

substitute any row with another row after adding one multiplied by that number.
3. In the linear system, we can interchange any two equations. In the matrix, we can interchange the two corresponding rows.

The previous operations can be summarized in the following table:

Elementary Operations

Elementary Operations on Linear Systems Elementary Row Operations
W Multiply i equation by A W Multiply i row (R;) by A:
AR;
—

B Multiply /' equation by A and add the result | B Multiply i row (R;) by A and add the result

. ) ) AR +R,
to j equation to j" row (R;): -4
B Replace i’ equation by j™* equation B Replace ' row (R;) by j™ row (R)):
R; Rj

Table 3.1

For example, for a linear system with two equations

x+yz11%®

2x+y:25ﬁ@
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Multiply the 15t row by —2 and add the result to 2"¢ row

—2x—2y=-22
2x+y=25

This can be represented by the following elementary row operation:

|11 “2R\+R, | =2 =2 | =22
[A‘B]_{2l‘25] {2 1‘25}

Definition 3.7 Two matrices are said to be row-equivalent if one can be obtained from the other by a finite number of
elementary row operations.

m Example 3.2 The three matrices given below are row equivalent.

2 -3 1 -1 s 27 2 10
1 5 2 |[BeRob o 3 |2y o 3
1 -2 -7 1 -2 -7 1 -2 -7

Definition 3.8 Gaussian elimination is a method of solving a linear system AX = B by constructing the augmented matrix
[A|B] and transforming the matrix A to an upper triangular matrix [C|D].

The Method:

1. Construct the augmented matrix [A|B]:
aj; app -+ ap | b
a1 axp - axy | b
Al Gp2 - app | by

2. Use the elementary row operations on the augmented matrix to transform the matrix A to an upper triangular matrix with a leading
coefficient of each row equals 1:

I cip ci3 cig4 - Cln d
1 33 €4 Con dp

0 0 0 1 C(n, 1)n d,,_l

0 0 0 1 1 d,

3. From the last augmented matrix, we have x,, = d,, and the rest of the unknowns can be calculated by backward substitution.

m Example 3.3 Solve the linear system by Gauss elimination method.

1) 3x1+x=9 3) x+y+z=2
X1 +2x =38 x—y+2z=0
2x+z=2
2) x—2y+z=4 4) x+2y+3z=14
—x+2y+z=-2 2x+y+2z=10

4x—-3y—z=—4 3x+4y—3z=2
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Solution: For each system, construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to
transform the matrix A to an upper triangular matrix with leading coefficient of each row equals 1.

_ 19| RioR, [ 1 2|8 ] 3R+R, [ 1 2 8 -tR [ 1 2] 8
() [4B] = 2‘8} 3{3 1 9} 0 -5 —13} o 1% |
Thus, xp = and x1 +2x; = 8. By substituting the value of x,, we obtain x; = 15—4. Therefore, the column vector of variables is

ll

e

H
§
|

4 |
iR
) [AlB] = o | Btk g g 2 [ 22500 5 5| -0 | 2
1 —4 | HER 95 5] 20 0 0 2| 2 |:R
0 1 —1 —4
0 0 1 1
Hence, z =1, y—z= —4 and x — 2y + z = 4. By doing some substitution, we obtain y = —3 and x = —3. The column vector of variables
isX=|—
1
1 1 12 Rtk 1 1 1 2 N 1 1 1 2
[A|B] 1 -1 20 | =510 2 1 |2 | 222500 2 1 |2
0 12| 1o 2 —1]=2 0 0 2|0
e [T 12
2Rlo o0 1o
Thus, z =0, y— 1 1 and x+y+ z = 2. By substituting the value of z and then y, we have y = 1 and x = 1. The column vector of

28 =
1

variablesis X = |1 .
0

12 3] 12 3] [l 2 3|1
AB =2 1 2 |10 | =220 3 4|18 | 250 -3 —4|-18
3 4 3|2 | BRIR o o 12| —40 0 1 6| 20
e |V 2 314 L2 314 [0 2 3|14
Beblo 1 6] 20 [ 22510 1 620 250 1 620
0 -3 —4|-18 0 0 14|42 00 1|3

Hence, we have z = 3, y+ 6z = 20 and x 4 2y + 3z = 14. By substituting the value of z and then y, we have y = 2 and x = 1. The column
1

vector of variablesis X = |2
3

Gauss-Jordan Method

Definition 3.9 Gauss-Jordan elimination is a method of solving a linear system AX = B by constructing the augmented matrix
[A|B] and transforming the matrix A to an identity matrix [I,|D].
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The Method:

1. Construct the augmented matrix [A|B] .

ayy ap - ap | b
ay; axp - axy | b
Al Apa o+ app | by

2. Use the elementary row operations on the augmented matrix [A|B] to transform the matrix A to the identity matrix .

1 0 0 0 - 0| d
01 0 0 - 0| d
00 0 - 1 O0]dp
00 0 0 - 1] dy

3. From the last augmented matrix, x; = d; for every i = 1,2, ,n.

m Example 3.4 Solve the linear system by Gauss-Jordan elimination method.

(3) x—2y+2z=5

@ ’;;yy:z] Sx+3y+6z=57
x+2y+2z=21
2) x+y+z=2
x—y+2z=0
2x+z=2

Solution: For each linear system, construct the augmented matrix [A|B]. Then, use the elementary row operations on the augmented
matrix to transform the matrix A to the identity matrix ;.

[t 2)] m+r [ 1 1| 2 JiR+r [ 1 O | =1] - [1 0Of—1
(1)[A|B]*_21‘1} {0 4‘4} >[o 4‘4] {01‘3}'
Thus, x = —1 and y = 3. The column vector of variables is X = {;l}
1 1 1]2 N 1 1] 2 . o2 .,
@ ABl=|1 -1 20| 28ty 2 |2 | 2S00 2 1 |2 f—%
12 0 1|2] R0 2 —1]-2 0 0 2|0 | =B
11 1 1 11 1 1 0 11 1 0 01
5R3+ Ry _ _
01 -1l | = 01 of1 | Rt o)1 | LT 1 0]
00 1 00 1|0 00 1|0 00 1|0
1
Hence, x =1, y =1 and z = 0. The column vector of variablesis X = |1
0
1 —2 2|5 e | U2 2S5 [ 2 25 ) L
@) AB=|5 3 6|57 | =20 13 432 |50 13 —4|3 | 225
1 2 2f21| ™R Lo 4 0 |16 0 1 0|4
1 -2 2|5 rap |12 2] 05 I 2 2|57 o [1 0 2[13 e
0 1 o |4 |25 00 1 o 4 |20 1 of4a] BT 1 0] 4 | 28N
0 13 —4|32 0 0 —4]-20 0 0 15 00 1|5
1 0 0]3
01 0|4
00 1|5

3
Hence, x =3, y =4 and z = 5. The column vector of variables is X = |4
5
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11
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Exercises

1-8 M Use Cramer’s rule to solve the system of linear equations

x+y+z=18 5
xX—y+z=6
xty—z=4
X1 +x—2x3=1 6

2x1 —3x+x3=-8
3x1 +XZ+4X3 =7

x+2y—z=-1 7
x—3y+2z=3

X+y—z=2

2x1+2x —x3=1 8

2x1—xp+2x3=1
X1 +xp—4x3=5

9-16 M Use Gauss elimination method to solve the system

x+y+z=18 13
xX—y+z=6
xty—z=4
X1 +3x0n—x3=2 14

xX] —x2+5x3=3
3x1+x—x3=1

x—y—z=1 15
x—6y+5z=4
2x+y+z="6
X1—xp—x3=4 16

—2X1—xp+x3=2
Xp+x2+3x3=17

17 - 24 M Use Gauss-Jordan method to solve the system

x+y—z=1
x—y+2z=2
4x+y—z=2

x1+3x —x3 =2
X1 —xp+5x3=3
3x1+x—x3=1

x+y—z=-3
x—6y+5z=1
x+dy+z=1

2x—4y+3z=10
3x+y—2z=6
x+3y—2z=20

x| +4x—x3=1
X1 —2x04+7x3=9
X1 +2x04+x3=3

x+2y+z=11
x+y—z=20
xX—y+z=5

X1 +2x+x3 =15
X1 +3x4+x3=5
—3x1—x2+2x3=1

x+y+z=12
x—y=2
x—z=4
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18

19

20
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x—3y+z=21
4x+2y+z=14
3x4+3y4+z=7

x1+3x —x3 =2
X —x2+5x3=3
3x1+x—x3=1

2x+2y+6z=38
x+2y—z=1
x+y—3z=1

X1 +x—2x3=1
2x] —3xp +x3=—8
3x1+x+4x3 =7

21

22

23

24

2x+y+3z=5
—5x—3y+z=13
xX+y+2z=17
x1+x+x3=1
—X1+x+x3=3

2x1 +xp —3x3 =5

X1 +6x24+3x3 =4
2x1+x+2x3=1
3x1+x+x3=5

2x—4y+3z=10
3x+y—2z=6
x+3y—2z=20
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Chapter 4

INTEGRATION

Antiderivatives and Indefinite Integrals

We begin with a definition of antiderivatives and indefinite integrals. Then, we provide basic integration rules.

Antiderivatives

49

Definition 4.1 A function F is called an antiderivative function of a function f on an interval I if

F (x) = f(x) forevery x € I.

m Example 4.1

(1) Consider the functions F(x) = x> +4x? —x+5 and f(x) = 3x> +8x — 1.
Since F'(x) = 3x2 +8x — 1 = f(x), then the function F (x) is an antiderivative of f(x).
(2) Consider the functions G(x) = tan x+x> — 1 and g(x) = sec? x + 2x.

Since G (x) = sec? x+ 2x = g(x), then the function G(x) is an antiderivative of g(x).

Now, assume that F'(x) is an antiderivative function of a function f(x), then every function F(x) 4+ ¢ is also antiderivative of f(x), where
c is a constant. For different values of the constant ¢, we have different antiderivatives, but they are very similar geometrically. The
upcoming theorem states that any antiderivative G(x), which is different from F (x) can be expressed as F (x) + ¢ where c is an arbitrary

constant. In particular, if F(x) and G(x) are antiderivative functions of f(x), then

G(x)=F(x)+c.

Theorem 4.2 Functions with same derivatives differ by a constant.

m Example 4.2 If f(x) = 3x2, the following functions

N

B —

S

Il i
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are antiderivative functions of the function f(x). The difference between any two antiderivative functions is a constant c. Therefore,
F(x) = x>+ c is a general form of the antiderivatives of the function f(x) = 2ux.

Indefinite Integrals

From Theorem 4.2, if F(x) 4 ¢ is an antiderivative function of f(x), then there exist no antiderivative functions in different forms for
the function f(x). This leads us to define the indefinite integral. We introduce a symbol, namely, | f(x) dx which will represent the
antiderivative the function f(x) and it is read as the indefinite integral of the function f with respect to x.

Definition 4.3 Let f be a continuous function on an interval /. The indefinite integral of f is the general antiderivative of f on
I:

/f(x) dx=F(x)+c.

The function f is called the integrand, the symbol / is the integral sign, x is called the variable of the integration and c is the

constant of the integration.

Now, by using the previous definition, the general antiderivatives in Example 4.1 are

1) /(3x2+8x— 1) dx = x° + 40> —x+e.
| —
=F(x)
) /(sec2 x+2x) dx = tan x+x> +c.
. —————
=F()

Properties of Indefinite Integrals

Theorem 4.4 Assume f and g have antiderivatives on an interval 7, then
d r
1. E/f(x) dx = f(x). 3. /(f(x)ig(x)) dx:/f(x) dx:t/g(x) dx.

2. /%(F(x)) dx=F(x)+c. 4. /kf(x) dx= k/f(x) dx, where k is a constant.

B The properties 3. and 4. can be generalized to a finite number of functions fi, f, ..., f;, and real numbers, k1 ,ka, ..., k,:

/‘(klfl(x)—l—kgfz(x)+...+knf,,(x)) dx =k /.fl(x) dx+k2/f2(x) dx+...+k,1/.f,1(x) dx .

M For property 3., we shall write only one constant of integration in the final answer.

Integration as an Inverse Process of Differentiation

In this section, we are given the derivative of certain functions and asked to find their antiderivatives. We will notice that the antiderivative
functions are obtained directly from the corresponding formula for differentiation. That is, by knowing the derivation formulas, we can
write the corresponding formulas for integration.
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M Rule 1: Power of x.
xn+1

d Pan
SO = o [wndx =T e for A1
dx(n—i-l) ) ntl # Note
. . . Note that Rule 1 t b lied
In words, to integrate the function x", we add 1 to the power (i.e., fo(;; :il o S S e

n+ 1) and divide the function by n+ 1.

For this value, the formula gives

For n =0, we have a special case o
/ 1 dx = =00

/ldx:x—i—c.

. nt1 . .
Recall, if ¢ € R, then j’—x (% + c) = x". Thus, antiderivatives are

not unique.

m Example 4.3 Evaluate the integral.

M /(x+1)dx

) / (4° +2x° +1) dx

@ [~

Solution:
2

@ /(x+l)dx=/xdx+/ldx=%+x+c.
4 2 5

2,
) /4x 1224 1) dx—/4x dx+/2x dx+/1d i+3x +xte=xt4Ir fxte.

-2

3
3) / dx—/xzdx—/x%dx:%—i-%—‘-c.

M Rule 2: Trigonometric Functions.

d . .
o a(sm X) = cos x:>/cos dx=sinx+c %(cot x):—cscx:>/—csczxdx:cotx—l—c

. %(COS x):—sinx:>/—sin xdx=cos x+c . %(sec x):secxtanxﬁ/secxtan xdx=sec x+c

° %(tan x):secz x:>/seczxdx:tan x+c . di(cscx) —cscxcotx:>/ csc x cot xdx=csc x+c¢

m Example 4.4 Evaluate the integral.
1) /(sinx—cscx cotx) dx

o1
2) / — +cosx> dx

3) / tanx dx

COSX

Solution:

1) /(cosx—cscx cotx) dx = /cosx dx— /cscx cotx dx =sinx+cscx+c .
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1
2) /(——sinx) dx:/cosxdx—/sinxdx:sinx+cosx+c.
secx
3

t
3) / anx _ dx—/tanx secxdx—/xzdx:secx—x—+c.
cosx 3

M Rule 3: Natural Logarithmic and Exponential Functions.

If u = g(x) is a differentiable function, then

/!
. %(ln |u]) :%:/%dlenhd—i—c

As special case:

1
d 1
< (1 == [ —dx=1
£ (In |x]) =1 /x x=Inlx|+c

° %(e”) :e“.u':>/e“ W dx=e"+c

As special case:

%(ex) :e"=>/exdx:e"+c

m Example 4.5 Evaluate the integral.

3 sin
W [la © [ a
@ [(2 x4 ax M [20e D ax
3) /(3:*)‘ + x%) dx (8) /sin x €% ¥ dx
JE
@ /—dx ©) /e\/; dx
3x2—1 elan x
®) /2x3—x2+1 dx (10) /cos2 X d
Solution:

3 1
1) /; dx:3/fdx:3ln\x\+c.

() / dx—/x dx+/ dx+/e dx——+ln|x|+e +ec.

- X —2 :7):_ —1
(3)/ 3e—x dxf?)/e dx-i—/x dx 3¢ X +c.

4) /m dx=In|x+2|+c.

1 [ 23x*—1)

5) [T = [ il
()/2x3—x2+1 RN Y B n2x = + 1] +c.
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6) /smx /7smxdx:1n|cosx\+c.
cos x cos x

™) /2x WD) gy = o) 4 ¢

8 /sin x e Y dx = f/fsin x e Tdx=e"*tc.

9) /—dx—Z/e‘/;z%/xdeZe\/}—l—c.

e[aﬂ X
10) / 5— dx= /e[an * - dx = / an x goc? v gy = ¥ 4 ¢,
cos? x cos

M Rule 4: Inverse Trigonometric Functions.

° %(Sinfl) = ll—xz ° %(cot_]) :7173)#
o dileos™) =k o d(see™!) =
. %(tanfl) :ﬁ . %(csc*') :7):\/;%

In general, we have

a? +x2
1 1 1
(] —— dx= —sec —-)+c
xVx2—a? a ( )

m Example 4.6 Evaluate the integral.
6
1 ——d
@) /4+x2 *
1 1
2 -
@ [( Txz+ﬁ)dx

3) /(5x+x\/%) dx

Solution:
1 = —3tan~ (3) 4.
@ /4 dx = 6/4 dx =3tan” (2)—0—0

X% dx= sin"'x+2vx+c.

() /(\/]%7—0—%) dx:/ﬁdx—i-/

5x2 1

e
3 / 5x+ \/7 dx—/Sxder/x\/T 7+ﬁ sec (ﬁ)+c



54 INTEGRATION

B When evaluating an integral, we can always verify our answer by deriving the result of the integral.

M In the previous examples, we use x as a variable of the integral. However, for this role, we can use any variable such as y, z, f,
etc . That is, instead of f(x) dx, we can integrate f(y) dy or f(¢) dr.

m Example 4.7 Evaluate the integral.
(1) /(y2+y+ 1) dy

() /(cos t+sec? 1) dt

Solution:

3 2
) /(y2+y+l)dy:y§+%+y+c.

) /(cos t+sec® 1) dr =sin r+tan 1 +c.

4.3 Definite Integrals

4.3.1 Summation Notation

Summation (or sigma notation) is a simple form used to give a concise expression for a sum of values.

n
Definition 4.5 Let {a},as,...,a,} be a set of numbers. The symbol Y a; represents their sum:

n
Zak:al +ay+...+ay.
k=1

= Example 4.8 Evaluate the sum.
3 5 3

o y @ YU+ (3) ¥ (k+1)k?
=1 Jj= k=1

Solution:
3

M) Yi2=12422432=1+44+9=14.
i=1

G+D)=14+D)+2+DH+GB+1)+@d+1)+(5+1)=2+43+4+5+6=20.

Mo

2

J

3)
k

—_

(k+ 12 =1+ 112+ 2+ 1)(2)2+(B+1)(3)> =2+ 12436 = 50.
1

[N ae N

Theorem 4.6 Let {aj,ay,...,an} and {by,b,...,b,} be sets of real numbers. If n is any positive integer, then

n

1. ¥ c=c+c+..+c=ncforanyceR.

=1 S
n-times

n n n
2. Z(ak:tbk): Zak:t Zbk-
k=1 k=1 k=1

n n
3. Y car=c Y aiforanyceR.
k=1 k=1
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= Example 4.9 Evaluate the sum.
10 3 4

M Y6 @ X (kK +2k) (3) L3(k+1)
k=1 k=1 k=1

Solution:

M ¥ 6- (10)(6) = 60.
k=1

3
(2) kgl(k2+2k) =

TMw

3
K42 Y k= (12422432 +2(1+2+3) = 14+ 12 =26.
1 k=1

4 4
®) L3+ =3 X (k+1)=3(2+3+4+5) =42

4.3.2 Riemann Sum and Area

Riemann sum is a mathematical model where one of its applications is to approximate the areas of the regions bounded by the graphs of
the functions. In the following, we will provide some basic definitions that we need to define the definite integral.

Definition 4.7 A set P = {xp,x},%2,...,X, } is called a partition of a closed interval [a,b] if for any positive integer n,

a=x9 <X <X < ...<xp_1<xp,=>b.

Ax;  Ax,  Axg Ax,, Ax,
s s e o <
L1 1 1 1 1 11

a=Xxy x X X X1 X Xy-1 Xy =b

Figure 4.1: A partition of the interval [a, b].

B The division of the interval [a,b] by a partition P generates n subintervals: [xo,x1], [x1,X2], [x2,X3], ..., [Xn—1,%n].
B The length of each subinterval [x;_1,x;] is Axg = xp — X1

B The largest length among Axj, Axp, Axz, ..., Ax;, is called the norm of the partition P:

|| P ||= max{Ax1,Axp, Ax3, ..., Ax,} .

B The partition P of the interval [a,b] is regular if Axg = Ax] = Axy = ... = Ax, = Ax.

M For any positive integer n, if the partition P is regular, then

b—a

Ax = and x; =x9+kAx.

To see this, let P be a regular partition of the interval [a,b]. Since xo = a and x,, = b, then

X1 =xo+Ax,
X2 =x1 +Ax = (xg + Ax) + Ax = xp + 2Ax ,
X3 =xp + Ax = (xg 4+ 2Ax) + Ax = xo + 3Ax.

By continuing doing so, we have x; = xo + k Ax.
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Axy  Axy  Axg Axy Ax,
—_— —_— —_—
(| ] | [ | | ] ]
X x; 13 X1 X Xp1 Xy =b

Figure 4.2: A regular partition of the interval [a, b].

Definition 4.8 Let f be a bounded and defined function on a closed bounded interval [a,b] and let P = {x¢,x|,...,x, } be
a partition of [a,b]. Let ® = (®;,®y,...,®,) be a mark on the partition P where @y € [x¢_,x¢], k = 1,2,3,...,n. Then the
Riemann sum of f with respect to the partition P and the mark  is

R(f,P0) = ) f(on)Ax;.

_
M-

As shown in Figure 4.3, the amount f(®;)Ax; is the area of the rectangle A1, f(®;)Ax; is the area of the rectangle A, and so on. The
sum of these areas approximates the area of the whole region under the graph of the function f(x) from x = a to x = b. This indicates
that if the function f is bounded and non-negative on a closed bounded interval [a,b] and P = {x¢g = a,x1,...,x, = b} is a partition of
that interval where ® = (@1, ®y,...,®,) is a mark on the partition P, then the Riemann sum estimates the area of the region under the
function f(x) from x = a to x = b. As the number of the subintervals increases n —  (i.e., ||P|| — 0), the estimation becomes better.
Therefore,

A= R(f,P,0)= lim Zf ) Axy (4.1)

IIPH—>O [1P]]—

if the limit exists.

y=f(®

-

S M)

- — = ——— -

2
Il
*

L T Uy U N U —

...
{
b3
e
%
w
By
=
|
A
%
=
X
|
=

Xp—

g
=

g
=

Figure 4.3: A region under a function f fromx =a to x = b.

The following definition shows that the definite integral of a defined function f on a closed bounded interval [a,b] is a Riemann sum
when || P ||— 0.
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Definition 4.9 For any function f bounded and defined on a closed bounded interval [a, b], the definite integral of f from a to
bis

[ 769 ax= fim ¥ st@as, (17110

if the limit exists. The numbers a and b are called the limits of the integration.

M The limit in the previous definition is over all points in the partition P = {([xx_1, k], ) }1<k<,- When the limit exists, we say
that f is Riemann integrable (or integrable) on [a, b].

B Any continuous function is Riemann integrable on a closed bounded interval [a, b].

4.3.3 Properties of Definite Integrals

Theoremb 4.10
1. / cdx=c(b—a).
a

2. /af(x) dx = 0if f(a) exists.

m Example 4.10 Evaluate the integral.
2 3
1) / 5dx ) / Va2 —1dx
0 3
Solution:
2
M / 5 dx=5(2—0) = 10.
0

3
) /3 (x> =1) dx=0.

Theorem 4.11
1. Let f and g be integrable functions on [a, b], then the functions f + g and f — g are integrable on [a, b] and

b b b
[ rw=ew) ax= [ 1% [ g ax
a a a
2. Let f be integrable function on [a,b] and k € R, then the function k f is integrable on [a,b] and

/abkf(x) dx=k /ubf(x) dx.

b b b
u Example 4.11 If / f(x) dx=5 and / ¢(x) dx =9, find the value of the integral / (4 fx)— @) dx.
a a a

Solution:
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/ab (4f(x) - @) dx = 4/bf(x) dx— %/abg(x) dx (Using Theorem 4.11 )
1

=4(5)-3(9=17.

Theorem 4.12
1. If f and g are integrable on [a,b] and f(x) > g(x) for all x € [a, b], then

/abf(x) dx> /abg(x) dx.

2. If f is integrable on [a,b] and f(x) > 0 for all x € [a, b], then

/ab F(x) dx > 0.

2 2
m Example 4.12 Prove that / (3 +x>4+2)dx > / (x* + 1) dx without evaluating the integrals.
0 0

Solution: Let f(x) = x> +x> 42 and g(x) = x> 4+ 1. We can find that f(x) — g(x) = x> +1 > 0 for all x € [0,2]. This implies that
f(x) > g(x) and from Theorem 4.12, we have

2 2
/ (x3+x2+2)dx2/ (¥*+1)dx.
0 0

Theorem 4.13 If f is integrable on the intervals [a,c| and [c,b], then f is integrable on [a, ] and

/a * ) du= / * Fx) dx+ / * ) d.

Theorem 4.14 If f is integrable on [a, b], then

/abf(x) dx:—/haf(x) dx.

4.3.4 The Fundamental Theorem of Calculus

Theorem 4.15 Suppose that f is continuous on the closed interval [a, b].

X
1. If F(x) = / f(t) dt for every x € [a,b], then F(x) is an antiderivative of f on [a,b].
a

b
2. If F(x) is any antiderivative of f on [a,b], then / f(x)dx=F(b)—F(a).
a

b
From the previous theorem, the definite integral / f(x) dx is evaluated by two steps:
a
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Step 1: Find the indefinite integral / f(x) dx = F(x) and no need to put a constant c.

Step 2: Evaluate the antiderivative F at upper and lower limits by substituting x = b and x = a then calculate F (b) — F(a).

m Example 4.13 Evaluate the integral.

2 7
1) /_1(2x+1)dx 4) /o (sin x+1) dx -

3 z For trigonometric functions,
?2) / (x2 +1)dx 5) / ’ (SGC2 x—4)dx students can use the values in Table
n
0 & ?? on the page 9.

2 1 |
3) /1 ﬁdx (6) /OXZ(x3+1)4 dx
Solution:
2 2
@ /71(2x+1)dx: [x2+x]71 = (4+2)—((_1)2+(_1)) —6-0=6.

3 2 _ X 3_ 27 B
P[22 gy T2VE_
)] /Of(sinx—i-l)dx:[—cosx—i—x]g:(—cosg+g)—(—cos0+0):g+1.

i

Q) /n(seczx—4)dx* [tan x—4x] = (tan T—4m) — (tan E—45)*—411—(1—75)*—3%—1
i - P 47 - .

u 4
n 2.m T2 2 2
3 B X3 T (3) 0, .. = ., =
(6) /0 (sec x tan x+x) dx = [secx—i— 2}0 = (sec 3+ 5 ) — (sec O+2)—2+ 3 1—1+18.

Techniques of Integration

In the previous section, we demonstrated the importance of basic integral rules and the integral properties in evaluating several integrals.
Those rules are elementary for simple functions, but in this section we will study new techniques that will enable us to evaluate more
complex functions.

Integration By Substitution

The integration by substitution (known as u-substitution) is one of the important methods for evaluating the integrals. The method is
based on changing the variable of the integral to obtain a simple integral.

Theorem 4.16 Let g be a differentiable function on an interval I where the derivative is continuous. Let f be continuous on
the interval J contains the range of the function g. If F' is an antiderivative of the function f on J, then

[ Fa)g () dx = F () +e, Vel

In the following examples, we will check if the integrand has the form f(g(x))g (x) so that we can use Theorem 4.16.

m Example 4.14 Evaluate the integral /3x2 (3 +1)° dx.
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Solution: We can use the previous theorem by assuming f(x) = x°

d — 3+1,th = 3+1 5. '
and g(x) =x en f(g(x)) = (x ) /f(x)dx:F(x)+c

Since g (x) = 3x2, then 6
3,6 = /JCS dx= 3 +c
/3x2(x3+ 1) dx= % +ec.

Note that in the previous example, we can end with the same solution by using the following steps of the substitution method.
H Steps of the integration by substitution:

Step 1: Choose a new variable u. Observe the integrand f(x) and choose an inside function « as a function of x. Then check if f(x) can
be decomposed into
f(x) = (function of u).constant multiple of ' (x)

Step 2: Determine the value of du.
Step 3: Make the substitution i.e., eliminate all occurrences of x in the integral by making the entire integral in terms of u.
Step 4: Evaluate the new integral.
Step 5: Return the evaluation to the initial variable x.
In Example 4.14, let u = x> + 1, this implies du = 3x* dx. Now apply the substitution by substituting all x-terms into u-terms:
u6
/(x3+1)5 3x? dx=/u5 du=—+c.
—— ~~ 6
u du

By returning the evaluation to the initial variable x, we have

3 16
/3x2(x3+1)5dx:7(x 2 ) +c.

m Example 4.15 Evaluate the integral /(Sx— 1) v/3x2 —2x+1dx.

Solution: Assume f(x) = v/x and g(x) = 3x> — 2x+ 1, then f(g(x)) = v3x2 —2x+ . Since g’(x) = 6x —2 = 2(3x — 1), then from
Theorem 4.16,

v
/(3x71) 3x272x+1dx:§/2(3x71) 3x2 — 2x+ 1 dx

12 : 32— 2x+1)2
=3 §(3x2—2x+l)%+c: M-ﬁ-c.

By using the steps of the substitution method, let u = 3x> — 2x+ 1 and this implies du = (6x — 2)dx = 2(3x — 1)dx. By substitution, we
have

W

2 3
/ﬁi;:%/u%du:%+c:7(3x ix—ﬁ—l) +c.

cos v/x dx.
VX

Solution: Assume f(x) = cos x and g(x) = \/x, then f(g(x)) = cos \/x. Since ¢ (x) = 1/(2y/x), then from Theorem 4.16, we have

/CO\S/}‘/} dxzz/“;sff dx = 2sin \i+c.

= Example 4.16 Evaluate the integral /

By using the steps of the substitution method, let u = /x and this implies du = 2%/} dx. By substitution, we obtain

2/cos udu=2sin u+c=2sin Vx+c.
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= Example 4.17 Evaluate the integral / tan x dx.

. . sin
Solution: Write tan x =

X L . .
and assume u# = cos x. This implies du = —sin x dx, then —du = sin x dx.
X

.sin x dx -

° /tan xdx=—1In|cos x|+ ¢

Hence,

sin x 1
/tanxdx:/ dx:/
cos X cos X

1
f/fdu:fln|u|+c (Using Rule 3 on page 52) . = In|sec x| +¢
u
. . o . ° /cotxdx:ln\sinx|+c
By returning the evaluation to the initial variable x, we have
= —In|csc x|+¢
/tan xdx=—In|cos x| +c.
. x2—-1
m Example 4.18 Evaluate the integral / A e dx.
(x3=3x+1)
Solution: Let u = x> — 3x+ 1, then du = 3(x> — 1) dx. By substitution, we have
/ “b4q -+ S S—
u—= — Cc= C.
3 3 —Su 15(x3 —3x+1)3
= Example 4.19 Evaluate the integral /sin3x cosx dx.
Solution:
Let u = sinx, then du = cosx dx. By substitution, we
4 Any power of a trigonometric
3 u 9 g
/ wdu=—+c function can be integrated by Rule
1 on page 51 when accompanied by
sin? x its differential.
= 1 +c.

m Example 4.20 Evaluate the integral / dx.
P ¢ m

fam- — an—l _ 1
Solutilon'. Let u = sin™ " x, then du = e dx. By
substitution, we have -

) Any inverse trigonometric function
u such that the differential is
udu= —+c . . .
2 accompanied can be integrated in
the same manner of Example 4.20.

=12
_ (sm2 X) pe

Corollary 4.17 If /f(x) dx = F(x) +c, then for any a # 0,

/f(ax:l:b) dx = éF(ax:I:b)qLc

m Example 4.21 Evaluate the integral.

1 /\/3x—2dx
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) /sec2 (5x+4) dx

Solution: From Corollary 4.17, we have

1 (3x—2)3/2 (3x—2)3/2

1) /.\/3x—2dx:7 Y= Ye.

3 32 3

1
() /sec2 (5x+4) dx= gtan (5x+4)+c.

44.2

b
When using the substitution method to evaluate the definite integral / f(x) dx, we have two options:
a

Option 1: Change the limits of integration to the new variable. In this case, we evaluate the integral without returning to the
original variable.

Option 2: Leave the limits in terms of the original variable. In this case, we evaluate the integral and return the result to the
original variable. After that, we substitute x = b and x = a into the antiderivative.

1
m Example 4.22 Evaluate the integral / 2xVx2 +1 dx.
0

Solution:

Option 1: Let u = x> 4 1, this implies du = 2x dx. Change the limits x(0) = 1 and u(1) = 2. By substitution, we have

[l an ] =361 =50 ve).

2
Option 2: Letu = x2+1, then du = 2x dx. By substitution, we have / w2 qu = u% = g(x2 + 1)% +c. Thus,

/Olzx\/x2+1dx:%[(x2+1)%};:%(2ﬁ—1) .

3

m Example 4.23 Evaluate the integral / : sz X.
0o 1+4+cos® x

Solution: Let u = cos? x, this implies du = —sin x dx. Change the limits (0) = 1 and u(%) = 0. By substitution, we have
0 1 L 11t 1 1 T T
—/1 52 du:/o T du:[tan M]O:(tan (1) —tan (O))z(Z—O):Z.

Integration by Parts

In this section we will learn another important technique of integration, called integration by parts. This technique depends on the
product rule in differentiation, so it can be thought as the product formula for integration. In practice, the integrand is divided into two
parts u and dv, then we find du by deriving u and v by integrating dv. This method transfers a product integral (the original integrand)
into another product integral that can be evaluated.

Theorem 4.18 If u = f(x) and v = g(x) such that " and g’ are continuous, then

/udv:uv—/vdw
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Theorem 4.18 shows that the integration by parts transfers the integral / u dv into an easier integral / v du. The question here is, what

we choose as u and what we choose as dv =V dx.
M A Guideline for Choosing u and dv:

(1) Choose u a portion of the integrand that can be easily differentiated. We can choose u to be the function that comes first in this list:
(a) Inverse trigonometric function.
(b) Logarithmic function.
(c) Algebraic function.
(d) Exponential function.
(e) Trigonometric function.

(2) Choose dv the most complicated portion of the integrand that can be easily integrated.

This guideline is useful, but is not enough to solve all product integrals. Sometimes we need to analyze the integrand and examine the
best way of using integration by parts.

m Example 4.24 Evaluate the integral /x e* dx.

Solution: -

The integrand xe” is a product of two functions x and ¢*. Now we e We choose u = x because it can be
need to identify one function as u and the other one as dv such that differentiated to a constant. Thus the

the new product integral [ v du is easier than the original integrand. R
a product anymore.

e Try to choose
LetI = | x €* dx and choose u = x, and dv = e* dx. Then, _ _
u=e" and dv=xdx
u=x=du=dx, We will obtain
X X X x? ¥?
dv=e'dx=v= [ e dx=¢". I:iexf/ge'de.

From Theorem 4.18, we have X2
However, the integral / Ee" dx is

J=xe— / Fdr=xe —e +c. more difficult than the original one
/ xe* dx.

= Example 4.25 Evaluate the integral / X cos x dx.

Solution: In the same manner as in the preceding example, let [ = /x cos x dx. Set u =x and dv = cos x dx. Hence,

u=x=du=dx,

dv=cos xdx=v= /cos x dx = sin x. Try to choose

=cos xand dv=xd
From Theorem 4.18, we have T cosrandar =LAt

Do you have the same result?

I=x sinx—/sinxdx

=Xx sin x4 cos x+c .

= Example 4.26 Evaluate the integral / Inx dx.
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Solution: Let [ = / Inx dx and choose u = Inx, and dv = dx. Then,

u=1Inx=du= l dx , If u = g(x) is differentiable, then
X
d u
dv:dxév:/ldx:x, EU"\MU:;

Apply Theorem 4.18 to have
1

I=xlnxf/x —dx
X

=xlnxf/1 dx=xlnx—x+c.

= Example 4.27 Evaluate the integral / x> Inx dx.

Solution:

Letl = /x3 Inx dx and choose u = Inx, and dv = x> dx. Then,

u=Inx=du= ;dx , In the same manner as in Example

4.28, to evaluate / X" Inx dx, let

4
X
dv=x3dx:>v=/x3dx:—
4 u=1Inx=du=1dx

X

From Theorem 4.18, we have 1
dv=x"dx=v=[x"dx= "1
4 4
X X1
I=—Inx— [ — —-d
n nx /4 T X Hence,
4 +1 +1
X 1 3 / Xt X"
:ZIHX_Z/X dx x”lnxdxf—n+1 lnx+7(n+1)2+c
x4 n x4 N
=—Inx——+c
4 16

B Remember when we consider the integration by parts, we want to obtain an easier integral. As we saw in Example 4.28, if we
2

choose u = ¢* and dv = x dx, we have / % ¢* dx which is more difficult than the original integral.

B When considering the integration by parts, we have to choose dv a function that can be integrated (see Example 4.28 ).

m Example 4.28 Evaluate the integral /sin x In(cos x) dx.
Solution:
Let] = /sin x In(cos x) dx and choose u = In(cos x) for cos x > 0, and dv = sin x dx. Then,

—sin x
u=In(cos x) = du =

dx = —tan x dx,
cos x

dv=sinxdx:>v:/sinxdx:fcos X.

Hence,
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Similarly, we can evaluate the
integral
I = —cos x In(cos x) —/cos X tan x dx

/cos x In(sin x) dx
= —cos x In(cos x) — /sin xdx
by choosing u = In(sin x) for

=— In . h
cos x (cos x) +cos x+c¢ sin x > 0, and dv = cos x dx.

1
= Example 4.29 Evaluate the integral / tan” xdx.
0

Solution:
Let] = /tanfl x dx and choose u = tan~! x, and dv = dx. Hence,
Any inverse trigonometric function
u=tan"! x = du—= 2; dx, such that. the differe.ntia] is nf)t
x=+1 accompanied can be integrated in
dv—dx = v — / 1dx = x. the same manner of Example 4.29.

By applying Theorem 4.18, we obtain

1 2 1
I=xtan"! x— i/ﬁdx =xtan_]xf§ln(x2+1)+c.
—_————
apply substitution u=x2-+1
Therefore,

1 1 1 1 1
/0 tan~! x dx = [x tan~! x— Eln(xz—i—l)]o = (tan~'(1) — §1n2)—(0— Elnl) = g —Inv2.

Note that sometimes we need to use the integration by parts twice as in the following examples.
m Example 4.30 Evaluate the integral / x2e* dx.

Solution:

_ 2 x _ 2 _
Let] = /x " dx and choose u = x*, and dv = ¢* dx. Then, -

In successive application of the
integration by parts, do not switch
dv=e"dx=v= /ex dx = ¢~. choices for u and dv. In Example

4.30, we choose dv = ¢" in integrals
Iand J.

u:x2:>du=2xdx,

This implies I = x?¢* — 2/xe" dx.

We use the integration by parts again for the integral / xe* dx where we assume J = / xe* dx.

Let u = x and dv = ¢* dx. Hence,
u=x=du= dx,
dv:exdxév:/fdx:(“.
Therefore,
J:xex—/exdx:xé‘—ex—i-c.
By substituting the result of J into /, we have
I=x*"—2(xe* — ") +¢
= (P —2x+2)+c.
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= Example 4.31 Evaluate the integral /ex cos x dx.

Solution: Let I = /e"cos x dx and choose u = ¢*, and dv = cos x dx.

Then, In Example 4.31,
u=e¢"=du=¢e"dx, try to choose
dv = cos xdx:v:/cos x dx = sin x. u=cosx and dv=¢"

Do you have the same result?

Hence, I = ¢*sin x — /ex sin x dx.

The integral / €"sin x dx cannot be evaluated. Therefore, we use the integration by parts again where we assume J = / e'sin x dx.

Let u = ¢* and dv = sin x dx. Then,
u=ée =du=e"dx,

dv=sinxdx=>v:/sinxdx:fcos X.

Hence,
J=—€"cos x+/excos xdx .
By substituting the result of J into I, we have
I=¢e"sinx—J
= ¢"sin x+ e cos xf/excos x dx
= I =¢€"sin x+e cos x—1.
This implies

1

2] =¢*sin x+¢e*cos x =1 = —(¢*sin x+¢*cos x)

N |

e
:>/6/YCOS xdx= ?(sin x—+cos x)+c.

Integrals of Rational Functions

A rational function is a quotient of two polynomials of the form g(x) = % A Polynomial f(x) is a linear sum of powers of x, for

example f(x) = 5x> +x% +x+1 or g(x) = x* — x. The degree of a polynomial is the highest power occurring in the polynomial, for
example the degree of f(x) is 3 and the degree of g(x) is 4.

H Steps of the integration of the rational functions:
» Step 1: If the degree of f(x) is equal or greater than the degree of g(x), we do polynomial long-division; otherwise we move to step 2.

By doing the long-division, we reduce the fraction to a
mixed quantity.

h(x)
) r(x) gx) ) )
Iy b /A
95 =" =0+ -
where h(x) is the quotient and r(x) is the remainder. r.(;)

The degree of the numerator of the new fraction will
be less than the degree of the denominator.

» Step 2: Factor the denominator g(x) into irreducible polynomials where the factors are either linear or irreducible quadratic polynomials.
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» Step 3: Find the partial fraction decomposition. This step depends on the result of step 2 where the fraction % or 7% can be written

8(x)

as a sum of partial fractions:
q(x) = Pr(x) + Py (x) + P3(x) + ... + Pulx) ,
A Apx+ By
———neNorP(x) = —5———
(ax+b)" " (x) (ax2 +bx+c)"
later. Note that the denominators of the fractions Py (x) are the factors of the original denominator obtained in step 2.

where Py (x) = if b2 — 4ac < 0. The constants Ay and By are real numbers and computed

» Step 4: Integrate the result of step 3:

/q(x) dx:/Pl(x) dx+/P2(x) dx+/P3(x) dx+...+/Pn(x) dx .

M Cases of factoring the denominator g(x):

B Case 1: The denominator g(x) is a product of distinct linear factors.

If g(x) = (a1x+by)(axx+b2)...(anx + by,), then the fraction i; 8 can be written as a sum of partial fractions:

fx) A Ay A3 An

— + +o.+
g(x)  aix+b;  ayx+by azx+b; anx+by,

B Case 2: The denominator g(x) has repeated linear factors of the form (a;x -+ b;)* where k > 1. Then,

flx) A Ay A3 Ay

= + + ot .
gx)  (aix+bi)  (ax+b)?  (aix+b;)3 (aix+b;)k

B Case 3: The denominator g(x) has factors which are irreducible quadratics of the form aix* + bix + ¢; where bi2 —4aic; < 0. In this

Aj B;
case, we include terms of the form 2'x7+'
aix* +bix+c;
2x3 —4x? —15x +5
m Example 4.32 Evaluate the integral / x2x—x—|— dx.
x*+3x+2
Solution:

. L Illustration:
Step 1: Do the polynomial long-division.
Since the degree of the denominator g(x) is less than the degree of
the numerator f(x), we do the polynomial long-division given on 5 2"3 _102
the right side. Hence, we have =) (2 = T
g : ’ —(2x° +6x2 +4x)
11x425 —10x? —19x  +5
q(x) = (2x—10) + 2i3t2 —(—10x*  —30x —20)
X x 125
Step 2: Factor the denominator g(x) into irreducible polynomials
g(x) =2 +3x4+2 = (x+1)(x+2).
Here we have case 2 in factoring the denominator g(x).
Step 3: Find the partial fractions
11x+25 A B Ax+2A+Bx+B
=(2x-10)+5——=2x-10)+ —+—=(22x-10)+ ——F—F—
qx) = (2x )+x2+3x+2 (26 )+x+1+x+ (26— 10)+ (x+1)(x+2)

We need to find the constants A and B by equating the coefficients of like powers of x in the two sides of the equation:

11x+25=(A+B)x+ (2A+B)
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Coefficients of the numerators:

Illustration:
Multiply equation @ by —2 and
coefficients of x: A+B=11— @ add the result to equation
constants: 2A+B=25— @ —2A-2B=-22
2A+B=25
By doing some calculation, we have A = 14 and B = —3. Hence,
14 -3 -B=3
=(2x—10)+ — .
qlx) = (2x )+x+l+x+2

Step 4: Integrate the result of step 3.

14 -3
/q(x) dx:/(folO) dx+/m dx+/x+—2 dx
=x>—10x+14In|x+1| =3In|x+2 | +c.

1
m Example 4.33 Evaluate the integral / el dx.
x2—2x—8

Solution:
Step 1: This step can be skipped since the degree of f(x) = x+ 1 is less than the degree of g(x) = x> — 2x — 8.
Step 2: Factor the denominator g(x) into irreducible polynomials
g(x) =x* —2x—8=(x+2)(x—4) .
Here we have case 2 in factoring the denominator g(x).

Step 3: Find the partial fraction decomposition

x+1 A n B Ax—4A+Bx+2B
2—2x—8 x+2 x—4  (x+2)(x—4)

We need to find the constants A and B by equating the coefficients of like powers of x in the two sides of the equation:
x+1=(A+B)x+(—4A+2B)
Illustration:

Coefficients of the numerators:

Multiply equation @ by 4 and add the result to

coefficients of x: A+B=1— @ equation @
constants: —4A+2B=1 —>@ 4A+4B =4
. . . | 5 —4A+2B=1
By doing some calculation, we obtainA = ¢ and B= 2. Thus,
x+1  1/6 5/6 6B=35

x—2x—8 x+2 x—4'
Step 4: Integrate the result of step 3.

xtl 1/6 5/6 1 5
dx = d dx= -1 2 ey | —4 3
/x2—2x—8 * /x+2 x+/x_4 * 6n\x+ ‘+6n|x | +c
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22 —25x 33

m Example 4.34 Evaluate the integral / 0 5)
x—

Solution:
Steps 1 and 2 can be skipped in this example. According to the cases of factoring the denominator, we have cases 1 and 2.
Step 3: Find the partial fraction decomposition.

Since the denominator g(x) has repeated factors, then

2% —-25x-33 A LB C A —4x—5)+B(x—5)+C(x*+2x+1)
(x+1)2(x—-5) x+1 (x+1)2 x-5 (x+1)2(x—5) ’

Coefficients of the numerators:
Tllustration:

Follo!
A+c=2-(1)

~254+11C =158 - (4)
coefficients of x: ~ —4A+B+2C=-25— @ 25x(1)+

36C—7108éC—~3

coefficients of x*:

constants: —5A-5B+C=-33— @
By solving the system of equations, we have A=5,B =1 and C = —3.

Step 4: Integrate the result of step 3.

/Zx 725x 33 / / 1 d+/ -3 d
(x+1)? 1 ar12 @) x5
:5ln\x+l|+/(x+l)72dxf3ln\x75\

=5In|x+1]|— —3In|x—5]|+c.

1
(x+1)

1
m Example 4.35 Evaluate the integral / de.
x(x2+1)

Solution:
Steps 1 and 2 can be skipped in this example. Here we have cases 1 and 3 of factoring the denominator.
Step 3: Find the partial fraction decomposition.

x+1 A Bx+C AP +A+Bx*+Cx

x(x2+1)  x X241 x(x2+1)

Coefficients of the numerators:

coefficients of x2:  A+B=0— @
coefficients of x: C=1— @
constants: A=1— @

WehaveA=1,B=—1landC=1.



70

INTEGRATION

Step 4: Integrate the result of step 3.

x+1 1 —x+1
————dx= | - d d
/x(x2+1) * /x x+/x2+1 o

X 1
=infx| - [ g des [ o

1
=In|x| filn(x2+1)+tan71 x+ec.
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1-38 M Evaluate the integral.

/se02(3x7 5) dx

2 / dx
V16 —x2

w

3

®

o

10

11

12

13

14

15

16

17

18

19

xe* dx
/ xcos(2x) dx
/ sin~ ' x dx
/‘ dx
xX2—x=2
/x(Zx2 —3)8 dx

3
cos /x .
Va2

3
/ (2—x+x%) dx
0

1
/ (¥* +3x+1) dx

n
7
/ cos x dx
0

/ (sin x4 cos x) dx
0

Rk}

wia

/n sec x (tan x+sec x) dx

7
4
/de
-2
5
/(3fx)dx
0
4
/(2x2+x71)dx
-1
2
/ (6x% +3) dx
2

1
/ (x* —4x*) dx
0
2
/ x Vx2+1dx
-1

39 - 52 M Evaluate the integral.

Exercises

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

5
/ |x—1] dx
0

/

xIn/x dx

0,
/(x5+1)dx
0
22
— dx
)
2
|x—1] dx

T
/ sec x (tan x —sec x) dx
0

/
/

x cos x dx

2
csc” \/x d
Vx

secx + tanx
—d

Cosx

X
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39 /\/;c Inx dx

40 /xseczxdx
41 /xe_4xdx
42 /(lnx)zdx
43 / ! d
——— dx
J (x=3)(x—1)2
44/ ! d
- dx
X2 4+6x+8

45 /L dx
x2—x=2

1
46 ——d.
/x2+2x—3 *

7 x2
47 - d
/3 xX2—x=2 *

"~ 3x2—10
48 /7d
244

2
49 /x 2 dx

x—1

50 dx

/2x4—3x3—10x2+2x+11
x3—x2—-5x—-3

51 / ! dx
14e*

/2x3—18x2+29x—4
(x+1)(x—2)3

52 x

b c b
53-58 W If/ flx)dx=2, / f(x)dx=2and / g(x) dx =3 where ¢ € (a,b), evaluate the integral.
a b a

53 ‘ f(x) dx
b

54 ‘ f(x) dx

a

55 ’ (2f(x) +g(x)) dx

a

56 /ba (5f(x) —3g(x)) dx
57 /ab (%f(x)+7g(x)) dx

58 /aa (41 (x) +g(x)) dx

59 - 64 M Use the properties of the definite integrals to prove the inequality without evaluating the integrals.

1 1
59 /xdxzfxzdx
0 0

3 & 3
60/37dx2/xdx
0 x°+2 0

4 4
61 / (2x+2) de/ (B3x+1) dx
1 1

3
62 / (x> =3x+4)dx>0
0
2 2
63 / \/Sfxdxz/ vx+1dx
1 1

2
64 2</ V1+x%dx
-1



65

66

67

68

69

70

71

Exercises

73

65 -71 M Choose the correct answer.

sin x
The value of the integral / ————— dxisequal to
& v2+cos x q
(a) —24/24cos x+c¢
(b) vV2+cos x+c¢
sin ( tan X)

The value of the integral / dx is equal to

(a) cos (tan x)+c¢
(b) sin (tan x) +c¢

The integral / xV/x2 41 dx is equal to
(a) %xzx/xz +1+4c¢
b) 2(2+1)7 +¢

The integral / 5 dx is equal to

(a) % tan x2 + ¢
(b) tan X2 +¢

The value of the integral /

14cos? x
@ 3cos? X tc

(b)l 3005 X-‘rC

3cos3 x

The value of the integral / sy dx

V44 sin x
(a) %\/Sin x+4+c
(b) V/sin x+4+c¢

The value of the integral / 2| x| dx
(@2 (b) 1 (c) 0 d) —1

(¢) —v/2+cos x+c¢
(d) 24/2+4cos x+c¢

(c) —cos (tan x) +c¢
(d) —sin (tan x) +¢

© —2(2+1)3 +c
@ L2+ 1) +c

(©) 2tan x+c
d — 2+C

Ccos x-

©) cot: E P
(d) lan; X +ec

(¢) 24/sin x+4+c¢
(d) —2+/sin x+4+c¢
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Chapter 5

APPLICATIONS OF INTEGRATION

Areas

As shown in Chapter 4, if the function f is bounded and non-negative on a closed bounded interval [a,b] and P = {xo = a,x|,...,x, = b}
is a partition of that interval where ® = (®;,®;,...,®,) is a mark on the partition P, then the Riemann sum estimates the area of the

region under the function f(x) fromx =atox = b:
. a b
A= fim 3] rlon)A = | 1w as.
In this section we find the area of ??the regions for the following cases:
M The region bounded by a graph of a function and x-axis from x = a to x = b.

M The region bounded by a graph of a function and y-axis fromy =ctoy =d.

M The region bounded by graphs of two or more functions.

y=f(x)
x=f(y)

W

=
=W

=Y

Figure 5.1

Region Bounded by a Curve and x-axis

Consider the region between the graph of the function y = f(x), the x-axis, and the ordinates x = a and x = b as shown in Figure 5.2.

Now we want to find the area of the shaded region.
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Figure 5.2: The region R bounded by the graph of y = f(x), and the
ordinates x = a and x = b.

As mentioned in Chapter 4, we divide the interval [a,b] into n
subintervals and choose x in the i™ subinterval. As shown in Figure
5.3, the amount f(x])Ax; is the area of the rectangle A, f(x})Axy
is the area of the rectangle A, and so on.

The sum of the rectangles areas approximates the area of the whole
region under the graph of the function f from x = a to x = b, where
as the number of the subintervals increases n — oo (||P|| — 0), the
estimation becomes better.

From Definition ??, we have
n

lim )°

[1PII=0,=

A= rian = [ ) d

where P is a partition of [a, b].

Thus, if y = f(x) is continuous and f(x) > 0 on [a, b], the definite
b
integral / f(x) dx is exactly the area of the region under the graph

a
of y = f(x) from a to b:

Az/abf(x)dx

See the explanation on page 57.

¥ E)

| X' X1 %z gy

Figure 5.3: The region R bounded by the graph of y = f(x), and the
ordinates x = a and x = b.

m Example 5.1 Express the area of the shaded region as a definite integral then find the area.
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1) 2
y y
fla)=2
flx)=2x+1
R R
X
1 3 X 1 4
Figure 5.4
Solution:
3 3

M A :/ (et 1) dx=[?+a] = [32+3)- (124 1] =12-2=10.

1

4 4
(2)A:/ Pax=4[0] =4ea-1] =G =21

1
m Example 5.2 Sketch the region bounded by the graph of y = 1/x from x = 0 to x = 3, then find its area.

y
Solution:
The region bounded by the graph of the function y =
/X in the interval [0, 3] is shown in the figure.
The area of the region is Y=o
3
A= / Vx dx
0

_ 27 3p ] 3

3 [x 0

=2V3. | X

3

Figure 5.5

5.1.2 Region Bounded by a Curve and y-axis

Consider the region between the graph of the function x = f(y), the y-axis, and the ordinates y = ¢ and y = d as shown in Figure 5.6.
Now we want to find the area of the shaded region.
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x=F

Figure 5.6: The region R bounded by the graph of x = f(y), and the ordinates y = ¢ and y = d.

Divide the interval [c,d] into n subintervals and choose y in the i subinterval. As shown in Figure ??, the area of the rectangle A; is
f(y})Ay1, the area of the rectangle A is f(y;)Ay, and so on.

The sum of the areas of the rectangles approximates the area of the whole region under the graph of the function x = f(y) from y = ¢ to
y = d where as the number of the subintervals increases n — oo (||P|| — 0), the estimation becomes better.

From Definition ??, we have

n d
A= lim Zf(yf)Ayi:/c f(y) dx

[1P||—0;27

d
where P is a partition of [c,d]. Thus, if x = f(y) is continuous and f(y) > 0 on [c,d], the definite integral / f(y) dy is exactly the area
c
of the region under the graph of x = f(y) fromy=ctoy=d:

A=/cdf(y) dy

m Example 5.3 Sketch the region bounded by the graph of x = y+ 1 and y-axis over the interval [—1,0], then find its area.

Solution: Figure 5.7 shows the region bounded by the
function x = y + 1 and y-axis over the interval [—1,0].

The area of the region is

x=y+1
0 ‘

A= /71 (y+1)dy |

2 0
_[Y ]
7[2+y71

Figure 5.7
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m Example 5.4 Sketch the region bounded by the graph of x =, /y from y = 0 to y = 1, then find its area.

y
Solution: The region bounded by the function x = |/y
in the interval [0, 1] is shown in Figure 5.8.
The area of the region is
1
1
0
_ 27 32 ] !
3 [y 0
_2 X
=3
Figure 5.8

5.1.3 Region Bounded by Two Curves

B If f(x) and g(x) are continuous functions such that f(x) > g(x) Vx € [a,b], then the area A of the region R bounded by the graphs of
f(x) (the upper boundary of R) and g(x) (the lower boundary of R) from x = a to x = b is subtracting the area of the region under g(x)
from the area of the region under f(x). This can be stated as follows:

a= [ (1) —s0) ax

B If f(y) and g(y) are continuous functions such that f(y) > g(y) Vy € [c,d], then the area A of the region R bounded by the graphs of
f(y) (the right boundary of R) and g(y) (the left boundary of R) from y = ¢ to y = d is subtracting the area of the region bounded by g(y)
from the area of the region bounded by f(y). This can be stated as follows:

A= /Cd (f() —g()) dy
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fo

Figure 5.9: The area of the region bounded by the graphs of the tow functions f and g.

m Example 5.5 Express the area of the shaded region as a definite integral, then find the area.

) 2

Figure 5.10

Solution:
(1) The area of the region bounded by the two curves f(x) and g(x) is
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(2) We have two regions:
Region (1) is in the interval [1,2].

Upper graph: y=x+4
Lower graph: y = x2 42

Region (2) is in the interval [2,4].

Upper graph: y = x> +2
Lower graph: y =x+4

A2=/24 (2 +2) - (x+4)) dx

4
=/ (x2+x72) dx
2

P 4 26
3 2 2
13 26 65
The total ISA=A|+Ay = —+—=—.
e total area is 1+A 6 3 G

Figure 5.11

Figure 5.12

m Example 5.6 Sketch the region bounded by the graphs of y = x*> and y = x4 6 over the interval [—2,3], then find its area.

Solution: The region bounded by the two functions is shown in Figure 5.13.
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The area of the region is

3
A :/ (x+6—x%) dx
)

2 3

[ X X 3 y=x4
_[ 7 163 }—2

:[2l+§]
-2

Figure 5.13

m Example 5.7 Sketch the region bounded by the graphs of y = x> and y = x in the interval [—1,1], then find its area.

Solution:
The figure on the right shows the region bounded by the two functions. The region is divided into two regions as follows:
Region (1) is in the interval [—1,0]

Upper graph: y = x> y
Lower graph: y =x

0 x4 X
m=[@na=[p 5] =g )

Region (2) is in the interval [0, 1] B 1
Upper graph: y =x
Lower graph: y = x° y=x

= oo [5-5)=[G -

1 1 1
The total ISA=A|1+A)y=—-—4+-=—.
e total area 1s 1+Ar 4—|—4 >

Figure 5.14

m Example 5.8 Sketch the region bounded by the graphs of y = x* and x = y? over [0, 1], then find its area.

Solution:
The region bounded by the graphs of y = x> and x = y? over [0,1] is displayed in Figure 5.15. We write the two functions in terms of x,
so the upper graph:

x=y =>y=1+/x.
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The area of the region is

A:/Ol(\/;c—xz) dx
391
|

3 X‘]
2
Y3

}

0

I
W W
W=

W =

Figure 5.15

m Example 5.9 Sketch the region determined by the graphs of y = sin x, y = cos x and y-axis over the interval [0, %] Then find its

area.

Solution:

The figure on the right shows the region bounded by the two functions. Over the interval [0, §], the two curves intersect at J.

Hence, the area of the shaded region is

A:/OX (cos x—sin x) dx

. 3
= [sm X+ cos x}o

- [+ -]
=V2-1.

y =sinx

Figure 5.16

/4

y = COSX

m Example 5.10 Sketch the region bounded by the graphs of x = 2y and x = 4 + 3, then find its area.

Solution:

Let f(y) = % +3 and g(y) = 2y. To sketch the region bounded by the two functions, we find out whether the two functions are intersected.
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f) =80b)

y
=243=2

p A=y
=y+6=4y

=>y=2.

Substitute y = 2 in f(y) or g(y), we have x = 4. Thus, the two curves intersect at (4,2).

y
4 i
Based on the region given in Figure 5.17, the area is
3 i
20y
A:/ (z+3-2y)dy
0 2
2 3 24
= ——y+3)d —
/0( YT ) dy x=2
3 2
=[] I
4 0 1 x=y/243
=-3+6=3. ’
‘ X
1 2 3 4 5
Figure 5.17

5.2 Solids of Revolution

Definition 5.1 If R is a plane region, the solid of revolution S is a solid generated from revolving R about a line in the same
plane where the line is called the axis of revolution.

In the following examples, we show some simple solids of revolution.

m Example 5.11 Lety = f(x) > 0 be a continuous function for every x € [a,b]. Let R be a region bounded by the graph of f and the
x-axis from x = a to x = b. The region revolution about x-axis generates a solid given in Figure 5.18 (right).

Figure 5.18: Revolution of the region R about x-axis. The figure on the left shows the region under the continuous function y = f(x) > 0 over the
interval [a,b]. The figure on the right shows the solid S generated by revolving the region about x-axis.
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m Example 5.12 Let y = f(x) be a constant function from x = a to x = b, as in Figure 5.19. The region R is a rectangle and by
revolving it about x-axis, we obtain a circular cylinder.

> >

y=f(x)=c

X
95

Figure 5.19: Revolution of the rectangular region R about x-axis. The figure on the left shows the region under the constant function f(x) = ¢ over the
interval [a,b]. The figure on the right shows the circular cylinder generated by revolving the region about x-axis.

m Example 5.13 Consider a region R bounded by the graph of x = f(y) from y = ¢ to y = d. Revolution of R about y-axis generates a
solid given in Figure 5.20.

\.

Figure 5.20: Revolution of the region R about y-axis. The figure on the left displays the region under the function x = f(y) over the interval [c,d]. The
figure on the right displays the solid § generated by revolving the region about y-axis.

Volumes of Revolution Solids

One of the interesting applications of the definite integral is computing the solids revolution. In this section, we study three methods to
compute the volumes of the revolution solids known as disk method, washer method and cylindrical shells method.

Disk Method

Lety = f(x) > 0 be a continuous function for every x € [a,b] and let R be a region bounded by the graph of f and x-axis form x = a to
x=b. Let S be a solid generated by revolving R about x-axis. Assume that P is a partition of [a,b] and ® = (@}, 3, ..., ®,) is a mark
where @y € [xg_1,x¢]. From each subinterval [x;_1,x;], we form a vertical rectangle with high f(w;) and width Ax;.
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The revolution of the vertical rectangle about x-axis generates a
circular disk as shown in Figure 5.21.

The volume of the circular disk with radius » and high 4 is

= | (IITOD

V=nr’h.

Figure 5.21
From Figure 5.22, revolution of the rectangular k generates a circular disk with radius r = f(y) and high 47 = Ax;. Thus the volume of
the generated circular disk is

Vi =m(f(0))*Axg, k=1,2,...,n.
The sum of the volumes of the circular disks approximates the volume of the revolution solid:

n

V=Y Vi= lim n(f(mk))zAxk:n/ah[f(x)rdx,

k=1 [IPI=0=

\.

Figure 5.22: The volume of the revolution solid about x-axis by the disk method. The figure on the left shows the region R bounded by the function
y = f(x) > 0 on the interval [a,b] and the figure on the right shows the solid S generated by revolving R about x-axis.

Similarly, we can find the volume of the revolution solid generated by revolving a region R about y-axis. Let f be continuous on [c,d]
and R be a region bounded by the graph of f and y-axis from y = c to y = d. Let S be a solid generated by revolving R about y-axis.
Assume that P is a partition of [¢,d] and ® = (®1,@,, ...,®,) is a mark where @y € [y;—_1,yx]. From each subinterval [y;_1,yx], we form
a horizontal rectangle, its high and width are f(w;) and Ayy, respectively.

The revolution of each horizontal rectangle about y-axis generates a circular disk as shown in Figure 5.23 with radius r = f(wy) and high
h = Ayy. Therefore, the volume of each circular disk is

Vie = (£ (o)) *Aye, k=1,2,....m.
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Figure 5.23: The volume of the revolution solid about y-axis by the disk method. The figure on the left shows the region R bounded by the function f
on the interval [c,d] and the figure on the right shows the solid S generated by revolving R about y-axis.

The sum of the volumes of the circular disks approximates the volume of the revolution solid given in Figure 5.23 (right):

V=Y u— lin Y n(f (o)A

[P|—0=1

=ﬂ/cd [f(y)rdy-

These considerations are summarized in the following theorem:

Theorem 5.2
1. If R is aregion bounded by the graph of f on the interval [a, b], the volume of the revolution solid generated by revolving

R about x-axis is Y 5
V:n/ [f(x)] dx.
a
2. If R is a region bounded by the graph of f on the interval [c,d], the volume of the revolution solid generated by revolving

R about y-axis is
d 2
ver[ [10)] .
c

m Example 5.14 Sketch the region R bounded by the graph of y = x+ 1 on the interval [0,2]. Then, find the volume of the solid
generated by revolving R about x-axis.

Solution: First, we sketch the graph of the function y = x+ 1 and determine the region R in the interval [0,2]. Then, we sketch the solid
generated by revolving R about the x-axis.
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Figure 5.24
From the figure, we have a vertical disk with radius y = x+ 1 and thickness dx. Thus, the volume of the solid S is as follows:

2
V:n:/o (1) dx= g[(x+1)3](2)= 2(2771): 267

m Example 5.15 Sketch the region R bounded by the graph of y = /x from x = 0 to x = 4. Then, find the volume of the solid generated
by revolving R about x-axis.

Solution: Figure 5.25 shows the region R and the solid S generated by revolving the region about the x-axis.

n-
Lt
=
1t
W
et
o

Figure 5.25

Since the revolution is about the x-axis, we have a vertical disk with radius y = 1/x and thickness dx.
Thus, the volume of the solid S is as follows:

4

V:n/()4(ﬁ)2dx:n/() xdx=§[x2]3=g[1670] = 8.

m Example 5.16 Sketch the region R bounded by the graph of the function y = x? and x-axis from x = —2 to x = 2. Then, find the
volume of the solid generated by revolving R about x-axis.

Solution: The figure on the left shows the region R bounded by the graph of y = x2 in the interval [—2,2]. The figure to the right shows
the solid § generated by revolving the region about the x-axis.
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O e

Figure 5.26

From the figure, we have a vertical disk with radius y = x> and thickness dx. Thus, the volume of the solid S is as follows:

m Example 5.17 Sketch the region R bounded by the graph of the equations x =y+ 1, y = 1,y = 3. Then, find the volume of the solid
generated by revolving R about y-axis.

Solution: The figure shows the region R and the solid S generated by revolving the region about the y-axis.

x=y+1

m__
"
&l
oL
ol
-
oL
=
oL
.
all
gl
al
:
e
ol
il
all

Figure 5.27
From the figure, we have a vertical disk with radius x =y + 1 and thickness dy. Thus, the volume of the solid S is as follows:

3 b1 3 56w
ven [ o2 dy=F[0+17] =5

m Example 5.18 Sketch the region R bounded by the graph of the equation x = y? on the interval [0,2]. Then, find the volume of the
solid generated by revolving R about y-axis.

Solution: The figure on the left shows the region R bounded by the graph of x = y? in the interval [0,2]. The figure to the right shows the
solid S generated by revolving the region about the y-axis.
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Figure 5.28

Since the revolution of R is about the y-axis, we have a horizontal disk with radius x = y? and thickness dy. Thus, the volume of the solid
S is as follows:

m Example 5.19 Sketch the region R bounded by the graph of the equation x = y/y — 1 from y = 1 to y = 3. Then, find the volume of
the solid generated by revolving R about y-axis.

Solution: The figure shows the region R and the solid S generated by revolving the region about the y-axis.

w
'
-
=
wt
=
"_.-_
=
L

Figure 5.29

Since the revolution of R is about the y-axis, we have a horizontal disk with radius x = 1/y — 1 and thickness dy. Thus, the volume of the

solid S is as follows: )

V:n/:(\/yfl)zdy:n[%—y]

3
=2m.
1

Washer Method

When we have an area defined by a single function, the revolution around an axis generates a disk. Thus, when the region is bound by
two functions, the revolution generates two disks, an inner disk and an outer disk. In this case, we say we have a washer method.

Let R be a region bounded by the graphs of f(x) and g(x) from x = a to x = b such that f(x) > g(x) for all x € [a, ] as shown in Figure
5.30. The volume of the solid S generated by revolving the region R about x-axis can be found by calculating the difference between the
volumes of the two solids generated by revolving the regions under f and g about the x-axis as follows:
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The outer radius: y; = f(x)

The inner radius: y; = g(x)

The thickness: dx

The volume of a washer is dV == [(the outer radius)? — (the inner radius)Z] . thickness.

This implies dV =1 [(f(x))2 — (g(x))Z] dx.
Hence, the volume of the solid over the interval [a, b] is

Figure 5.30: The volume of the solid generated by revolving the region about the x-axis using the washer method.

Similarly, let R be a region bounded by the graphs of f(y) and g(y) such that f(y) > g(y) for all y € [c,d] as shown in Figure 5.31. The
volume of the solid S generated by revolving R about the y-axis is

ven [0 - ()] a

(T,
hy = f(wy)

r = Ay, [T

Figure 5.31: The volume of the solid generated by revolving the region about the y-axis using the washer method.

The following theorem summarizes the washer method.
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Theorem 5.3
1. If Ris a region bounded by the graphs of f and g on the interval [, b] such that f > g, the volume of the revolution solid
generated by revolving R about x-axis is

Vv :n/ab [(f(x))2— (g(x))z] dx.

2. If R is aregion bounded by the graphs of f and g on the interval [c,d] such that f > g, the volume of the revolution solid
generated by revolving R about y-axis is

v=x [ [0)* - (e0)?] o

m Example 5.20 Let R be a region bounded by the graphs of the functions y = x?> and y = 2x. Evaluate the volume of the solid
generated by revolving R about x-axis.

Solution:
Let f(x) = x? and g(x) = 2x. First, we check whether the graphs of the two functions are intersecting or not.

_ 2 _ 2 _
fx)=g(x) =x" =2x=x"-2x=0 The graphs of two functions f(x)
=x(x—2)=0 and g(x) intersect at x = xo if

f(xo) = g(xo)-

=x=0o0rx=2.

Substituting x = 0 into f(x) or g(x) gives y = 0. Similarly, substitute x = 2 into any of the two functions gives y = 2. Thus, the two
curves intersect in two points (0,0) and (2,4).

N\
(2,4)
y=x? | -

— ——1 % ——

41 -
T2 T2 [
43 4.3 il
L
a4 —-a i

7

Figure 5.32

The figure shows the region R and the solid generated by revolving the region about the x-axis. A vertical rectangle generates a washer
where

the outer radius: y; = 2x,

the inner radius: y, = x% and

the thickness: dx.

The volume of the washer is dV =7t {(2)6)2 — (xz)z] dx.
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Hence, the volume of the solid over the interval [0,2] is

V= 71:/02 ((2x)2 - (x2)2) dx= 71:/02(4x2 —x*) dx

_ [ﬁ_i]z
] 510
32 32
<53
64
15

m Example 5.21 Consider the same region as in Example 5.20 enclosed by the graphs of y = x2 and y = 2x. Revolve the region about
y-axis instead and find the volume of the generated solid.

Solution: The figure shows the region R and the solid generated by revolving the region about the y-axis.

4:-—
ot
(5}

ot

Figure 5.33

Since the revolution is about the y-axis, we need to rewrite the equations in term of y i.e., x = f(y) and x = g(y).

Y
y=x=x=y=1() ad x=35 =) .

The two horizontal rectangles generate a washer where

the outer radius: x; =/,

the inner radius: x, = % and

the thickness: dy.

The volume of the washer is dV =T {(ﬁ)z — (%)2] dy.

Hence, the volume of the solid over the interval [0,4] is

v=n/04(<w>27<§>2) dy=n/o4( —%72) dy
2 3
=51,
_&
3

m Example 5.22 Consider a region R bounded by the graphs of the functions y = 1/x, y = 6 — x and x-axis. Revolve the region about
y-axis and find the volume of the generated solid.

Solution: Since the revolution is about the y-axis, we need to rewrite the functions in terms of y i.e., x = f(y) and x = g(y).

y:\/}:>x:y2=f(y) and y=6—x=>x=6—y=g(y).
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Now, we find the intersection points: f(y) =g(y) = > =6—-y=>y*+y—-6=0=y=—3ory=2.

Since y = /x, we ignore the value y = —3. By substituting y = 2 into the two functions, we have x = 4. Thus, the two curves intersect in
one point (4,2). The solid S generated by revolving the region R about y-axis is shown in Figure 5.34.

Also, the revolution is about the y-axis, so we have a horizontal rectangle that generates a washer where
the outer radius: x; =6 —y,

the inner radius: x, = y* and

the thickness: dy.

The volume of the washer is dV = 1t[(6 —y)* — (y*)?] dy.

The volume of the solid over the interval [0,2] is

_v)3 5
VZN/OZ (6=~ ()] dy ==~ ) _yﬂz

3 0
64 32 216
(-5 -35) (=5 -0
664
R

ou B
o

Figure 5.34

m Example 5.23 Consider the same region as in Example 5.22 enclosed by the graphs of y = 1/x, y = 6 — x and x-axis. Revolve the
region about x-axis instead and find the volume of the generated solid.

Solution: From the figure, we find that the solid is made up of two separate regions and each requires its own integral. Hence, we use the
disk method to evaluate the volume of the solid generated by revolving each region.

From revolution of the first region R| about the x-axis, we have a vertical disk with radius y = x2 and thickness dx. Thus, the volume of
the solid S is as follows:

4 4
Vlzn/ (\/})zdx:n/ xdx

0 0

4 32
e

2

0 3

From revolution of the first region R, about the x-axis, we have a vertical disk with radius y = 6 — x and thickness dx. Thus, the volume
of the solid S, is as follows:
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The volume of the total solid is

Use the substitution method to do
the second integral with

u=6—x and —du=dx

V=Vi+W,

=8n+ §71: = gn

B 3737
44
43
42
+1

LR
L1
4.2
L3 -3
Figure 5.35

5.3.3 Method of Cylindrical Shells

In this section, we study a new method to evaluate the volume of revolution solid called cylindrical shells method. In the washer method,
we assume that the rectangle from each subinterval is vertical to the revolution axis while in the cylindrical shells method, the rectangle

will be parallel to the revolution axis.

Figure 5.36 shows a cylindrical shell. Let

ry be the inner radius of the shell,
r be the outer radius of the shell,

h be high of the shell,

Ar = rp — rq be the thickness of the shell,

r+nr

r = 1572 be the average radius of the shell.

~

g

S Ar

L

S

\\§\\-

LY

L

\\\\\

A
A

N

]
\

\\

Figure 5.36
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The volume of the cylindrical shell is

e T
Note

_ 2 2

77t(l‘2—l’l)h \% = 1% - \%

_ ~~ ~— ~—~

- n(i’z +r ) (}’2 -n )h volume of the cylindrical shell  yolume of the outer cylinder ~ volume of the inner cylinde
rn+r

= 2713( 5 )h(r2 - r1)

= 2nrhAr.

Now, let R be a region R on the interval [a,b] and S be a solid generated by revolving the region about y-axis (Figure 5.37). Let P be a
partition of the interval [a, b] and let ® = (®;,®,, ..., ®;,) be a mark on P where @y, is the midpoint of [x;_1,x].

The revolution of the rectangle about the y-axis generates a cylindrical shell where
the high = f(wy),

the average radius = @y,

the thickness = Axy.

&)

=

]
~n
—

=
A

Wy
=Xy Xg-1 Xy tn=

i

Figure 5.37: The volume of the revolution solid about the y-axis by the cylindrical shells method.

Hence, the volume of the cylindrical shell is V};, = 21y f (@) Axy. To evaluate the volume of the whole solid, we sum the volumes of all
cylindrical shells. This implies

n n
V= Z Vi=2n Z (J.)kf((J.)k)Axk.
k=1 k=1

From the Riemann sum

n b
lim Y o f(op) Ay = / ©f (x) dx .
HPIHOkE'l a
This implies
b
1% :21t/ xf(x) dx.
a

Similarly, we can find that if the revolution of the region is about x-axis, the volume of the revolution solid is

d
V= ZE/C yf(y) dy.
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Theorem 5.4
1. If R is aregion bounded by the graph of f on the interval [a, b], the volume of the revolution solid generated by revolving
R about y-axis is

1% :27t/bxf(x) dx.

2. If Ris aregion bounded by the graph of f on the interval [a, b], the volume of the revolution solid generated by revolving
R about x-axis is

d
v=on / V() dy.

Note: The importance of the cylindrical shells method appears when solving equations for one variable in terms of another (i.e., solving
x in terms of y). For example, let S be a solid generated by revolving the region bounded by y = 2x* —x3 and y = 0 about y-axis. By the
washer method, we have to solve the cubic equation for x in terms of y, but this is not simple.

m Example 5.24 Sketch the region R bounded by the graph of y = 2x — x? and x-axis. Then, by the cylindrical shells method, find the
volume of the solid generated by revolving R about y-axis.

Solution:
The figure shows the region R and the solid S generated by revolving the region about the y-axis.

y=2r-x*

Try to solve Exercise 5.24 using the
disk method.

\.

Figure 5.38

Since the revolution is about the y-axis, the rectangle is vertical and by revolving it, we obtain a cylindrical shell where
the high: y = 2x — x2,

the average radius: x,

the thickness: dx.

The volume of the cylindrical shell is dV = 2mx(2x — x?) dx = 2m(2x*> — x3) dx.

Thus, the volume of the solid over the interval [0,2] is

2
V:2ﬂ:/ (2x* —x°) dx
0
23 x*q2
2
(e
16 16 81
(2 Oy _°t
W3 -3)=3
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m Example 5.25 Sketch the region R bounded by the graphs of the equations x = ,/y and y = 4, and y-axis. Then, find the volume of
the solid generated by revolving R about x-axis.

Solution:

Figure 5.39
Since the revolution is about the x-axis, the rectangle is horizontal and by revolving it, we have a cylindrical shell where
the high: x =/,

the average radius: y,
the thickness: dy.

The volume of the cylindrical shell is dV =21y \/y dy.

Thus, the volume of the solid over the interval [0,4] is

4 4
VzZﬂ:/ yﬁdyzZﬂ:/ y%dy
0 0

At s 14
:?[yz}o

41 1287
— s }:7‘

5 [3 0 5
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14

15

16

17
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Exercises

1-36 M Sketch the region bounded by the graphs of the given equations, then find its area.

y =x+ 2 and x-axis over [—2, 1]

y = x> and x-axis over [0,2]

y=x* y=4

x =y and y-axis fromy =0toy =2
x=y? and y-axis fromy=—1toy=1
y=x3,y=—x,y=38

y=x+1, y=2x and x-axis

x=y> —1and y-axis fromy=1toy =2
y=x,x=2-y,y=0
y=x,y=x—1over [0,2]
¥4y=4,y=0
x=2y,y+6=2x,x=0

y=2 y=yx

x=y y=x+1,y=1y=2
y—1=3xandy—2=xfromx=0tox=1
y=+/x+Tandy=x—1over[l,3]
y=x’,y=x

y = (x4 1)? and x-axis over [—2,0]

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

y=x*+landy=x+1fromx=0tox=1

x=,/yand2x=yfromy=0toy=4

y=vx+l,y=x+1

y=x2, y=1/x

y=x2+1,y=2xandx=0

y=sinxandy=cos xfromx=0tox=%

y = €* and x-axis over [0,1n4]

y =3x, y= —x+2 and x-axis

y=e *fromx=—-1tox=2

y=sin x and y = cos x over [0, ¥]

y = ¢ and y-axis fromx =0tox =1n2

y=ux, y=—x+2 and x-axis

y = cos 2x and x-axis over [0, J]

y=sinx, x=7%, x=

2

y=sec  x,y=0,x=

y = tan x and x-axis fromx=0tox =%

(S

—_

X

y=xt—1,x=1,x=2

y=Inx,y=0,x=e

2

A
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38

39

40

41

42

43

44

45

55

56

57

58

59

60

61

62

63
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37 - 54 M Sketch the region R bounded by the graphs of the given equations and find the volume of the solid generated by revolving R

about x-axis.

y = 2x and x-axis over [0, 1]
y=1x, x+y =4 and y-axis
y=2y=4-2

y= % and x-axis over [1,3]

y=x% y=x
y:xz,y—lfx2

y=a, y=x
y=14x,x=1,x=2,y=0

x=y+1,x=2y—-3, x=1,x=3

46

47

48

49

50

51

52

53

54

x:y7x:\/y
y:x3,y:x2,x:1,x:3/2

y=4x— x? and x-axis

y=¢" over [0,2]
y=x,y=9
y=a% y=x

y = Inx over [1,4]

y:sinxandy:cosxfromx:Otox:%(use

c0s2x — 1+02052x, sinzx — ]*C§S2X)

— — _ T
y=sin xfromx=0tox= 3

55 -72 M Sketch the region R bounded by the graphs of the given equations and find the volume of the solid generated by revolving R

about y-axis.

x = 3y and x-axis over [0, 1]
xzyz7 x=2

y = x> and y-axis over [0, 1]
y=x*y=0andx=2

x=y, y=x-2
y=cosx,x=0,x=75
y=cosx,y=sinx, x=0,x=7%
Y=1-x,x=0

x=3yandx=y+2fromy=0toy=1

64

65

66

67

68

69

70

71

72

x=y,x=y+1,y=0,y=2
y:xzfl,y:0,x:l,x:2
x=y,x=y,y=0y=1
(x=2)*+y=1,y=0
y=1-x%,y=1-x

y = x> 41 and x-axis over [0, 1]
y = 6—3x and y-axis
y=1-x%x=0,x=1

y = (x— 1)? and x-axis over [0,2]
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74

75

76

77

78
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73 -78 M Choose the correct answer.

The area of the region bounded by the graphs of the functions y = x> and y = 2 — x? is equal to
(a)2 (b) 4 © 3 (OF:

The area of the region bounded by the graphs of the functions x = —y? and x = —1 is equal to

@ 3 (b) § OF: @34

The area of the region bounded by the graphs of the functions y =x and y = —x and y = 1 is equal to
(a1 (b)0 (©2 3

The area of the region bounded by the graphs of the functions y = 2x and y = x and 0 < x < 1 is equal to
@ 3 (®) 5 (©)2 (OF

The area of the region bounded by the graphs of the functions y = cos x, y =sin x, x =0 and x = ¥ is equal to

(@ v2-1 (®0 ©V2+1 @1-v2

The area of the region bounded by the graphs of the functions x = y? and x = 2 — y? is equal to
OF (b)8 ©1 @ 5
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Chapter 6

PARTIAL DERIVATIVES

Functions of Several Variables

Definition 6.1
1. A function of two variables is a rule that assigns an ordered pair (x,x;) to a real number w:

FiR?—R
(x1,x2) — w.

2. A function of three variables is a rule that assigns an ordered triple (x,x7,x3) to a real number w:
f:R*—R

(.X'] ,XQ,X:;) —w.

= Example 6.1
(1) f(x,y) = x>+ is a function of two variables x and y. The function f(x,y) takes (x,y) € R? to ® € R. For example, f(1,2) =
12422 =5 i.e., the function f takes (1,2) € R*to 5 € R.

(2) f(x,y,z) =x>+y?+zis a function of three variables x, y and z. The function f(x,y,z) takes (x,y,z) € R? to ® € R. For example,
the function £ takes (1,2,—1) € R3 to 4 € R.

Definition 6.2 A function of n variables is a rule that assigns an ordered n-tuple (x1,x,...,X,) to a real number w:
fR"—R

(X1,X2, ey X)) —> W

m Example 6.2 f(x,y,z,u,v) = x> +y? — Tzu+? is a function of five variables. The function f(x,y,z,u,v) takes (x,y,z,u,v) € R’ to
o € R. For example, the function f takes (1,0,1,1,2) € R’ to —2 € R.

Partial Derivatives

For one variable y = f(x), the derivative dy/dx gives the change rate of y with respect to x. A similar thing occurs with functions of
more than one variable. For example, for a function of two variables ® = f(x,y), the independent variables are x and y while © is the
dependent variable i.e. as x and y vary the value of ® traces out a surface.
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6.2.1 Partial Derivatives of Functions of Several Variables

6.2.2

Definition 6.3 Let w = f(x,y) be a function of two variables.
1. The partial derivative of @ = f(x,y) with respect to x denoted 3{, %, fx or wy is calculated by applying the rules of
differentiation to x holding y constant.

2. The partial derivative of @ = f(x,y) with respect to y denoted %, %—‘:ﬁ, fy or wy is calculated by applying the rules of
differentiation to y holding x constant. '

m Example 6.3 If f(x,y) = x%y> +xyIn(x+y), calculate (1) f; and (2) f,.

Solution:
; | 5 ‘ If u = g(x) is differentiable, then
M) fo=2x0 +yln(x+y) +ay(55) =207 +yln(x+y) + 55 - y

d
’ —(Inu) = —
2) fy=3x2y2+xln(x+y)+xy()$y) :3x2y2+xln(x+y)+)%. dx( ) u

m Example 6.4 If f(x,y) = % +sin(xy), calculate (1) fr and (2) fy.

Solution:

5 If u = g(x) is differentiable, then
M) fr=2+ycos(xy).

d . o ,
2 A= —;—f +xcos(xy) . EC(MH(”)) = cos(u) u

Definition 6.4 Let w = f(x,y,z) be a function of three variables.
1. The partial derivative of @ = f(x,y,z) with respect to x denoted 3{, %, fx or wy is calculated by applying the rules of
differentiation to x holding y and z constants.

2. The partial derivative of @ = f(x,y,z) with respect to y denoted %, %—;’,’, Jfy or wy is calculated by applying the rules of
differentiation to y holding x and z constants. '

3. The partial derivative of ® = f(x,y,z) with respect to z denoted g—{, aa—”;, f; or w, is calculated by applying the rules of
differentiation to z holding x and y constants.

m Example 6.5 If f(x,y) = 22y> —y?(x* +2), calculate (1) fr  (2) fy 3) £

Solution:
M) fr=0-y2(3x") = -3y’

(2) fy =32 —2y(x*+72).

Q) f:=22°—»*(1)=2z° —y*.

Second Partial Derivatives

In derivative calculus with one variable, we saw that the second derivative is often useful. It tells how the curve is sharp and determines
the maximum and minimum points. In a more complicated case, the second derivative will be used for multi-variable functions. With
two variables f(x,y), there are four possible second derivatives:

2f 9f 9*f 9f

0x2 Axdy’ dydx’ 9y?

Therefore, as number of variables increases, the number of second derivatives increases. Now, let @ = f(x,y) be a function of x and y,
then

2
° 3—{’; means the second derivative with respect to x holding y constant.
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2
° 3}—]; means the second derivative with respect to y holding x constant.

D,
o 2L means differentiate first with respect to y and then with respect to x.
dxdy

Definition 6.5 Let w = f(x,y) be a function of two variables, then
1 &f _ i(if) — O = f
Coox2 T odx\ox/ T oox/X¥ T Ja

Pf _ 9(dfy _ 3¢ _

2. ayz - ay(aiv) - gf) — fV)"
Pf 9 ,9f\y _ 2 -

3. oxdy ﬁ(a) - &fy = fyx-

Pf _ 9,9f\ _ 9 _
4. m—g(g)—@fx—fxy-

.

The second partial derivatives of functions of three variables are defined in the same manner given in the previous definition.

Theorem 6.6
(1) Let f(x,y) be a function of two variables. If the second partial derivatives f,y, and fy, exist and are continuous, then

fxy = fyx-

(2) Let f(x,y,z) be a function of three variables. If the partial derivatives fyy, fyx, fxz, and fox exist and are continuous, then

Sy = foxs Jrz = fox and fyr = foy.

m Example 6.6 If f(x,y) = x> +2x%y% +)3, calculate (1) fry  (2) fou-

Solution:
(1) fc=3x+4xy%, then fy, = 8xy.

(2) fy=4x2y+3)?, then fy, = 8xy.
From this example, we have fy, = fyx.

m Example 6.7 If f(x,y,z) = 2x+y?(x +yz), calculate
(1) fr, fyand f;at (1,1,1).

2 fo Syy and fz..

(3) fxys fyz and fop at (0,—1,1).
Solution:
1) fe=2+y% fy=2y(x+yz) +y*z=2xy+3y’zand f; = 3xz> +y>. At (1,1,1), we have f, =2, fy =S and f. = 4.

(2) fo=0, fyy =2x+6yzand f,, = 6xz.

3) fo =2y, fy =3y* and for =322, At (0,—1,1), we have fry = —2, f,; =3 and fo = 3.

Chain Rule for Partial Derivatives

A chain rule for ordinary derivatives is to differentiate a function of a function (composite functions). If f(x) and g(x) are two
functions, then the composite function of the two functions is (f o g)(x) = f(g(x)). For example, if f(x) = cos x and g(x) = x, then
(fog)=1f (g(x)) = cos x2. To differentiate such function, we apply the chain rule given in the following definition.
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Definition 6.7 If g is a differentiable function at x and f is differentiable at g(x), then the composite function F = fog
defined by F(x) = f(g(x)) is differentiable at x as follows:

dF _ df dg(x)

dx  dg(x) dx

m Example 6.8 If y = cos x2, calculate %

Solution:

Let f(x) = cos x and g(x) = x2, then (f o g)(x) = f(g(x)) =cos X2

It follows that

dg(x)

=2x.
dx o

RE = —sin (g(x)) and

By applying the chain rule, we have

dy  df dgl)

dx  dg(x) dx
= —sin (g(x)) (2x) = —2x sin 2.

In the following, we expanded the chain rule for composite functions of two or three functions. Thus, we need to use the chain rule more
than once.
1. If w= f(x,y), x=g(t), and y = h(r) such that f, g and h are differentiable, then

df dw ow dx ow dy

ar " dr T ax di oy ar
2. Ifw= f(x,y), x=g(t,s), and y = h(t,s) such that f, g and h are differentiable, then
df ow _dw ox  Ow dy

o o aa oo
A v _owor v dy
ds Ods Ox Os dy Os
3. Ifw= f(x,y,2), x=g(t,s),y = h(t,s), and z = k(t,s) such that f, g, h and k are differentiable, then

o _ow _awar awar ow:
ot ot Ox ot OJdy ot 9z of
o _ow_owx v ow ik
ds Os oOx ds dy Os dz Os

Note that the previous result can be proven by repeating the chain rule.

m Example 6.9 If f(x,y) = xy+y?, x = s°¢, and y = s +1, calculate (1) %—J; ?2) g—{

Soluation:a 3
f _ 9f 9. f dy
¢)) §_$£+Ty§

=ys2+(x+2y)(1)

= (s+1)s> +52t+25+21
=+ 252+ 2542t .

=y (2s1) + (x+2y)(1)

= (s+1)(2st) + 5% +25+2t
=352 +2st2 + 25+ 2t .
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m Example 6.10 If f(x,y,z) = x+sin(xy) +cos(xz), x =ts,y = s+t, and z = 7, calculate (1) aa—j: ?) g—{
Solugifon: of 3 . 3 3 . 3f

— y
DF=%atyataa

= (1+ycos(xy) —zsin(xz))s +xcos(xy)(1) — xsin(xz) ()
=5+ ((s+t)s+ts) cos(ts(s+1)) + ((t%)ts — (?)s) sin(sz)
=5+ (s2+2t5)cos(ts(s+1)) .

af _ 9f 9 of dy | 9f 9z

@D y=%stTrastas
= (14 ycos(xy) — zsin(xz))t + xcos(xy)
=1+ ((s+1)s+1s)cos(ts(s+1)) — ((2)

=5+ (s2+2ts5)cos(ts(s+1)) — 2ssin

=
~lw

Implicit Differentiation

Sometimes a function can be defined implicitly by an equation of the form f(x,y) = 0. We can solve y in terms of x to have a function
y = y(x) such that f(x,y(x)) = 0 for all x. For example, consider the following equation 2y + 8x = 6. We can rewrite the equation as
y =3 —4x which is in the form y = f(x). By taking the derivative, we have % =—4.

Alternatively, we know that y is a function of x i.e. y = y(x). By differentiating the equation 2y + 8x = 6 implicitly, we have

dy dx db
2—+4+8—=—
dx+8dx dx
ZQJrS =0
dx
Now, rearrange to have %,
dy dy 8
2—+8=0=>—=—-=—4
dxJr - dx 2

and this what we obtained before.

Suppose we cannot find y explicitly as a function of x, only implicitly through the equation F(x,y) = 0. For example, consider a circle of
radius r centered at the origin and represented by the formula x2 4+ y> = 2. The graph of the circle is not the graph of a function because
it fails the vertical line test. By solving y in terms of x, we have y = £v/r2 — x2. This formula of the circle cannot be expressed as one
function, so how we can find %. The answer is by implicit differentiation.

We know that F(x,y) = 0 defines y as a function of x, y = y(x). Now, differentiate both sides of F(x,y(x)) = 0 by using the chain rule.

This implies
oF oF dy dy  OF/ox

Wty a7

dx  OF /oy’

The following definition summarizes the implicit differentiation.

Definition 6.8

1. Suppose that the equation F(x,y) = 0 defines y implicitly as a function of x, y = f(x) such that f is differentiable. Then,
dy_ _E
dx  F°

2. Suppose that the equation F (x,y,z) = 0 defines z implicitly as a function of x and y, z = f(x,y) such that f is differentiable.

Then,
%:—Qand%:—ﬁ.
ox F, ox F,

m Example 6.11 Let y> —xy+ 3> =0, find 2.

Solution:
Let F(x,y) = y* —xy+43x> =0, then F;, = —y + 6x and F, =2y —x. Hence,

@7 F; —y+6x y—6x

dx F B 2y—x  2y—x’
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m Example 6.12 Let F(x,y,z) = x>y +z> + sin(xyz) = 0, calculate (1) % ?2) 3—;

Solution:
Fy = 2xy +yzcos(xyz), Fy = x> +xzcos(xyz) and F; = 2z +xycos(xyz). Hence,

) 9z F _ 2xy+yzcos(xyz)
dx F, 2z +xycos(xyz) |

) dz _ F 7x2+xzcos(xyz)
dy F, 2z+xycos(xyz)
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1-26 MFind f., fy, fo and fyy.

1 flx,y)=2x* —xy? +3y+1

8 f(x,y) =2xsin(x%y)

9 f(x,y) =x?siny+y?cosx
10 /(x,y) =x"+x°+y

1 flxy) =xy +x7

12 f(x,y) =2 +x+2* +y

13 f(x,y) = y3 +xy* —3x—3y

Exercises

14 f(x,y) = %lnx

15 f(x,y) = i

16 f(x,y) =x*+xy—»
17 f(x,y) = In(x —y)
18 f(x,y) =xcosy—+ye"

19 f(x,y) =ysinxy

20 f(x,y) =4x> —8xy* +7y° -3
21 f(x,y) =sinxy

22 f(x,y) =x> +3x%y+y? +4x+2
23 f(x,y) = x>y +4xy’

24 f(x,y) = x*tany +y?

25 f(x,y) = Iny +xy*

26 f(x,y)=x’y—yx

27-41 M Find fy, fr;. fyz, and f; at the given point.

27 f(x,y,z) = xcosz+x2y>¢, (1,1,0)

28 f(xvyaz) = 2y7 sin(xz), (07 170)

29 f(x,y,2) =In(z+xy%), (1,1,1)

30 f(x,y,2) =x>+xy+y*2, (1,—-1,1)

31 f(x,y,2) =xy+yz. (2,2,1)

32 f(xy.z2) =xz+x+y*z (1,-2,1)

33 f(xayaz) =x2y+xz3, (73725 1)

34 f(x,y,2) =xyz—e%, (0,1,0)

35 f(x,y,2) =x*+yz+22°, (1,0,0)

36 f(x,y,z) = cosxy+ 222 +xy223, (0,0,—1)

37 f(xy,z) =4xly+zx+y, (1,1,1)

38 f(x,y,2) =32 +29% +xy° +2% (1,-1,1)
39 f(xy,z) =x*+xy?+y%2%, (1,1,1)
40 f(x,y,2) =x>+x%2 +2y° +2x+ 2, (2,2,1)

41 f(x,y,2) =xyz+y*+x° 4z, (1,-1,2)
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V) 4y x=s+12y

at the given point.

=x242xy,x=2s+1,y=slnt, (1,1)

x%y, x =sin(st), y =12 — 52, (0,1)

=st, (1,-1)

,x=3t,y=s+t,(-1,1)

)
)=
)=
)=
) =xy%, x=sint, y=s(t>+1), (1,1)
)=
)=
)=
)

(11

xyln(xy), x =s+1,y=2st, (1,1)

X,%,2) =y tan(xz) +cosy, x = 5’1, y=1%z

fy,2) = xXyz, X =12 45, y*stz*t3(1 1)

Exercises
42-57 MFind % and ¥
flxy
fle,y) =x2y, x=s2, y=s3, (—1,1)
flx,y) =xy,x=st,y=1>—s%(1,1)
Sy
flxy
f(x,y) = cos(x?
flxy)=e"
flxy
flx,y _— ,Xx=s1,y =5
I
f(
I
f( (
f( (
I
f(

X03) =
X02) =
X,y,2) = &V x =345, y=52z=1>(1,1)
X,%,2)

x4+y)x=t+s,y=st,z=1>(1,-1)

cosx+y)z, x =2t+s,y=st,z="73t (1,1)

=xtyz,x=ssint,y=1>+1,z=s+1 (1,1)

x,y,z) =y—+cos(xy) +sin(xz), x=st,y=s+t,z=t(s+1) (1,1)
=st (0,1)

58 - 75 M By using the implicit function differentiation, find %

=324y} =5

X—/Xy+3y=4

4x+6y=>5
x2+y2 =1
4y+2x=28
V+x2=16
593 +4x° =20
)624-y3 =2
Y- (2-x) =

0

67
68
69

70 y2

71
72
73
74
75

ysiny+x=1
K4y —4=0
V- +2x=2
—2>+5y=1
x2y3+x:2
Inx+Iny=4
sin"'lx—y=0
V14222 = 2xy

23 +x2y+y3 =1
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Chapter 7

DIFFERENTIAL EQUATIONS

Definition of Differential Equations

A differential equation is an equation which contains derivatives of the unknown. There are two classes of the differential equations:
ordinary differential equations (O.D.E.) and partial differential equations (P.D.E.). In this book, we only consider the ordinary differential
equations.

Definition 7.1 An equation that involves x,y,y’,y”,y",y®) . ...,y for a function y(x) with n" derivative of y with respect to
x is an ordinary differential equation of order n.

= Example 7.1
y =x2 +5 is a differential equation of order 1.

y" +x(y')® —y = x is a differential equation of order 2.

(y#))3 +x2y" = 2x is a differential equation of order 4.

[ Remark 7.2 y = y(x) is called a solution of a differential equation if it satisfies that differential equation.

m Example 7.2 Verify that y = 3x 4 4x is a solution of the differential equation y' = 6x +4.

Solution:
We want to see whether the function y satisfies the equation. By taking the derivative, we obtain y' = 6x +4 and this is the given
differential equation.

Note:

. ¥y =y(x) + ¢ is the general solution of the differential equation.

. If an initial condition was added to the differential equation to assign a certain value for ¢, then y = y(x) is called the particular solution

of the differential equation.

m Example 7.3 Verify that y = 4x> +2x% + x is a solution of the differential equation y' = 12x* +4x+ 1. Then, with the initial condition
¥(0) = 2, find the particular solution of the equation.

Solution:
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First, we want to check whether the function y satisfies the differential equation. By taking the derivative, we have y = 12x> +4x+ 1
and this is the given differential equation. Hence, y = 4x> 4+ 2x2 4 x + ¢ is the general solution of the given differential equation. Now,
since y(0) = 2, then

¥(0) =40° +20° +0+c=2=c=2.

Therefore, y = 4x> + 2x? 4+ x + 2 is the particular solution of the differential equation y' = 12x? 4+ 4x+ 1.

7.2 Separable Differential Equations

A differential equation is separable if the equation can be written in the form

M(x)+N(y)y' =0
where M(x) and N(y) are continuous functions and y’ = %.
To solve the separable differential equation, we have the following steps:
1. Write the equation as M (x)dx + N(y)dy = 0. This implies N(y)dy = —M (x)dx.

2. Integrate the left-hand side with respect to y and the right-hand side with respect to x: [ N(y)dy = [ —M(x)dx.

3. Solve for y to write the solution in the form y = y(x).

m Example 7.4 Solve the differential equation y' — y?e* = 0.

Solution: Manipulate the differential equation to become N(y)dy = —M (x)dx.

d d
y—y=0= & :yzexé% =e"dx
dx y
:>/y_2 dy= /ex dx integrate both sides
-1
:>y—1 = +c
1 .
=y = solve for y
e“+c

m Example 7.5 Solve the differential equation % =y2¢*, with y(0) = 1.

Solution: Write the differential equation in the form N(y)dy = —M (x)dx.

d d
—yzyx:>—y=xdx
y

dx
1 . .
i/ —-dy= /x dx integrate both sides
y
=Inly|=x*+c
=y= &t solve for y

With y(0) = 1, we have 1 = ¢°. This implies ¢ = In(1) = 0. Hence, the particular solution is y = e

m Example 7.6 Solve the differential equation dy — (1 + y*)sinx dx = 0.
Solution: Write the differential equation in the form N(y)dy = —M (x)dx.

dy
dy— (1+y?)sinx dx =0=—"— =sinxd
y— (1+y~)sinx dx 1) sinx dx
1
:>/72 dy:/sinx dx integrate both sides
I+y
:>tan_1y:—c0sx+c

=y =tan(—cosx+c) . solve for y by taking tan function for both sides
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m Example 7.7 Solve the differential equation % — %y = %, with y(0) = 4.

Solution: Manipulate the differential equation to become N(y)dy = —M (x)dx.

dy 1 3 _d d
G _ 20D 3, D oy,

ax 22727 "ax 31y
1
i/— dy = /2 dx integrate both sides
3+y
=In|3+y/=2x+c¢
=y=¢tC 3, solve for y

With y(0) = 4, we have 4 = ¢° — 3. Hence, e = 7 and this implies ¢ = In(7). Therefore, the particular solution is y = 7¢** — 3.

m Example 7.8 Solve the differential equation e sinx —y' cos?x = 0

Solution: Write the differential equation in the form N(y)dy = —M(x)dx.

2 .
. _, cos“xd . sinx
e Vsinx—y cos?x=0=e ¥ — — D)= = 5
sinx dx Cos“x
:>/ey dy = /tanx secx dx integrate both sides

=e’ =secx+c

=y=In|secx+c|. solve for y by taking In for both sides

m Example 7.9 Solve the differential equation y’ = 1 —y+ x> —yx? .
Solution: Write the differential equation in the form N(y)dy = —M (x)dx.

Y=1-y+22 =y =y = (1—y)+22(1—y) =dy = (1 —y)(1 +2?)dx

1
:>/ 1 dy= /(l +x?) dx integrate both sides

-y

X3
= —In|l —y| :x—i-?—O—c
o
=1—y=e¢ (50 solve for y
—1_ 7(x+£+c)

=y=1—e 3 .

7.3 First-Order Linear Differential Equations

The first-order linear differential equation has the form

Y +P(x)y=0(x),

where P(x) and Q(x) are continuous functions of x.
To solve the first-order linear equation, first rewrite the equation (if necessary) in the standard form above, then multiply both sides by
the integrating factor u(x) = e/ P(Y) 4% This implies
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¥ +P(x)y = 0(x) = u(x)y! +u(x)P(x)y = u(x) Q(x)

= () 9+ P P (x)y = ()0)

= () %+ L (TP 4 = )00
= ) 2 5 00

From this, to solve the first-order linear differential equation, we do the following steps:
. Compute the integrating factor u(x) = e/ P(¥) dx,

. Find the general solution by using the formula:

9@ = o [ )0 d.

= Example 7.10 Solve the differential equation x% +y=x+1.

Solution: Write the differential equation in the form y’ + P(x)y = Q(x).

d 1 241
x—y+y:x2+1:>y'+fy= .
dx X X

. 2 . . . 1
From this, we have P(x) = % and Q(x) = "TH Hence, the integrating factor is u(x) = e/ x 4 = Ml = x.
The general solution of the first-order linear differential equation is

xZ
)= [ ax

m Example 7.11 Solve the differential equation y' — %y = x%e*, with y(1) =e.

Solution: The differential equation is in the form y’ + P(x)y = Q(x) where P(x) = —% and Q(x) = x?¢*. Hence, the integrating factor is
ulx) = o2/ 1 dx _ ,—2In 2

The general solution of the first-order linear differential equation is

M =X

With y(1) = e, we have e = 1 + ¢ and this implies ¢ = ¢ — 1. The particular solution is y = x*(e* +e— 1).

m Example 7.12 Solve the differential equation y' +y = cos(e*) .
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Solution: The differential equation takes the form y’ + P(x)y = Q(x) where P(x) = 1 and Q(x) = cos(e*). Hence, the integrating factor
is p(x) = e/ 1d¥ = ¢,
The general solution of the first-order linear differential equation is

yx)=e* / e cos(e¥) dx I Use integration by substitution
with u = ¢* and du = ¢* dx

=e *(sin(e") +c) .

m Example 7.13 Solve the differential equation xy’ —3y = x .

Solution: The differential equation is in the form y’ 4+ P(x)y = Q(x) where P(x) = —3 and Q(x) = x. Hence, the integrating factor is
,u(x) — ol 3dx — ,=3x

The general solution of the first-order linear differential equation is

_ 3 -3
y(x) =€ / xe dx I Use integration by parts with
u=xanddv=e 3 dx
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Exercises
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1-16 M Solve the differential equation.

x*dy+y*dx =0
cos?xdy —y*dx =0
x% —2y= X3 secxtanx
y=1+y
Y 43y=e

% = (1+y?)sinx
Y4+y=e*

xy —y=x3¢*

10

11

12

13

14

15

16

Exercises

2e™* x>0

xy —y=x
2y —y=4

/3324 2x—1
Y =5

y' =ycosx
xy 42y = 453
Y-y=e

Y+ ray=1

dy 1
&ty =0

17 - 40 M Solve the differential equation with the given initial condition.

Y+2y=xy(0)=1

Bl

% +2y=¢"",y(0) =
% —2xy=x,y(0)=0
(1+x%)y +4dxy = T Y0 =1
xy' +y=sinx, y(§) =2
y=e5(0) =
xy +2y=4x2, y(1) =2

dy 24 4x+2
A} :MTH’y(O):,l

dx

y =3x%+3x2%y,y(0) =0
xy +y=x3y(-1)=3
Y —1ly=xy(1)=2

¥y =y =0,y(0)=1

29

30

31

32

33

34

35

36

37

38

39

40

2
y = 1532)( ,y(0)=1

cosxy + sinxy = 2cos xsinx, y(§) =3v2,0<x< §

d
& =5 (1) =5

2 g
ylz%’y(l):_g

Yy = e S sec(y), y(0) =
xy +y=x3y(1)=-3

Y =520 =0

y =2x242x%y%,y(0) =0

xy +2y=x*—x+ 1, y(1)

0

—1
-2
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Chapter 8

Polar Coordinates System

Polar Coordinates

So far we have used functions of the form y = f(x) or x = f(y) to describe curves by determining points (x,y) in a Cartesian (rectangular)
coordinate system. In this chapter, we are going to study a new coordinate system called a polar coordinate system. Figure 8.1 shows the
Cartesian and polar coordinates system.

Definition 8.1 The polar coordinate system is a two-dimensional system consisted of a pole and polar axis (half line). Each
point P in a polar plane is determined by a distance r from a fixed point O called the pole (or origin) and an angle 6 from a fixed
direction.
:}J' M
P(x1,71)
B 5 ) P .
*1 x Pole Polar axis

Figure 8.1: The Cartesian coordinate system (on the left) and the polar coordinate system (on the right).

Note:
. The point P in the polar coordinate system is represented by the ordered pair (r,0) where r and 0 are called polar coordinates.

. The angle 6 takes positive numbers if it is measured counterclockwise from the polar axis, but if the angle is measured clockwise, it
takes negative numbers.

. In the polar coordinate system, if » > 0, the point P(r,0) will be in the same quadrant as 8. However, if < 0, the point will be in the
quadrant on the opposite side of the pole. That is, the points P(r,8) and P(—r, ) lie in the same line through the pole O, but on opposite
sides.

. In the Cartesian coordinate system, every point has only one representation while in the polar coordinate system, each point has many
representations. The following formula gives all representations of the point P(r,8) in the polar coordinate system
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P(r,0+2nm) =P(r,0) =P(—1r,0+(2n+1)n), neZ. ]
N
P(r,6) jrea)
- rs
// ///
S/
d
/ P
//W % )
i ) 5
= Polar axis / olar axis
S0
Y ) Wi
\\\
\\\ /
\‘ P(—1,8)
P(r,—6)
P(r,6)
lig'r,ﬂ) = P(r,0 +2n) p
S/ P(-1,6+m)
vd el
o S
/ gl 71}(/ ax// //
/ =
( ///9+2‘? //93
| LY !
\ /8 J m ‘ Polar axis
\\ . /"‘ Polar axis /"\//
P(r,0 +m)
7

Figure 8.2

= Example 8.1 Plot the points whose polar coordinates are given.

1) (2,5n/4)

2) (2,-3m/4)
3) (2,13n/4)
@ (=2,7/4)
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Solution:
(€))

3

.

Figure 8.3

)

@

The Relationship between Cartesian and Polar Coordinates

Let (x,y) be a Cartesian coordinate and (r,0) be a polar coordinate of the same point P. Let the pole be at the origin of the Cartesian

i

coordinates system, and let the polar axis lies on the positive x-axis and the line 8 = 5 lies on the positive y-axis as shown in Figure 8.4.

From the right triangle, we have

X
cos 6=-=x=rcos O and
r

sin GZX:>y:rsin6.
r

Hence,
x> +y? = (rcos0)? + (rsin6)?
= r*(cos’ 0 +sin*0)

=2 cos?0+sin?0 = 1

i e 22 2 2 —
This implies, x~ +y~ = r~ and tanG-%forx;éO.

The previous relationships can be summarized as follows:

y If

Figure 8.4: The relationship between the Cartesian and polar
coordinates.
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X =rcosB, y=rsin8
tan =" for x#0
X

24y = 2

m Example 8.2 Convert from polar coordinates to Cartesian coordinates.

1 (1,m/4) (3) (2,—-2=n/3)
2 2,m 4) (4,3n/4)
Solution:

(1) From the polar point (1,7/4), we have r =1 and 6 = J. Hence,

L 1
x=rcos 0= (l)cos — = —,
(eos 5= 5.
T 1
=rsin 0= (1)sin - = —.
y (sin 7 =75
Therefore, in the Cartesian coordinates, the point (1,7/4) is represented by (%, %)
(2) From the polar point (2,7), we have r = 2 and 6 = &. Hence,
x=rcos 0=2cos T=—-2,

y=rsin 8 =2sin 1 =0.

Hence, the polar point (2,7) is (—2,0) in the Cartesian coordinates.

(3) From the polar point (2, —2m/3), we have r =2 and 6 = _TM Hence,

x=rcos 0 =2cos %Zn:fl,

-2
y =rsin® = 2sin Tn =3
Therefore, the Cartesian coordinate (—1, —+/3) is the point corresponding to the polar point (2, —27/3).

(4) From the polar point (4,31/4), we have r =4 and 6 = %”. Hence,

3
x=rcos 6 =4cos Zn:fZ\/i,

y=rsin 0 =4sin ??Tn =2V2.

In the Cartesian coordinates, the point (4,37/4) is represented by (—2v/2,2v/2).

m Example 8.3 For the given Cartesian point, find one representation in the polar coordinates.

@™ (1,-1) 3) (-2,2)
@) (2v3,-2) @ (1,1)
Solution:
(1) From the given Cartesian point, we have x = 1 and y = —1. Hence,
xz+y2 =r=r= \/i7
tanO:X:—léez—E.
X 4

In the polar coordinates, the Cartesian point (1,—1) can be represented by (v2, —F).
Remember, there are infinitely polar representations of the point (x,y) (see Note 4 on page 115).
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(2) From the Cartesian point, we have x = 2v/3 and y = —2. Hence,

2

x2+y2:r =r=4,

y -1 St
tanb==-=-—==0=—.
V3 6

Therefore, the polar point (4, %”) is one representation of the Cartesian point (2v/3, —2).

(3) From the Cartesian point, we have x = —2 and y = 2. Hence,
x2—|—yz:r2:>r:2\/§7

3n
tanez};):—lje:—.

4
The polar point (2v/2, %’t) is one representation of the Cartesian point (—2,2).

(4) From the Cartesian point, we have x = 1 and y = 1. Hence,
)62—0—y2 :r2:>r:\f27

tanG:X:1:>G:E.
X 4

The Cartesian point (1,1) can be represented by (v/2, ) in the polar coordinates.

In the Cartesian coordinates, the function y = f(x) is a dependent relation which can be represented by a curve in the Cartesian plane. In
polar coordinates, the function r = f(0) is a dependent relation between coordinates r and 8 which also can be represented by a curve

called a polar curve. For example, r = 2cos 0 is a polar equation represents the dependent relation between coordinates r and 6:

0 0 T s T T
6 4 3 2
2 V3 2/V2 |1 0
Table 8.1
m Example 8.4 Find a polar equation that has the same graph as the equation in x and y.
1) x=-5 3) 2+y2=2
2) y=3 4) y*=9%
Solution:

(1) x=7=rcos 6 =—-5=r=—5sech.

2) y=—3=rsin =3 =r=3csch.

3) xz—k—y2 =2=r*cos® O+ r*sin®> 6 =2
= r%(cos? 8 +sin® 0) =2
=r2=2.

4) y* =9x = r’sin’> 8 =9rcos 0

= rsin® 8 =9cos O
= r=9cot Bcsc 6.

m Example 8.5 Find an equation in x and y that has the same graph as the polar equation.

1 r=4 (3) r==6c¢co0s 0
(2) r=3sin 6 (4) r=sec 6
Solution:

1) r=4= \/x2+y2:4:>x2+y2:4.

2) r:3sin9:>r:3¥:>r2=3y:>x2+y2:3y:>x2+y273y=0.
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(3) r=6cos 9:>r=6’;‘:>r2:6x:>x2+y276x:0.

@ r=secO=r=_ls=rcos0=1=x=1.

Polar Curves

Before starting sketching the polar curves, we study symmetry in the polar coordinates system.
H Symmetry in Polar Coordinates

Theorem 8.2
1. Symmetry about the polar axis.
The graph of r = f(0) is symmetric with respect to the polar axis if replacing (r,0) with (r, —8) or with (—r,®T — 0) does
not change the polar equation.

2. Symmetry about the vertical line 6 = %
The graph of r = f(8) is symmetric with respect to the vertical line 8 = F if replacing (r,0) with (r,©t— ) or with
(—r,—8) does not change the polar equation.

3. Symmetry about the pole 6 = 0.
The graph of r = f(0) is symmetric with respect to the pole if replacing (r,8) with (—#,0) or with (r,0 +7) does not
change the polar equation.

y ¥ ¥y
(nn iy 9) (T: 6] (TJTE i B)q 1 ,. (T' 9] — ’/’ (T, Bj
\ / (~r,-8) \ f A/
7 \ ,/f ‘_."QS /\
/% \ /® [l WA |
/o) ) w |a)
Pole \_Ei I‘: Polar axis Pole RB L: Polar axis Paly Polar axis
\ur \L /
\ (-r,m 1) K /
(r,—f) *(r,—f)
(=n,0)=(r,n +6)

Figure 8.5: Symmetry of the curves in the polar coordinates system. (A) symmetry about the polar axis, (B) symmetry about the vertical line 6 = %

and (C) symmetry about the pole 6 = 0.

m Example 8.6

(1) The graph of r = 4cos 6 is symmetric about the polar axis. By replacing (r,0) with (r,—8), we have
4cos (—8) =4cos O =r, thus (,0) = (,—6) .
Also, by replacing (r,0) with (—r,T —8), we have
—4cos(m—0) =4cos 0 =r, thus (r0)=(—r,n—0).
(2) The graph of r = 2sin 6 is symmetric about the vertical line 6 = 5. By replacing (r,0) with (r,m —8), we obtain
2sin (t—0)=2sin 8=r, so (,0)=(r,w—0).
Also, by replacing (r,8) with (—r, —6), we have
—2sin (—0) =2sin 8 =r, so (r0)=(-r,—0).
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(3) The graph of 2 = a?sin 26 is symmetric about the pole. If we replace (r,0) with (—,0), we have
(=r)> = a®sin 20 and this implies r> = a”sin 20, thus (1,0) = (—r,0) .

Also, if we replace (r,0) with (r,0 + 1), we have

r* =a*sin (2(n+0)) = a’sin (2n+20) = a*sin 26, thus (r,0) = (n6+7) .

M Some Special Polar Curves

H Lines in polar coordinates system

1. The polar equation of a straight line ax+by =cisr = m .
Since x = rcos 0 and y = rsin 0, then

c

ax+by=c=r(acos 0+bsin ) =c=r= (acos 05 bsin 8)

2. The polar equation of a vertical line x =k is r = ksec © .
Let x = k, then rcos 6 = k. This implies r = ﬁ =ksec 0.

3. The polar equation of a horizontal line y = k is r = kcsc 6.
Let y =k, then rsin © = k. This implies r = Si]f g = kcsc ©.

4. The polar equation of a line that passes the origin point and makes an angle 8y with the positive x-axis is 6 = 0.

m Example 8.7 Sketch the graph of 6 = 7.

Solution:

We are looking for a graph of the set of polar points:

b
P(S'Z)

T
P(6.Z)

{(r79) |7r€ R} P(l.g)
9 T T T [ & & | T 7\
—46 _43 _41 14 é‘ g . i Polar axis
"4

Table 8.2

Figure 8.6

M Circles in polar coordinates system

1. The circle equation with center at the pole O and radius |a| is r = a.
2. The circle equation with center at (a,0) and radius |a] is r = 2acos 8.
3. The circle equation with center at (0,a) and radius |a| is r = 2asin 6.
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YA

NI

a T r = 2asind
a<0

VA
@ - r = 2asin@
/_\/_\ a>0
1 f
UU
T =2acos@ r =2acos@
a << a>>

Figure 8.7: Circles in polar coordinates.

m Example 8.8 Sketch the graph of r = 4sin 6.

Solution: Note that the graph of » = 4sin 6 is symmetric about the vertical line 8 = % since 4sin (1 —6) = 4sin 6. Therefore, we restrict

our attention to the interval [0,7/2] and by the symmetry, we complete the graph. The following table displays the polar coordinates of
some points on the curve:

T T T T
0 0 3 ] 3 2
0 2 4/v2 |23 | 4
Table 8.3
-
"o o
(2.4 —— PCZ.4)
o223 oAl el P( =, 2v3)
™M ’ 3
P( = 4p2) / P(Z 4T
T
)
= \ =
P(5.2) \ P(5.2)
¥ ~.
Polel”©-0) Polar axis X Polel 0-0) Polar axis x
\

Figure 8.8: The graph of the polar curve r = 4sin 6.

M Cardioid curves
1. r=a(l=£cos 6) 2. r=a(l+sin 6)

r=a(l+cos 0) r=a(l—cos 0)
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By

“:Z N

r=a(l+sin 0) r=a(l—sin 0)

¥4 vy

2a

2a

Figure 8.9: Cardioid curves.
m Example 8.9 Sketch the graph of r = a(1 — cos 6) where a > 0.

Solution:
The curve is symmetric about the polar axis since cos (—8) = cos 6. Therefore, we restrict our attention to the interval [0, 7] and by the
symmetry, we complete the graph. The following table displays some solutions of the equation » = a(1 — cos 0):

T T 21
0 3 2 3 T
r 0 a/2 a 3a/2 | 2a
Table 8.4
H Limacons curves
1.r=a+xbcos 0 2. r=a=xbsin 0

r=a-+bcos 0
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¥y ¥y
2% 3a 2% 3a
A 6 g Cax n
P([5.a) P([5.a)
E T a E T a
L Baw
P(m 2a) P(m 2a)
- 7% = :
Pole Polar axis \ Pole ] Polar axis
% & 2
~ |
-~ — — -
Figure 8.10: The graph of r = a(1 —cos 6) where a > 0.
y y y
g ¢ -2
! l<p<2 a

a,
a
ath ath ath
2 x

—a

B
=Y

|
=

r=a—bcos 0

ath at+h ) ath

\.

Figure 8.11: Limacons curves r = a=+bcos 6.

r=a-+bsin 6
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y v "
ath a+bh
at+bh
a1 i
- 1<5<2 .
—>
=
—a a 2 — N0 £
—~— |0 x
r=a—>bsin 0
V4
V4 ¥
@ gzz
—<1 l<-<2
b -~
e —a _-\ a x
—a (28 x —a a X

Figure 8.12: Limagons curves r = a+bsin 6.
H Roses
1. r =a cos (nB)

2. r=a sin (n®) where n € N.

r=a cos (n0)

n=1

r=a sin (n8)
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Figure 8.13: Roses in polar coordinates.
Note that if n is odd, there are n petals; however, if # is even, there are 2n petals.

M Spiral of Archimedes
r=a®

a>0 a<0

rAD N
R N

Figure 8.14: Spiral of Archimedes.

Area in Polar Coordinates

In chapter 5, we have seen how to compute area of the region under a function f(x) over the interval [a,b]. Now, consider what happens
if we use a polar function r = f(0) for 0 in the interval [a,3]. Let r = f(8) be a continuous function on the interval [, B] such that
0 <o <P <2m Let £(8) > 0 over that interval and R be a polar region bounded by the polar equations r = f(0) from @ =oto 6 =3
as shown in Figure 8.15.

¥

G =«

Figure 8.15: Areas in polar coordinates.

To find the area of R, let P = {0;,0,,...,8,} be a regular partition of the interval [o,p]. Consider the interval [0;_1,0;] where



Area in Polar Coordinates

AB; = 6; —8;_1. By choosing ®; € [0;_1,6;], we have a circular sector where its angle and radius are A8; and f(w;), respectively. The

area between 0,_1 and 0; can be approximated by the area of a circular sector.

Let f(u;) and f(v;) be the maximum and minimum values of f on
[6;—1,0;]. From Figure 8.16, we have

Figure 8.16

1 2 1 2

3 [f(ui)]"A6; <M; < 3 [f(vi)]"A6;

— —

Area of the sector of radius f(u;) Area of the sector of radiusf(v;)
By summing from i = 1 to i = n, we obtain
n 1 2 n n 1
Z 2 [f(”t)} AB; f(u;) < ZAAi < Z 2 [f(Vt)} AB; f (vi)
i=1 i=1 i—1
i i i
=A

The limit of the sums as the norm ||P|| approaches zero,

lim —
[IP||—0;2 2 [[P||—=0;2

Therefore,

n n B
Y, 5 )] 80if ) = Tim 33 ()] *a05 ) = |

B
A= %/a (£(6))* a0

Similarly, assume f and g are continuous on the interval o, B] such that f(8) > g(8). The area of the region bounded by the polar graphs

of f and g on the interval [, B] is

m Example 8.10 Find the area of the region bounded by the graph of the polar equation.

1) r=3
(2) r=2cos 6
(3) r=4sin 0

4 r=6—06sin 6

Solution:
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(1) From Figure 8.17, the area is

1 [2n ) 9 [2n 9 21
A=~ de = - dé=-16| =9m.
b’ 2/0 ;10], =om

Note that we can evaluate the area in the first quadrant and multiply
the result by 4 to find the area of the whole region i.e.

T

A=4(%/0%32d6) =2/O%9d6:18[6]§=91c.

(2) We find the area of the upper half circle and multiply the result by 2
as follows:

A:2<1/§(2<:os 0)? de) = /74(:0s2 6do
2 Jo 0

:2/5(1—1—005 26) d6
0

:2[64— sin 26]3
5
=T.

(3) From Figure 8.19, the area of the region is

1 (7 16 (™
A:,/ (4sin 0)2dB=— [ (1—cos 260) d6
2 Jo 4 Jo

=4[97 sin229]z
:4[n—0]
=4m.

y
-
i . r=3
/ A \
r/ \\
[ rl \
5 VI 2 1 1 P 3 ] ™
\ N
\ /
e _d
|,
Figure 8.17
YT
L _rE 2cosf
/ \
| . | |
1 05 05 1 15 : 25 1|
\\ /
,,&5\
o, | ,.//
Figure 8.18
y
VN r=4sinf
//‘ Y

Figure 8.19
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(4) From Figure 8.20, the area of the region is
1 r2n 2
AZE/@ 36(1 —sin 6)~ d6

21
- 18/ (1—2sin 0+ sin® 8) 46
0

in 20127
- 18[e+2cos gy O sin 9]
27 "2 Jo

- 18[(2n+2+n)—2}
= 54m.

T8 r=6(1-sind)

-
i N

Figure 8.20

m Example 8.11 Find the area of the region that is between the curves » = 2 and r = 3 in the first quadrant.

Solution: The region bounded by the two curves r; =2 and r, = 3 is displayed in the figure.

Azé/j(r%fr%)dG
:%/Oisde
-3 09,
5
=513-9

_sm
s

7

Figure 8.21

m Example 8.12 Find the area of the region that is inside the graphs of the equations = sin® and r = v/3 cos 6.
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Solution:
First, we find the intersection points of the two curves

sin 8 = v/3cos 6 = tan e:ﬂ;»e:g.

The origin O is in each circle, but it cannot be found by solving the
equations. Therefore, when looking for the intersection points of

the polar graphs, we sometimes take under consideration the graphs.

The region is divided into two small regions: below and above the
line Z.
3

Region(1) is in the interval [0, %].

Region(2) is in the interval [§, 7].

[SE}

Az:%/f(\/gcos 0)2 do — [[(1+c0529)d9
3 3

sin 26]§
3

BlW BW BW AW
[\®)

Total area A = A| +A, = % _ é.

y
T
r= smV Tame ol
‘ A \7 =3cosd
Lo/ \
\ I// J \
[/ \
o
. , ; ’/ . || ;
3 s 05 os 1 1s] & 25 3 %
\ /J
145 //
-] -
Figure 8.22
YT
n
R sinV el
| 7\ \r =3cosd
106/ \
K/ | ) \
/ Z,/ \
A S R T NN/ S VN I S
2 A5 a1 s 05 1 15| ¢ 25 3 X
\\ /j
145 /’/
iR T
Figure 8.23
yT
T
F= sinV g
| 7\ \r =3 cosd
__0/5/ J \
/ \
[/ \
2 s 05 os 1 1s] 4§ 25 3 %
“.\ /J
145 /
-1
Figure 8.24
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m Example 8.13 Find the area of the region that is outside the graph of = 3 and inside the graph of » =2 +2cos®.

Solution: The intersection point of the two curves in the first quadrant is

1
2+2cos =3 = cos 9:§:>6=§.

As shown in the figure, we find the area in the first quadrant, then we double the result to find the area of the whole region.

A=2(%/0% (4(1+cos 8)2—9) d6)

:/§ (4(1+2cos 8+cos® 8) —9) d@
0

:/5(8005 0-+4cos® B—5) do
0
= [SSin 0+ sin 29—39}5

9
- \V3-m
2 T

Figure 8.25
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Exercises

1-8 M Find the corresponding Cartesian coordinates for the given polar coordinates.

(2,%) 5 (%)

(1,%) 6 (3,2m)

(=2,%) 7 (-7.%)

(3,7) 8 (3,%)

9-16 M Find the corresponding polar coordinates for the given Cartesian coordinates for r > 0 and 0 < 8 < .

(1,1) 13 (V3,1)

(1,V3) 14 (3,5)

(~1,1) 15 (~1,13)

(V3,3) 16 (3,0)

17 - 24 M Find a polar equation that has the same graph as the equation in x and y and vice versa.

x=4 21 ¥ =2y

x2+y2=5 22 x2—y2:9x

r=csc 0 23 r= ﬁ

r==6cos 0 24 r=2-3sin 0

25 -28 M Sketch the curve of the polar equations.

r=>3sec 0 27 r=2+2sin 0

r=4cos 0 28 r=3+2cos 0

29 - 34 M Find the area of the region bounded by the graph of the polar equation.

r=3sin O 32 r=4cos 0

r=1+sin 0 33 r=6(1+cos 0)
=2 34 r=2(1—sin 0)

gS_ -41 M Find the area of the region bounded by the graph of the polar equations.
inside r =2

between r =2 and r =3

inside r =1+ cos 0 and outside »r = 3cos 0

inside r =2+ 2cos 0 and outside r =3

outside r =2 —2cos 6 and inside r =4

inside both graphs r =1+ cos 8 and r = 1

inside both graphs r = 2cos 0 and r = 2sin 0
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Appendix (1): Integration Rules and Integrals Table

| Integration Rules:

/(f(x):tg(x)) dx = /f(x) dx;t/g(x) dx

/ kF(x) dx =k / F(x) dx

. Elementary Integrals:
/xra'x: );%II if r#—1
/ sinx dx = cosx

/icosx dx = —sinx
/sec2 X dx = tanx

/csc2 xdx = —cotx

. Inverse Trigonometric Integrals:

sin™!xdx =xsin"lx+

1-x2+4c¢

1
tan~ ' xdx=xtan"lx— Eln(l +22) +¢

1 n+1
X sinT xdx =

_ X”+1
¥ tan xdx=

+1
¥ sec  xdr= T se
n+1

—
n+1 an

-1

1
-1 o R
n+lsm ! n+l,/4/1,x2

/secflxdx:xsecfleln\)ﬂr Va2 —1]+c

1 o
¢ ly— —/7
n+1 /x2 1

xJH»]
dx+cifn#—1

1
n+1,

_XVH»I
/m dx+cifn#—1

dx+cifn#—1

/secx tanx dx = secx

/cscx cotx dx = —cscx

L1 X
dx=sin"!' =
a

/’ 1

J J2_2
1 1 1 x

/uz +a2 dv= a tan a

1 X
=—sec | =|
a a

1
—d



Appendix

134

. Trigonometric Integrals:

in2x
/sinzxdx:%— S"l +c

/coszxdxz §+ m; +c

/lanzxdx:lanx—x+c-
/cotzxdx: —cotx —x+c¢
3 1 1
sec’ xdx = 3 secx tanx + 3 In|secx + tanx|+c
3 1 1
sec’ xdx = 5 osex cotx+ 2 In|cscx — cotx | +c

. |- n—1 [ .,
/sm"xdx:—— sin" ! x cosx+ 7/sm" 2xdx+c
n n

1 _ . n—1r _
/cos"xdx: — cos" ! x sinx+ —— /cos" 2xdx+c
n n .

n—1

-1

t:
/lan"}cdx: ar_x —/tan"fzxdx-%—cifn#l
n

cot" ! x _ .
/cot”xdx:— 1 —/cot" Zxdx+tcifn#1

/sec"xdx:
/csc”xdx: -

/sin" x cos"xdx=—

1 -2
I sec" 2 x tanx+ - 1 /sec"’zx dx+cifn#1
— n—

1 -2
I esc" 2 x cotx + n=c 1 /csc"’2xdx+cifn7él
— n

1 mtl

sin” ™" xcos' n—1

/sin"izx cos"xdx+cifn#m
n+m n+m

conkl m—1

sin""" xcos x  m—1 . _ .

er i /sm"x cos" 2 xdx+cifm#n
n+m n+m

/sin" x cosxdx =
/x” sinx dx = —x" cosx+n/x"7l cosxdx+c

/)(‘ cosxdx:x"sinx—n/,\)”l sinx dx+c

. Miscellaneous Integrals:
b
/x(ux+b)" dx="> - — Injax+b|+¢
a a
/x(ax+b)72 dx = L(In ax+b]| +L) +c
a2 ax+b

g (exb)" ax+b b )
/x(a,x+b) dxfiuz ) n—l)JrL

1 1 .
/(aziaxz)" B2 ((uziiz)”*' ””"”/m dx) ifn# -1

/xx/ax+bdx: 15%(3%—2h)(ax+b)3/2+c
a

2

" n. / —
/x wtbde= a(2n+3)

(x"(wc+b)3/2 —nb /lx'lfl Vax+b dx)

X 2
/\/ﬁ dx= m(cu—2b)\/ax+b+c

X 2 P
——dx=——— (X"V +b7b/7d
/m = ) Wb [ e d)
: 1 1 V4 b—+b
/7dx:—ln|u\+cifb>0
J xVax+b N Vax+b+vb

1 1 1 Jax+b .
——— dx= —tan —— +cifb<0
/)c\/ax+b V=b —b

1 ax+b (2n-3

)a/ 1
dx=—
axi b T b1 2= )b Wt
_ 2 B
/ Zaxfxzdx:¥\/2m7x2+%005*1(u)+6
a

dxifn#1

22 —ax—3a’ 3 E
/x\/chfxz dy="2T2T0 a2 %00571(2)41’
a

6

v/ 2ax —x2 oy
/ﬁ dx = \/2ax—x2+acos’l(u)+z:
X a

-V 2ax—2 2v/2ax— 2 -
/ \/w; o= Va2ar—x 7cos"(u)+c
p X X a
:cosfl(ﬂ)Jrc
a

dx
/ V2ax —x2
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- 2ax—x2+acos’l(ﬂ)+c
a

: X
——dx=
/ V2ax —x2

. 2 2
3, 3, —
/kidx:f(xJr <) \/2ax—x2+icos"(a o
J 2ax—x2 2 2 a

1 2ax — x2
/ dx=— +c
X\/ZG.X*XZ ax

)+c



Appendix (2): Answers to Exercises

Chapter 1:

1

2

3

20

21

22

23

24 GO LD

25

26

27

28

29 -

30 Y —

31

32

33

34

(r=2)* =2(x+4)
(=67 =-3(x-2)
(1) =(-1)
(=2 =120 1)
(+2)? =—2x
(=52 =-3(y-3)
(k=12 =4(y-2)
(x4 =-12(y+3)
(x+3)2 = —4(y+5)
(=1 =8(x-2)
(=47 =30+5)
(x+8)% =—-20(y—2)

(x=3)> =8(y—4)

[t
I

%o

+ 1

3

ot

2
+%& =1

622 2=

erD? | 2

16 25 1

7wt 1 =1
2 2

Y P i

T -9 =1

2 2
22

3% m=1

2072
16 6 —
2
I
=g =1
ﬁ_x271
579
2 2
y X
45— =1

(-7 022

8
V(1,-1),F(1,1),D:y=-3

V(2,-2),F(2,-9),D:y=—}

V(-2,3).F(-2,8)D:y=1

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

V(-2,-5),F(-2,-3),D:y=—4

V(L) F(1L).D:y=§
V(=3,~11),F(=3,-108),D:y=~11
V(5,~7),F(5,~613).D:y=-7%
V(~4,9),F(-4,85).D:y =94
V(4,-9),F(4,~83).D:y=-91
V1(5,0),V2(—5,0), F (V15,0), /> (—V/15,0)
Vi(6,0),V2(—6,0),F1 (4v2,0), F5(—4v/2,0)
V1(10,0),V2(—10,0), F (V51,0), /> (—V/51,0)
Vi(0.V7),V2(0,—V7), F1 (0,v2), (0, ~v2)
V1(7,0),V2(~7,0),F (v/13,0), /> (—/13,0)
V1(1,2),V2(=7,2),Fi (=3+7,2), (-3 —7,2)
V1(0,9),V5(0,-9),F; (0,3V/5), F>(0,—-3V/5)
V1(0,v/30),V2(0,—v/30). Fi (0,v/15), F> (0, —V/15)
V1 (V/55,0), V5 (—V/55,0), F (2V/7,0), F> (—2V/7,0)
V1(8,0),V2(—8,0),F1 (3/6,0), F>(—3/6,0)

V1 (3, -2+ V10),V5(3,—2— V/10), F; (3, -2+ V6),F3 (3,2 — V/6)
V1(0,7),V2(0,-3),F1 (0,6), F3 (0, ~2)
V1(0,7),V2(0,~7),F (0,3V/5), F> (0, ~3V/5)
V(=7,9),F(~7,8%),D:y=9%
V(-3,-4),F(~3,-33).D:y=—4}
V(4,-3),F(4,-2}).D:y=-3}%
V(-4,-3),F(~4,-34).D:y=-2§
V(5.3),F(5},3),D:x=43
V(=3,-1),F(-3},-1).D:x=-2}
VI(=3+5,4),Va(=3—/5,4),F (—1,4),F;(—5,4)
V(-1,3),F(-1,1),D:y=2
V1(5,0),V2(—5,0), F (v/34,0), F>(—/34,0)
V1(4,0),Va(—4,0), F1 (5,0), F1 (~5,0)
V1(0,7),V2(0,~7), F (0,V/74), F> (0, —/74)
V1(2,0),V2(—2,0), F1 (v/53,0), F>(—/53,0)
V1(5,0),V2(=5,0), F (v/106,0), /> (—/106,0)
V1(0,8),V2(0,~8),F1(0,/89), F» (0, —v/89)
V1(6,0),V5(—6,0), F{ (2/14,0), F> (—21/14,0)
Vi(1,2),Va(=7,2),F(2,2),Fy(~8,2)
Vi(7,0),V2(=3,0), Fy (2+ V41,0, F> (2 — v/41,0)
V1(6,13), V5 (6,-3),F1 (6,5+ v/89), > (6,5 — v/89)
Vi(5,5),Va(—13,5),Fi (—4 +2V/34,5), Fy (—4 — 2/34,5)
V1(0,V/10),V2(0,—v/10), F (0,/35), F2 (0, —/35)
V1(0,7),V2(0,—7), F(0,4/39), F5(0, —v/39)

Vi(—4,—3 +/5),Va(—4,—3 — \/3),Fi (=4, =3 + V6),F(—4, -3 —

V6)
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Chapter 4:

1

20

21

22

23

24

26
27

28

% tan(3x—5)+c¢

1 in%eh+c

3 sin2x+ %c052x+c

xsin~ a1 -x2 4 ¢

7%1n|x+1\+%1n\)(72|+c

%(2}(273)9#»0

3sin %Jrc
21

2
8
3
1
1

A1

1+ 55 V2
12
H
2
275

6
0
_ 1

20
L(5v5-22)
i)

2
%xz In|x| — %XZ‘FC
32

3
In(3) —In(e —2)
21n(7) —In(4)

1

oI5

40v/10+10
4(V2-1)
1
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-2
%sinszrc
—2coty/x+c
tanx +secx+c

3 3
%17 In|x| — %xf +e
xtanx+In|cosx|+c¢
-3- %e“‘"-ﬁ—c
x(Inx)? = 2xIn|x| +2x+¢
*%lﬂ‘X*l‘+ﬁ+%lﬂ‘X*3l+C
%1n\x+2|—%ln\x+4|+c
%1n\x+1|+%ln\x—2|+c
—%(ln\%+l\—ln|%—l\)+c
4+ %1n(50) — In(2)

2
—3"7:170 +6(x—2+2In[x—2[)+¢

2

oD% o — 1)~ 8l — 1] +¢
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fi=3
fy=4
fae=0
fiy=0

fe=y +20?
fy= 3xy2 +2x2 y
far =2y%

Jyy =6xy 2

fr= 32y et

f= 2

f,W =6xy+e*

fyy=0

fo = 2V 4 223y
fy = 3xePH

Fe = 46 4 42y
fry = e

k= iy

fa=0s

Ty = Gy

fe=2 sin(xzy) + 4x2ycos(x2y)

f= 2x3 cos(x2y)
frr = 12xycos(x2y) — 8x3y2 sin(x2y)
fyy =20 sin(x2y)

fr =2xsiny —yZsinx

fy= 2 cosy+2ycosx

frx =2siny —yz cosx
fyy = *2siny +2cosx

fe=3x7 47
fy=2xy+1
Sox = 6x
fyy =2x

fo =207 +)?

f= 2.2y +2xy
S =27

fiy =2x(x+1)

fo=3x2+1
fy=4dy+1
frr = 6x
fy=4

fe=3p2 4yt =3
Iy :x3+4xy3 -3

Jax = 6yx

fiy =120
Y y
fr= -z Inx+ z

_ Inx
=%

— Yine_ Y
Srx 3 nx 3
fiy=0

- —2x
fe [y

_ 2y
h=z0e
foum 6x2-2y%
T I3

62242

o = 20y

16 fr=2x+y
fy=x-2y
fue=2
fy=-2

_

17 =3

1
h=-2
o= —2(:24y)
o = a2
_ -1
=7

18 fy =cosy+ye*

fy = —xsiny+e*
Jrr =ye*
fyy = —xcosy

19 fi =2 cos(xy)
fy = sin(xy) +xycos(xy)
Jrx ==y sin(xy)
fyy = 2xcos(xy) — 2ysin(xy)

20 fr=8x—8"
fy = =320 +21y?
=38
fyy = —96xy% +42y

21 fe = ycos(xy)
fy =xcos(xy)
for = =37 sin(xy)

fiv = —2sin(x)

22 fi=32+6xy+4
fy=32+2y
Jfox = 6x+6y
fy=2
23 fo=2xy+4y3
fy =22 +1207
S =2y
Syy = 24xy
24 fy =2xtany
= x2 sec? y+2y
fox = 2tany
fy= 2x2 sec? ytany +2
25 fr =32 Iny+y*
3
fy =%
Sfrx = 6xIny
3
Sy = *);7 + 12xy?

26 fo =32y+)3
= B =302
JSrx = 6xy
Jyy = —6xy

27 6,2,3,1
28 0,-1,0,0

3 1 1 1
29 1727371

30 1,0, 6,6
31 1,0,1,0
32 0,3, -4,0

33 —6,3,0, 18

34 0,0,0,0
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16, 0,0, 6
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Basic Mathematical Concepts

In this part of the book, we prepared some mathematical concepts that hopefully help students to understand the main ideas of the book.
By taking into account the different scientific levels of the students, it is necessary to present these concepts with some examples and
figures. The necessity of this part is not limited to this course, but it is for other courses. I personally recommend the students to give this
additional part a primary attention before starting the course, where the necessity of it is not limited to this course, but it is for other

courses.

l Mathematical Expressions

. = is the symbol for implying.

. & is the symbol for “= and <". Also, the expression “iff" means if and only if .
. b > ameans b is greater than a and a < b means a is less than b.

. b > ameans b is greater than or equal to a.

Il Sets of Numbers & Notations

Natural numbers N = {1,2,3,...}.

Whole numbers W = {0,1,2,3,...}.
Integers Z =1...,—3,-2,—-1,0,1,2,3,...}.
Rational numbers Q = {§ | a,b € Z and b # 0}.

Irrational numbers I = {x | x is a real number that is not rational}.

AN I A

Real numbers R contains all the previous sets.

M Fractions Operations
e Adding or subtracting two fractions
To add or subtract two fractions, we do the following steps:

. Find the least common denominator.
. Write both original fractions as equivalent fractions with the least common denominator.

Add (or subtract) the numerators.
‘Write the result with the denominator.

= Example A.14

2,04 _ 10 12 _ 10412 _ 22 41 _
S el P S

_ 345 __ _
sts=""=3 @ 5-3=

o Multiplying two fractions
To multiple two fractions, we do the following steps:
Multiply the numerator by the numerator.

. Multiply the denominator by the denominator.

a c ac

5357 bd where b#0 and d #0.
= Example A.15
3.,2_3x2_6 _ 1 -
IX3=55=3%% @ $x7 =

Figure A.1: Sets of Numbers.

24 7 _24-7 _ 14 _ 7
DT Tm T @ T
3-5_ _2

7 T T

2x(=3) _ _ 6

5x7 35




Basic Mathematical Concepts 2

o Dividing two fractions

To divide two fractions, we do the following steps:
. Find the multiplicative inverse of the second fraction.
2. Multiply the two fractions.

=

d d
g—szgx;:?’—c where b#0 and d #0.
= Example A.16
2.4_2.,9_2x9_18 3.-2_3,,5 _ 3x5 _ _15
M 5+5=5X3=53= 12 @ 3+5=9xXS=7 =1
M Logarithmic and Exponential Functions
m The Natural Logarithmic Function
o The natural logarithmic function is defined as follows: y
In: (0,00) - R,
l 1
*1
Inx = / — dt
1t
for every x > 0.
e Some properties:
Ifa,b>0and r € Q, then
1. Inab =Ina+1Inb.
2. Ing =Ina—Inb. 14
3. Ina" =rlna.
e Differentiating the natural logarithmic function:
If u = g(x) is differentiable, then 5
d | 1y,
dx( nu ‘ ) T u w- Figure A.2: The graph of the function y = Inx.
m Example A.17 Find the derivative of the function.
1) y=In(x*+1) 2 y=Inyx
Solution:
I 2
(1) y - ijil

p_ 11 _ 1
@Y =rni=n
= Exponents
Assume # is a positive integer and a is a real number. The n" power of a is

m The Natural Exponential Function

The natural exponential function is defined as follows:
exp: R — (0,00) ,
y=expx&lny=ux
Some properties: If a,b > 0 and r € Q, then

° 1 eaeb _ ea+b
a
¢ —b
2. —=¢
eb

3. (ea)r :ear

e Note that ¢ and Inx are inverse functions, so

Ine* =x, Vxe R, and ¢™ =x, Vx e (0,00).

e Differentiating the natural exponential function:
If u = g(x) is differentiable, then

ax’ ’ Figure A.3: The graph of the function y = ¢*.
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m Example A.18 Find the derivative of the function.

1) y=eV™
Solution:
V)

(2) y = e ¥cos x
m General Exponential Function

(2) y — eCOS X

e The general exponential function is defined as follows:

@ R — (0,00) ,

a* = &M forevery a> 0.

Figure A.4: The function y = a* fora > 1.

e Properties of the general exponential function:
For every x,y > 0 and a,b € R,

L x0=1
2. xixb = xath
3, G=xab

= Example A.19
M 2277 =2"T"=273=
2) 3342 _2-(-2) _34_3g

o0 —

e Differentiating the general exponential function:
If u = g(x) is differentiable, then

Figure A.5: The function y = a* fora < 1.

3) (5x)> =25x2
KOy xSy 1 65351 x
“ (25 — B5YySP5 T By P =Xy Pl

% (a“) =d" Ina v

m Example A.20 Find the derivative of the function.

1) y=2v*
Solution:
1) y =2V In2 (Tk)

(2) ¥ =3%" ¥ In3 cos x

u General Logarithmic Function

(2) y= Smn X

e The general logarithmic function is defined as follows:

log, : (0,00) = R,
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x=d" & y=1log,x.

y = log

Figure A.6: The function y = log, x for a > 1.

Properties of general logarithmic function:
If x,y >0and r € R, then
1. log,xy =log,x+log,y

2. logaf =log,x—log,y
3. log,x" =rlog,x

Differentiating the general logarithmic function:
If u = g(x) is differentiable, then

d
- (logg[ul) = —

m Example A.21 Find the derivative of the function.
1) y=log(x*+1)

(2) y=logz/x

Solution:
__ 2
@ yl - (x2+ir)ln2
1 1 1

@ y= /xIn3 2x — 2xIn3
M Algebraic Expressions
Let a and b be real numbers. Then,

. (a+b)? =d®+2ab+b?

(a—b)* = a® —2ab+b*
(a+b)(a—b) =a®—b?

(a+b)3 =d® +3a’b+3ab* + b
m Example A.22

(x4+2)2 =x*+4x+4

¥ —25=(x—5)(x+5)

Il Absolute Value

The absolute value of x is defined as follows:
X x>0

| x|= —x :x<0

m Example A.23 |2|=2,|-2|=2,]0]=0.

d

Figure A.7: The function y = log, x fora < 1.

<1n|u|)_ 1,
Ina 7ulnau

(a—b)? =a® —3a%b+3ab* - b®
@+ b3 = (a+b)(a® —ab+b?)
@ —b3 = (a—b)(a®+ab+b?)

a'—b"=(a—b) (@ ' +d" b+ a" 3>+ . a2+ b))

3) (x£2)3 =x3+6x>+12x+8
4) ¥ +27=(x+3)(x>F3x+9)
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M Equations and Inequalities
Ifb>0,

. jx—al=b&sx=a—-bor x=a+b.
. x—ad<bsa-b<x<a+b.
. |x—a|>bex<a—borx>a+b.

= Example A.24 Solve for x.

[3x—4|=7 2 2x+1]<1

Solution:

|3x—4|=7<3x—4=7 or 3x—4=—7. Thus, x = 17 or x=—1.

|2x+ 1| <1< —1 <2x+1 < 1. By subtracting 1 and then dividing by 2, we have —1 < x < 0.

M Functions

A function f : D — S is a mapping that assigns each element in D to an element in S. The set D is called the domain of the function f.
All values of f(x) belong to a set R C S called the range.

e Domains and Ranges

In the following, we show the domain and range of some functions:

. Polynomials a,x" +a,_ X" 1+ ... +aix+ag .

Domain: R Range: R

. Square Roots f(x) = +/g(x) .

Domain: Vx € R such that g(x) >0 Range: R"

fx)

. -8l . : . .

To determine the domain, we need to find the intersection of the domains of f and g. Then, we remove zeros of the function g.

= Example A.25 Find the domain of the function.

flx)= \/xlf 1
q(x) = 37

2
qlx) = 222
Solution:

We need to find all x € R such that x — 1 > 0. By solving the inequality, we have x — 1 > 0 = x > 1. Thus, the domain is [1, ). Now,
Vx € D(f), f(x) = y/g(x) > 0 i.e., the range is [0,e0).

The domain of the numerator and the denominator is R. The denominator g(x) =0 if x = % Thus, the domain is R\ {% }.

The domain of the numerator is R, but the domain of the denominator is [—2,00). Also, the denominator g(x) = 0 if x = —2. Thus, the
domain is (—2,0).

e Operations on Functions
Let f and g be two functions, then

- (fE) () = flx) £g(x) .
- (fo)(x) = f(x)g(x) .
(D)) = 29 where g(x) £0.

8(x)

m Example A.26 If f(x) =x? —1 and g(x) = x— 1, find the following: .
(f+8)) @) (fe)x) 3 (L))

Solution:
(f+e)x) = f(x)+g(x) (=D +x—1)=x>+x-2.
(fg)(x) = f(x)g(x )T( Dx—1)=x -2 —x+1

(L)(x) = % — ool D) ()‘)@1‘)*” =x+1.

8

o Composition of Functions
Let f and g be two functions. The composition of the two functions is (f o g)(x) = f(g(x)) where D(fog) = {g(x) € D(f)Vx € D(g)}.

m Example A.27 If f(x) = x? and g(x) = x+2, find (fog)(x).

Solution: s

(fog)(x)=f(gx) = (x+2) =x% +4x+4.

o Inverse Functions

A function f has an inverse function £~ if it is one to one: y = f ! (x) & x = f(y).!

'The —1 in ! is not exponent where ( j is written as (f(x)

f
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Properties of inverse functions: /‘
1. D(f7!) is the range of f.

2. The range of £~ is the domain of f. y=Fie
3. [ (f(x) =x,vx € D(f).

4. f(f1(x) =x,vxeD(f ).

5. (f )7 () = fx),Yx € D(f).

Figure A.8: Inverse functions.
o Even and Odd Functions
Let f be a function and —x € D(f).
1. If f(—x) = —f(x) Vx € D(f), the function f is odd.
2. If f(—x) = f(x) ¥x € D(f), the function f is even.

= Example A.28
(1) The function f(x) = 2x> +x is odd because f(—x) = 2(—x)> + (—x) = —2x* —x = —(2x3 +x) = —f(x).
(2) The function f(x) = x* +3x? is even because f(—x) = (—x)* +3(—x)? = x* +3x? = f(x).
M Roots of Linear and Quadratic Equations
e Linear Equations
A linear equation can be written in the form ax+ b = 0 where x is the unknown, and @,b € R and a # 0. To solve the equation, subtract b
from both sides and then divide the result by a:

—b
ax+b:0:>ax+b—b:O—b:>ax:—b:>x:7.

m Example A.29 Solve for x the equation x+2 = 5.
Solution:

3x+2:5:>3x:5—2:>3x:3:>x:§:1.

e Quadratic Equations

A quadratic equation can be written in the form ax® + bx + ¢ = 0 where a, b, and ¢ are constants and a # 0. The quadratic equations can
be solved by using the factorization method, the quadratic formula, or the completing the square.

Factorization Method

The factorization method depends on finding factors of ¢ that add up to . Then, we use the fact that if x,y € R, then

xy=0=x=0o0ry=0.

= Example A.30 Solve for x the following quadratic equations:
(1) ¥ +2x—8=0
) X +5x+6=0
Solution:
(1) a=1,b=2and c = —8. by factoring ¢, we have ¢ =2 x (—4) or ¢ = —2 x 4. However, b # (—2) 44, so we consider 2 and —4. Thus,

KP42x—8=(x—2)(x+4)=0=>x—2=0or x+4=0=x=2 or x=—4.
(2) By factoring the left side, we have
(x+2)(x+3)=0=>x+2=0o0or x+3=0=>x=—-2 or x=-3.

Quadratic Formula Solutions
We can solve the quadratic equations by the quadratic formula:

—b+Vb?—4ac
X=— .
2a

Remark: The expression b2 — 4ac is called the discriminant of the quadratic equation ax® + bx+c = 0.
1. If b? — 4ac > 0, the quadratic equation has two distinct real solutions.

2. If b2 —4ac = 0, the quadratic equation has one distinct real solution.
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. If b? — 4ac < 0, the quadratic equation has no real solutions.

= Example A.31 Solve for x the following quadratic equations:

P4+2x—8=0
X4+2x+1=0
2 +2x4+8=0
Solution:

a=1,b=2, c=—8. Since b* — 4ac = 2> — 4(
a=1,b=2, c=1. Since b*> —4ac =22 —4(1)
4

)(—8) > 0, then there are two solutions x =2 and x = —4.
1)(1
a=1,b=2, c=8. Since b* — 4ac = 2% —4(1

1
(1) =0, then there is one solution x = —1.
)(8) < 0, then there are no real solutions.

Completing the Square Method

To solve the quadratic equation by the completing the square method, we need to do the following steps:

Step 1: Divide all terms by a (the coefficient of x2).

Step 2: Move the term (<) to the right side of the equation.

Step 3: Complete the square on the left side of the equation and balance this by adding the same value to the right side.
Step 4: Take the square root of both sides and subtract the number that remains on the left side.

m Example A.32 Solve for x the quadratic equation x> +2x —8 =0 .
Solution: a=1,b=2, c=-8.

Step 1 can be skipped in this example since a = 1.

Step 2: X2 +2x=8.

Step 3: To complete the square, we need to add (%)2 sincea = 1.

P42+ 1=84+1=(x+1)>=9.

Stepd: x+1=43=>x=E3-1=x=20rx=—4.

H Systems of Equations

A system of equations consists of two or more equations with the same set of unknowns. The equations in the system can be linear or
non-linear, but for the purpose of this book, we only consider the linear ones.

Consider a system of two equations in two unknowns x and y

ax+by=c

dx+ey=f.

To solve the system, we try to find values of the unknowns that will satisfy each equation in the system. To do this, we can use elimination
or substitution.

m Example A.33 Solve the following system of equations:

x73y:4%®
2x+y:6—>@

Solution:

o By using the elimination method.

Multiply equation @ by 3, then add the result to equation @ This implies 7x =22 = x = 27—2 . Substitute the value of x into the first
or the second equation to obtain y = —%.

o By using the substitution method.

From the first equation, we have x = 4 + 3y. By substituting that into the second equation, we obtain

2
2(4+3y)+y=6=>7y+8:6:y:77

Substitute value of y into x =4+ 3y to have x = %

M Pythagorean Theorem
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If ¢ denotes the length of the hypotenuse and a
and b denote the lengths of the other two sides, the
Pythagorean theorem can be expressed as follows:

A+b*=c* or c=va2+b2.
If @ and ¢ are known and b is unknown, then
2

b= a? .

Similarly, if b and ¢ are known and a is unknown, then
\/ 62 _ bz

The trigonometric functions for a right triangle are

a =

a . b
cosO=—- sinB=- tanO=—
c c a

m Example A.34 Find value of x. Then find cos 6, and sin6.

Solution:
a=3,b=4=x*=42432=25=x=5
cosO =

RN

sin® = 5

H Trigonometric Functions

e If (x,y) is a point on the unit circle, and if the ray
from the origin (0,0) to that point (x,y) makes an angle
6 with the positive x-axis, then

cos®=x, sinbf=y,

e Each point (x,y) on the unit circle can be written as
(cosO,sin®).

e Since x% +)?> = 1, then cos?8 + sin’® = 1.
Therefore,

1 +tan?0 = sec?0 and cot? 0+ 1 = csc? 6.
Also,

sin® cos0

cos sin
e Trigonometric functions of negative angles

tan@ =

cos(—0) =cos(0), sin(—0)

e Double and half angle formulas

sin20 =2sinBcosO, cos20 = cos?

Figure A.9

a is adjacent to the angle 0
b is opposite

¢ is hypotenuse

X
4
6
3
Figure A.10
y
P(x1y1)
Figure A.11: Trigonometric functions.
1
ecO=—— cscO0=—
cos sin®
—sin(0), tan(—8) = —tan(0)

0—sin?0=1—2sin%0 =2cos?0— 1
2tan©

tan20 = ———
an 1 —tan?0
sinzg _ 1—cosH COSZQ _ 1+cos®
2 2 2 2

o Angle addition formulas

sin(0; £ 0,) = sinB;

cosB; +cos 0 sin;
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cos(0] £6;,) = cosB; cosB, FsinB; sin6;

tan(0; £0,) =

tan0; +-tan0;
" 17 tan6;tan6;

e Values of trigonometric functions of most commonly used angles

Degrees | 0 30 45 60 90 120 135 150 180 210 225 240 270 300 315 330 360
2 T T T T 21 3n St n St 4m 3n St T 11
Radians |0 ¢ ¢ 32 }7?7‘ ?T?f??f??zn
. 1 1 3 3 1 1 —1 —1 -3 —/3 -1 —1
sin® 0 3 5 71 5 53 0 5 5 5155 70
V3 11 -1 -1 =3 -3 -1 -1 1 1L V3
cos 0 1 T 52 0 2 A 2 -1 = N 0 3 5 2 1
Table A.1
e Graphs of trigonometric functions
y y
2 1
It It x It It
7‘2 i y :i ‘ TC‘/4
4 4 21
y =cosx
y=yi 11
Figure A.12: The graphs of sinx and cosx. Figure A.13: The graph of tanx.
M Distance Formula
¥y
Let P; = (x1,y1) and P> = (xp,y2) be two points in the
Cartesian plane. The distance between P and P; is
P=(x3, ¥2)
D= \/(xz—X1)2+(y2 -)*.
Vi = %
m Example A.35 Find the distance between the two
points P (1,1) and P»(—3,4).
Solution: *
D= \/(—3— 1)2+(4—1)2:\/16+9:\/g:5.
Figure A.14: The distance between two points.
M Differentiation of Functions
ldDifferentiation Rules
& (f(0) +8(x) = f'(x) +¢'(x) 4(L)= =W
(W) = £/ (g + FE' () )
Hf)gx) = f(x)glx) + f(x)g' (x
! F(ef@) =cf'(x)
di (M) — f’(X)g(X)*f(ox)g’(X)
* ) (s0)”
u Elementary Derivatives
_ d _ 1
j—xxr:rx’ 1 %%:_xlz E\/;C_z\/;

m Derivative of Composite Functions (Chain Rule)
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Let y = f(u) and u = g(x) such that dy/du and du/dx exist. Then, the derivative of the composite function (f o g)(x) exists and

dy _ dy du o / o ’
= g~ W) =1 (gx)g'(x) .
m Derivative of Inverse Functions

If a function f has an inverse function f~!, then % i) =

M Graphs of Functions
o The First and Second Derivative Test

. Let f be continuous on [a,b] and f’ exists on (a,b).

o If f'(x) > 0,Vx € (a,b), then f is increasing on [a, b].
o If f'(x) < 0,Vx € (a,b), then f is decreasing on [a,b].

. Let f be continuous at a critical number ¢ and differentiable on an open interval (a,b), except possibly at c.

e f(c)is alocal maximum of f if f' changes from positive to negative at c.
e f(c)is alocal minimum of f if f’ changes from negative to positive at c.

f(c) local maximum f(c)local minimum

o Ty T i

Figure A.15: The local maximum and minimum value of the function f.

. If f” exists on an open interval I,

e the graph of f is concave upward on I if f”'(x) > O on I.

e the graph of f is concave downward on [ if f”(x) <O on I.
o Shifting Graphs
Let y = f(x) is be function.

. Replacing each x in the function with x — ¢ shifts the graph c units horizontally.

o If ¢ > 0, the shift will be to the right.
e If ¢ < 0, the shift will be to the left.

. Replacing y in the function with y — ¢ shifts the graph c units vertically.

o If ¢ > 0, the shift will be upward.
e If ¢ < 0, the shift will be downward.

e Symmetry about the y-axis and the origin

. If the function f is odd, the graph of f is symmetric about the origin.
. If the function f is even, the graph of f is symmetric about the y-axis.

o Lines
The general linear equation in two variables x and y can be written in the form:

ax+by+c=0,
where a, b and ¢ are constants with a and b not both 0.
m Example A.36
Jl
2x+y=4
a=2,b=—-1,c=—4 (0,4)
To plot the line, we rewrite the equation to become exsy =
y = —2x+4. Then, we use the following table to make
points on the plane: @20 x
A The line 2x 4y = 4 passes
x| 0 2 .
40 through the points (0,4)
A and (2,0).
Figure A.16: The line 2x+y = 4.
Slope

The slope of a line passing through the points Py (x1,y1) and P2 (x2,y2) is m = 2=
Point-Slope form: y —y; = m(x —x).
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3. Slope-Intercept form:
If b # 0, the general linear equation can be rewritten as

ax+by+c=0:>by:faxfc:>y:fgxf%:>y=mx+d7

where m is the slope.

m Example A.37 Find the slope of the line 2x — 5y +9 = 0.
Solution: 2x—5y+9=0= —5y=—2x—9=y= 2x+ 3.
Thus, the slope is % Alternatively, take any two points on that line say (—2,1) and (3,3). Then,

e Y27 _ 3-1 2
x-x 3—(-2) 5°

Special cases of lines in a plane

1. If m is undefined, the line is vertical. 2. If m =0, the line is horizontal.
¥ ¥
y=>b
x=b
% %
Figure A.17 Figure A.18
3. LetL; and L, be two lines in a plane, and let m; and m; be the corresponding slopes, respectively.
o If L and L, are parallel, then m| = m;. e If | and L, are vertical, then m; = %
JJ Jl
L L
/ Lz 1
% \ 3
Ly
Figure A.19 Figure A.20
e Graph of Some Functions
y=mx+b y=a xX=a

L% LS R
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y= x? y= P +a
4
4
e
y=(x+a)? y=(x—a)?
B
\\ /
\
a S a .
x=-a x=(y—ay
/’//////// /////
P
/(+ *
x=y y=x
e
—
—
///
¥ X
AN
\\\
\\\
Figure A.21
M Areas and Volumes of Special Shapes
Area = x? Area = xy
¥
X X
Area = 7tr? Volume = mr2h

— >

y=x"—a

A

y=|x]

I

=¥

Area = %bh

4

Volume = 37r

3
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Volume = xyz Volume = %xyh Volume = %nrzh

Figure A.22
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